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Abstract. The aim of this paper is to prove the generalized stability in the Ulam-Hyers-
Bourgin sense of the monomial equations, for functions from 2-divisible groups into complete
B-normed spaces. There is used a fixed point method, previously applied by the authors to
some particular functional equations. A special case, the stability of type Aoki-Rassias is
emphasized in section 3 and finally we give some (counter)examples in order to clarify the
role of each of the control conditions.
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1. INTRODUCTION

Different methods are known for demonstrating the stability of functional
equations. Nevertheless, almost all proofs use the direct method, conceived by
Hyers in [22] and revealed by Bourgin in [5] for unbounded differences (see
also [23], [30], [14] and [18]). For supplementary details, we refer the reader to
the expository papers [15] and [31] or to the books [24], [12], [13] and [25]. A
slightly different method, by using the fized point alternative, has been applied
in [29], [6]-[11], [26] and [28]. It does essentially insinuate a metrical context
and is seen to better clarify the ideas of stability as well as the role of each
controlling condition.
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For an Abelian group X and a vector space Y consider the difference oper-
ators defined, for each y € X and any mapping f : X — Y, in the following
manner:

A;f(a:) = f(xr+y)— f(x), forall x € X,
and, inductively, A1 = Al o A7, for all n > 1.
A mapping f: X — Y is called a monomial function of degree N if it is a

solution of the monomial functional equation
N —
A) f(x) = Nlf(y) =0, Vz,y € X. (1.1)

Notice that the monomial equation of degree 1 is exactly the Cauchy equation,
while for N=2 the monomial equation has the form f(z + 2y) — 2f(x +y) +
f(x) —2f(y) = 0, which is equivalent to the well-known quadratic functional
equation:
fl@+y)+ fle—y) =2(f(z) + f(y)), Vo, y € X, (1.2)
In what follows, the positive integer N will be fixed.
M.H. Albert and A. Baker, in [3], demonstrated the Ulam-Hyers stability of
the monomial equation (1.1) (see also [20]). Subsequently, A. Gilanyi proved
in [21] that the equation is stable in the sense of Aoki-Rassias (see also [35]

for the asymptotic stability):

Proposition 1.1. Let X be a normed linear space, let Y be a Banach space
and let p # N be a non-negative real number. If, for a function f : X — Y,
there exists a real number n > 0 such that

1AY F (@) = NI < a2l + llyl?), Yo,y € X, (1.3)

then there exist a real number ¢ = ¢(N,p) and a unique monomial function
g: X —Y of degree N with the property

1 () = g@)| <enlll”, Vo e X

On the other hand, by using the fixed point method, we proved in [8] the fol-
lowing generalized stability result for additive Cauchy equations and mappings
with values into #-normed spaces:

Proposition 1.2. Let X,Y be two linear spaces over the same (real or com-
2, 4fj=0

plex) field, with Y a complete 3-normed space, and set r; = { =1
2 )=
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Suppose the mapping f: X — Y, with f(0) =0, verifies the control condi-
tion

[f(z+y) = f(z)=FWls < elz,y), forallz,y € X,
where ¢ : X x X — Ry has the following property:

% (r;l:c, r;ly)
lim —————~
n—oo T;Lﬁ

=0.

If there exists a positive constant L < 1 such that the mapping
T x
z—p(z)=¢ <§a 5)

satisfies the relation

1/1(33)§LT;61/1<T$>7 forallz € X,

J
then there exists a unique additive mapping a : X — Y such that
Li=J
1-L

1 f(x) — a(x)||ﬁ < P(x), for all v € X.

In the present paper, by developing to some extent the above results, we
prove a stability property in the Ulam-Hyers-Bourgin sense: For every
f: G =Y, from a 2-divisible group G into a complete S-normed space Y,
which verifies a slightly perturbed monomial equation ( i.e. controlled by a
mapping ¢ : G X G — [0,00) with suitable properties), there exists a unique
monomial solution fittingly approximating f (see Agarwal, Xu & Zhang [1]

for a general definition)

2. A STABILITY THEOREM VIA THE FIXED POINT ALTERNATIVE

We intend to show that Proposition 1.1 and Proposition 1.2 can really be
generalized by the fized point method, proposed in [29] and already used in [6]-
[11] and [28] to different functional equations (see also [4] and [16]). Actually,
we shall prove a new stability theorem of the Ulam-Hyers-Bourgin type for
the monomial functional equation (1.1). As it will be seen, the fixed point
alternative is a meaningful device on the road to a better understanding of the
stability property, plainly related to some fixed point of a concrete operator.
Specifically, our control conditions are perceived to be responsible for three
fundamental facts:
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1) The contraction property of the operator S (given by (OPJ;non) below).
2) The distance between f and Sf, the first two approximations, is finite.
3) The fixed point function of S is forced to be a monomial function.

Let X be a 2-divisible group!, let Y be a (real or complex) complete (-
normed space?, and assume we are given a function ¢ : X x X — [0, 00) with
the following property:

. ) 2 (Tj T, 75 y) Loi .
(Hj) Tr}gnoorm—Nﬂ:O,Vx,yEX, for Ty =2 j,jE{O,l}

Theorem 2.1. Suppose the mapping f : X — Y, with f (0) = 0, verifies the
control condition

IAY f(x) = N ()llg < o(x,y) , Yo,y € X. (2.4)

If there exists a positive constant L < 1 such that the mapping

2z — P(x) = (N') ( Ox+z< ) <Z2x ‘2)) Ve X,

satisfies the inequality
(Hj) P(rjz) §L'T§V5-w(w),V33€X,

then there erists a unique monomial mapping g : X — Y, of degree N,
with the following fitting property:

L Vi€ X
oY@, ve e X.

(Est;) 1f(z) = g(@)] <

For the proof of our theorem, we need the following two fundamental lem-
mas. The first one gives a crucial intermediary result and the second one,
which is recalled for convenience only, is a celebrated result in fixed point
theory.

IThat is to say an Abelian group (X, +) such that for any z € X there exists a unique
a € X with the property x = 2a; this unique element a is denoted by 3.

2Usually, a mapping || ||z : ¥ — Ry, where 8 € (0,1], is called a S—norm iff
it has the properties (ng) : [lylls = 0 & y = 0, (ng") : [[A-ylls = |A” - [|ylls, and
(ng'") = Ny +zlls < llylls +[[zl]s, for all y, 2 € Y, and A € K.
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Lemma 2.2. Let us consider an Abelian group G, a B—normed linear space
Y and a mapping ¢ : G x G — [0,00). If the function f : G — Y satisfies
(2.4) then, for all x € G,

-l <o () o)

(2.5)
Proof. As in [21], we define the functions F; : G — Y by
Fi(z) := AN f(iz) — (N))f(z), VzeG.
Using (2.4) we see that
|Fi(z)|lpg < pliz,z) , YV € G (2.6)
and
1Fo(27)||s < ¢(0,22) , Vz € G. (2.7)

On the other hand, if we consider (as in [19], Lemma 2.2.) the (N+1)x (2N +1)

matrix

A o e S R

0 1 2N

ORI ORI
where
N
; —1)k ,if0<kE<N
alth) = =1 (N—k:) PE=Es (2.8)
0 , otherwise

fori=0,..,N , k= —i,..,2N —i, and the 1 x (2N + 1) matrix

B:(gw) s 5@ L 5<2N>)7
with

k N
1) it 2| k
g = ) )2<N—’“>’1 k=0, 2N, (29)

N
then, for the positive constants K; = ( N i ) , one has
—1

K()AO + KlAl + ...+ KNAN =B and K() + K1 + ...+ KN = 2N, (210)
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where A;, i =0,..., N is the i-th row of the matrix A.
Recall the following noteworthy formula for the difference operator:

N _ a _\N+j N .
SHOEDC el N FESS ) (211)
=0

Therefore
N+i . N
AN fliz) = (=D Z(—D’H ( ) f(kz)

so that, with the notation (2.8),

2N
AN fliz) = ()N Yol f(ke) Ve e G,
k=0

hence
2N
Fi(z) = (-1)N "ol - f(kz) - (N)f(2) V2 € G.
k=0

On the other hand, with the notation (2.9),

N N - j N - N2N (k)
A f(0) = (=7 p_ (=17 ] fQzj)=(-1) > 8% f(ka),

3=0 k=0
so that
2N
Fy(2z) = ()N > ") - f(kx) — (N1 f(22) ,Vz € G.
k=0
By (2.10), we can write:
) ) _ (pk) _
Ko (a )k:o,ﬁ too Ky (aN )k:O,QN (ﬁ )k:0,2N B, (212)
where K; = ( N ) ,1=0,1,..,N.
N —1

If we multiply (2.12) by f(kz) and then add for k = 0,2N, we obtain
Ko-AYf0)+ K1 - AN f(z) + ...+ Ky - AN f(Nz) = AY £(0) , Vz € G,
hence

KoFy(z) + K1 Fi(z) + ... + KnFn(z) + 2N (N) f(z) = Fo(2z) + (N!) f(2z)
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for all x € G. Using (2.6) and (2.7) we get, for all z € G,

22 0], < g (203 () im0

Remark 2.3. It easy to see ( e.g. by taking ¢ = 0 in Lemma 2.2) that

g(2z) = 2Ng(x) and ¢g(2"z) = 2V™Mg(z) ,Vz € G,¥Ym € N,
for any monomial function g of degree N.

Remark 2.4. Let G be a 2 - divisible group and formally replace x with 5 in
(2.5). Then one has the following result:

LetY be a f—normed linear space and ¢ : Gx G — [0,00) a given mapping.
If f G —Y satisfies

JAY f(z) = NUf()ls < @(x,y) , Yo,y € G,

then

£ -2V (3)]] <(N, ( (0, 2) +Z< > (f,g)),vxec.

Now we recall the fixed point alternative (see, e.g., [27, 32]):

Lemma 2.5. Suppose we are given a complete generalized metric space (E,d)
(i.e. one for which d may assume infinite values), and a strictly contractive
mapping S : E — E, with the Lipschitz constant L < 1. Then, for each of
the elements © € E, exactly one of the following assertions is true:

(A1) d(S™x,S"lz) = 00, for alln >0,

(A2) There evists k such that d(S"z,S"x) < 400, for eachn > k.
Actually, if (A2) holds, then (see [34])

(A21) The sequence (S™x) is convergent to a fixed point z* of S;

(Agz) z* is the unique fized point of S in the set

Z = {z S d(Skx,z) < —I-OO};

(Ag3) The following estimation holds:

1

d < ——

d(z,8z), Vz € Z.
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The proof of Theorem 2.1.
We consider the set E := {g: X — Y,¢(0) =0} and introduce a generalized
metric d = dy on E, where

(GMy)  dy(g,h) = inf {K € Ry, |lg (@) = h(2)]5 < Kip(a), Vo € X |

It is easy to see that (E,d) is complete. Now, consider the mapping

(OPhon) S:FE— E,Sqg(x):= &X{T)
r
J

and notice that r; = 21727 for j fixed in {0,1}.

Step I. Using the hypothesis (H;), one can see that S is strictly contractive

on E. Namely, we can write, for any g,h € F :

d(g,h) < K = |lg(z) — h(2)|s < K¢(z),V2 € X =

1 1 1
‘ — 9 (rjz) — —Nh(rjx) < TBK@ZJ(ij),‘v’:E e X —
T T r.
J J B J
1 1
—7 9 (rjz) — —gh (rjz)|| < LKY(z),VeeX =
’I”j rj
B
d(Sg,Sh) < LK.
Therefore
(CCv) d(Sg,Sh) < Ld(g,h),Vg,h € E,

that is S is a strictly contractive self-mapping of E relative to d, with the
Lipschitz constant L < 1.

Step II. We show that d(f,Sf) < co.

For j=0, by Lemma 2.2, we have

Hfgvx)—f(x)H S SNF L (NP ( 13 ( (0,2z) +§:< > m,a:)),V:reX.

(2

Therefore, using (Hp),
H f (22)

@), =5

that is d (f, Sf) < L < .
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For j=1, by Remark 2.4, we see that

N .
e 27 ()], = o (gowg (NN_Z.) -w(g,;))
=(z), Vo e X.

Therefore d (f,Sf) <1 = L° < oc.

Step III. In both cases we can apply the fixed point alternative (see Lemma
2.5), which tells us that there is a mapping g : X — Y such that:

e g is a fixed point of S, that is

g(2x) =2g(z),Vz € X. (2.13)
The mapping g is the unique fixed point of S in the set
F={heE, d(f,h) <oo}.

This says that g is the unique mapping with both the properties (2.13) and
(2.14), where

JK < oo such that || f (z) — g (2)] < K¢(z),Vx € X. (2.14)

o d(S™f,g) — 0, for m — oo, which implies the equality

()
lim ———* = lim gp,(x) =g(x),Vx € X.

m—oo pmN

1
o d(f,g9) < ﬁd (f,Sf), which implies the inequality

L=
<
d(f,9) < 77

from which (Est;) is seen to be true.

Step IV. We show that g is a monomial function of degree N. To this end,
we replace x by " and y by r"y in relation (2.4), then divide the obtained
relation by 7“;-”N and we obtain

N
Apmyf(r') nf ) (e, 'y
,rmN : 7,,rnN - mN (3 ) Y

J J Jé; T
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On the other hand, by (2.11),

N m
Al f(rfz) f:( - <N> fe+krty)
mN - - mN -
"y k=0 k T
N
_ N
= Z(—l)N k ( h >gm(:c+k:y) =
k=0
= Agj;vgm(gc)vvx’y € X.
And we get
p(rie, ry)
A gm(x) = Nt gm(y)] |, < W , Vz,y € X.

J

By letting m — oo in the above relation and using (Hj‘), we obtain
Aévg(:r)—NLg(y):O, Vz,y € G. O

Remark 2.6. For N = 1 in the above theorem, we obtain a generalized
stability result for the additive Cauchy equation for functions with values in
complete B-normed spaces, with

@) = (0,2)+¢(0,5) +o(

(compare with Proposition 1.2).
If N =2 in Theorem 2.1 it results (as in [7] for § = 1) that the quadratic

functional equation (again for functions with values in complete B-normed

r T

d X.
2’2)’”e

spaces) is stable in the Ulam-Hyers-Bourgin sense, with

1 x T x x
= (P00 10 (05) +2 (5.5) to(ry)) vmex
() 25(<p( ) +e(0,5) +20(5.5) teleg)) Vee
It is worth noting that the estimations obtained directly for particular values
of N (as in [6], [7], [8] or [11]) are generally better than those resulting from

(Est;), which in its turn is applicable for all N.

3. STABILITY OF THE AOKI-RASSIAS TYPE

Let a € Ry. A mapping ||.||o : X X X — Ry is called an sh-functional of
order « iff it is a—sub-homogeneous:

(ha) : 1A~ 2lla < M - [|2]las YA €K, ¥z € X x X.
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As usual, X is identified with X x {0} in X x X, so that ||z||o = ||(x,0)]|a
defines an sh-functional of order o on X.

As a consequence of Theorem 2.1, we have the following result, which di-
rectly extends many stability theorems of the Aoki-Rassias type:

Proposition 3.1. Let X,Y be two linear spaces over the same (real or com-
plex) field. Suppose we are given a complete S—norm on Y and an sh-
functional of order a on X x X, with a # NB. Under these conditions we
have the following stability property:

For each € > 0, there exists §(g) > 0 such that, for every mapping f : X — Y

which satisfies

(Cap) 1AY F () = N @)l < 6(e) - |2, 9l Yo,y € X,

there exists a unique monomial mapping g : X — Y, of degree N, such that,

Vr € X,

(Estap) [|f(z) —g(@)llg < (N') (” 0,2) Z( z) .

Proof. Having in mind Theorem 2.1, we take the following control function,

1 x

22

appearing in the hypothesis (C,p):
¢ (z,y) :=0d(e) [(z,y)l,. forall z,y € X.

We shall consider two cases.
Case 1. For « — NG < 0, we work with j = 0, that is 19 = 2. We then
have:

W < d(e) - 2N (2, y)ll,, — 0, Va,y € X
and
N
¥(2z) = (%.)) (H 0,2z Q+Z< > (i, 2)], )
=0

< 2% ¢(x)=L-2Y ¢ (z), Vz € X,

with L = 20~N8 < 1 and so (Hg) and (Hp) hold.
Case 2. For « — NG > 0, we take j = 1, that is r; = % We then have:

N (2 L) < 5(e) - 2705 (@), — 0¥y € X
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and

Np
V() < o 0(2) = L (;) b(2), Vo € X,

with L = 2V~ < 1 so that (H%) and (H;) are verified in this case.
Theorem 2.1 tells us that there is a unique monomial mapping g : X — Y
such that either

17 (@) = 9(@)llg < ;=7 ¥(2), forallz € X,

holds, with L = 2¢=N8 or

1£@) ~ g(e)ly < (), forallz € X,

holds, with I = 2N8—«

NB_oa
Thus, the inequality (Estqg) holds true for d(e) = ¢ - M

2« 0

Remark 3.2. As a direct consequence of our proposition, we obtain the re-
sult of (Gilanyi, [21]) formulated in Proposition 1.1 above. Indeed, we apply
Proposition 3.1 for the complete 1—normed space Y and for the sh-functional
of order p on X x X, given by ||z, y)||, = ||z|[” + ||y|[?, with p > 0,p# N. In
this case the generalized metric is of the form

dy (9, ) = inf { K € Ry, llg (2) = h (2)lly < K -5(N,p) - |lal ', Vo € X |,

and we obtain

N N >
2P 4 ] @ +1)
;(N—Z ‘

Remark 3.3. Obviously, Proposition 3.1 can be proved by using directly the
alternative of fixed point.

4. COMMENTS, EXAMPLES AND COUNTEREXAMPLES

As we shall see by examples, our hypotheses in Theorem 2.1 are essential
for the stability result. Notice that in the proof we used the hypothesis (Hj)
to show that the operator S is contractive and, subsequently, to obtain the
estimation (Est;) , while the hypothesis <H3*> was fundamentally used to show
that the fixed point function g does satisfy the monomial equation (1.1). In
what follows we shall use the notations in Theorem 2.1.
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Assertion 4.1. There exist f : R — R and ¢ : R — [0,00)
such that (a) the relation (2.4) holds, (b) none of the con-
ditions (Hj) and (HJ) is satisfied and (c) there exist infin-
itely many monomial functions g which satisfy the relation
(Estj).
Proof. Indeed, if we take X =Y = R,||-||g = |- |, f(z) := 2V and
o(z,y) = |z|N + |y|V, then the inequality (2.4) clearly holds. Obviously,

IL'N N
¢<x>:’]v‘!<1+;-z<NN_i> -(z'N+1>) =5 (V) ol

i=0
and we easily see that none of the conditions (H;) and (H) is satisfied. How-
ever, there exist infinitely many fixed points of S, g(z) = Az, which satisfy
_ LA

[f(@) = g(@)] = 2" = x| < (L4 [A]) - 2™ ~ V)

()

Actually, every mapping g with g(2z) = 2Vg(x) and |g(x)| < k - ||V is seen
to satisfy |f(z) —g(z)| < (1+k)-|z|V. O
Assertion 4.2. Generally, the monomial functional equation
(1.1) is not stable for « = NB. More exactly, there exists
f: R — R for which (1.3) holds for p = N and there exists
no monomial mapping g of degree N which could verify the
relation (Est;) .
Proof. In [21] (see also [17], [25]-pp. 23-24, [24]-pp. 59-60) the following
example is given: Let N be a positive integer, € be a positive real number and

let
. 5

~ 2N(2N £ NNV
We consider the mapping ¢ : R — R

e

NNegx | ifx >N
o(x) =< eV, if —-N<z<N

(-1)VNNNe*, ifx <N
and we define a function ff R — R by

fa) =3 w;?an)’ for all € R.
m=0
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As it is proven in [21],
(i) f wverifies the following inequality:

|A) f(2) = N ()] < el + |yIY), Va,y € R; (4.15)

(ii) There is no real number ¢ for which there could exist a monomial function
g:R — R of degree N such that |f(z) — g(z)| < celz|, for all z € R.
From (4.15) it is clear that, for 3 =1, ¢(x,y) = e(|z|™ + |y|V), hence

EfL'N
v(@) = 2 <1+2N Z( ) +1)>=€~7(N)-:BIN,

and none of the conditions (H;) and (HjJ) is satisfied.

Indeed, it is easy to see that

U = (o) and tim EEE) (0 0

On the other hand, by (ii), there exists no monomial mapping g satisfying
a relation of the form |f(z) — g(z)| < k- ¢(z), Va € R, of type (Est;). O

Assertion 4.3. There exist f : R — R and ¢ : R — [0,00)
such that: (a) the relation (2.4) holds, (b) the conditions (Ho)
and (Hi1) are verified, (c) the mapping ¢ does not satisfy
the condition (HJ) and (d) no monomial mapping can sat-
isfy the relation (Est;).

Proof. Indeed, if we take X =Y =R, ||-|[g=]"|,

] 0, ifzeQ
f(x)_{ 2N, ifreR\Q

and ¢(z,y) = |Aévf(x) — N!f(y)|, then the inequality (2.4) is verified. More-
over, ¥(z) = 0. Both conditions (Hp) and (H;) hold for every L € (0,1),
f(ri")

while the mapping ¢ does not satisfy the condition (HJ). Since —— == =
j

f(x), it is clear that the unique fized point of the operator S in the set
F={g€E, d(f,g) < +oo} is g = f, which clearly is not monomial. [J

Assertion 4.4. There exist f : R — R and ¢ : R — [0, 00)

such that (a) the relation (2.4) holds, (b) none of the condi-
tions (Ho) and (Hi) is satisfied, (c) the relation (HJ) holds
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and (d) no monomial mapping g can satisfy the relation
(Estj).

Proof. Let us take X =Y =R,|| ||z = |- |, f (x) :=sin’¥ 2 and

o(x,y) = |A) f(z) = N1f(y)].

Then the inequality (2.4) is trivially verified. Obviously

al N
¥(r) = 1 ]Z_;(—M—j ( . ) sin” (jz) — Nlsin® x| +

AN N CUON N it e -
+§<N—z> Z(_l)N J<N_j>SIDN<( +2‘]) >—N!SIDN2 ,

7=0
for all x € R. For z — 0 we obtain 2%(@2;85) — 4, and for x — 7 we have
that 2%(12123) — 0. Therefore neither (Hg) nor (Hy) is satisfied. Clearly the

mapping ¢ satisfies the condition (H;“) Let us suppose, for a contradiction,

that a monomial mapping ¢ satisfies
(Est;) |f(x) —g(x)| < kyp(z), for all z € R, k a real constant.

Then g is a bounded mapping on R. Therefore (see [33]), g(x) = n -z, for
x € R, where 7 is a constant, hence g(z) = 0 for z € R. Now, the inequality
(Est;) implies

Eo | (N
|sian| < N jzo(—l)N_] <N—j > sin® (jz) — N'sin® x| +

Y N Y  \N—j N N (t+g)z\ . NT
+ZZ;<N_Z,>-JZ;( 1) ]<N_j>sm <2 ) Nlsin 5| |

for all z € R, which is impossible. Therefore, there exists no monomial map-
ping g which satisfies the estimation relation (Est;). O

Remark 4.1. In (Forti, [16]) a stability result for equations of the form SF =
F is presented, with S a functional operator of the Schroder type: SF(x) =
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(H o F o G)(z). The hypotheses (as well as the proofs) insinuate a Banach-
Caccioppoli type condition:

o0

> dist(S™f, 8™ f) < o0

n=0
We only remark that such a condition and the continuity of S together ensure
the existence of a fixed point function for .S, which is the limit of S™f. It is
worth noting that in (Baker, [4]) the Banach contraction principle is applied to
obtain the Hyers-Ulam stability for nonlinear functional equations of a similar
form: ¢(x) = F(z,p(f(x)) (see also [1] for other details and examples).

Remark 4.2. In [10] we used the direct method to prove, among others, the
following Ulam-Hyers-Bourgin stability property for monomial equations:
Let there be given a complete 3—mnormed space Y, an Abelian group G and a

controlling mapping ¢ : G x G — [0,00) such that

klﬂl‘

(2Fix, 2% )
ZQO o ) < oV € G, fori=0.1...N,

and (272, 2my)
o p(2™x, 2™y
mlgnoo (2N,6)m
Then, for every mapping f : G — Y which verifies
IA) f(@) = NUF ()l < pla,y) , Yo,y € G,

there exists a unique monomial function g : G — Y of degree N such that,
for all z € G,

1@ = 9@l < 577 (% (20) +Z< ) <1>i<x>>.
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