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1. INTRODUCTION

In [7] is presented the following initial value problem :

t

' (t) = f(t,z(t)) +t_f g(t, s, z(s))ds, t €0,b] 1)

I(t) = 90(75)’ te [_T7 O]v

where is solved using spline functions. This problem was studied also in [4],
where was obtained the existence and uniqueness on C|0, b], of the solution of
(1), using the Banach’s fixed point theorem.
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In this paper we propose a generalization of this integral equation obtain-
ing a nonlinear Volterra neutral delay integro-differential equation and the
following initial value problem :

t

() = f(t,z(t),2'(t — 7)) +tj g(t, s, x(s),2'(s))ds, t €1[0,0] @)

z(t) = (1), t € [-T,0].

Here we propose a new point of view in the study of the existence and unique-
ness of the solution of this initial value problem, using a bidimensional variant
of the Perov’s fixed point theorem (this theorem appear in [10] (where appear
for the first time), [11], [12] and [5]). The use of the Perov’s fixed point theo-
rem is founded on the remark that the space C''[0, ] with the norm of uniform
convergence is not complete. This manner was also used by us in [2] and [8],
to obtain the existence, uniqueness and approximation of the positive solution
and the smooth dependence by parameter of this solution, of the following

initial value problem

z(t) = t_} f(s,z(s),2’ (s))ds, t € [0,T]
z(t) = (t), te[—r,0]

which is a model for the spread of certain infectious disease with seasonally
contact rate.

Results on the existence and uniqueness of the solution of nonlinear Volterra
integro-differential equations and of corresponding initial value problems was
obtained in [3], [6], [9], [13] and [14], using classic tools. Potential applications
of the problem (1) and of his generalization (2) can be found in [7].

By a generalized metric, denoted by d, on a nonempty set X we understand
a function d : X x X — R” which fulfills the conditions :

d(xz,y) > Ogn, Vz,ye€ X, and d(z,y)=0rn < zx=y
d(z,y)=d(y,z), Ve,y e X
d(z,y) <d(z,2) +d(z,y), Vr,y,2€X,

where for x = (z1,22,....,2,) and y = (y1,¥y2,...,yn) from R™ we have by
definition, that

r<y<=x; <y, Vi=1n.
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The pair (X, d) will be called generalized metric space. To establish the exis-
tence and uniqueness of the solution for (1), we will use the following gener-
alization of the Banach’s fixed point theorem :

Theorem 1. (Perov, see [11], [5], [1])Let (X, d) a complete generalized metric
space such that d(z,y) € R™. Suppose that A : X — X is a map for which
exists a matriz Q@ € My, (R) such that:

If all the eigenvalues of Q lies in the open unit disc of R? ( that is the operator
A became a Q-contraction ), then A has an unique fixed point ™ and the
sequence of successive approzimations, T, = A™ (o), converges to =* for any
xg € X. Moreover, for any m € N* the following estimation holds

d (T, 2*) < Q™ (I, — Q) ' d (20, 1) . (3)

A variant on normed spaces (with generalized complete norm of Tcheby-
chev’s type) of this theorem was used in [1], to obtain the existence and unique-

ness of the boundary value problem :

y' (@) = f(z,y (), (x),  z€lab]
y(a) =0, y(b)=0.

2. MAIN RESULTS
Consider the product functional space X = C[—,b] x C[—7,b], where
Cl—7,b] ={f : [-7,b] — R : f continuous }
On this space we define the generalized metric
dg: X x X — R?,
by

dp((z1,91), (22, 92)) = (21 — 22l 5, lY1 — 2l B), (4)

where the Bielecki’s type norm on C[—T,b] is,
ul| g = max{|u(t)| - e ) it € [~7, 0]}, Vue O[T, (5)

where 6 > 0 is convenable chosen.
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We observe that (X, dp) is complete generalized metric space ( see [5], [10]
). Consider the following initial value problem

o(0) + f F(s.2(s).y(s — ))ds+
wh) i (f" g(n,s,ms),y(s))ds) dn . te0,b)
y(t) 0 \n—7
f(t7$(t)7y(t - T)) +t—f g(ta s7x(3)a y(s))ds
(z(1),y(t) = (o(t), ¢ (1)), t e [-7,0]
(6)

We define the map A : X — X by, A = (A1, Ay) with

(A1(z(1),y(1)), A2(2(t),y (1)) = ((t), (1)), VEtE[-7,0] (7)

and

We will impose the following conditions :
(CC) ( continuity conditions ) :

feC(0,b]xRxR), geC([0,b] x [-7,b] x RxR), ¢e€C'[-7,0]
(BC) ( boundedness condition ) : M, K > 0 such that
|f(t,u,v)| < M, V(t,u,v)€[0,b] x RxR

and

lg(t,s,u,v)| < K, V(t,s,u,v) €[0,b] x [-7,b] x R x R.



APPROACHING NONLINEAR VOLTERRA DELAY 191

(CPC) ( compatibility condition ) :
0
F0) = 10,00 () + [ 90500 )ds (10)
(LC) ( Lipschitz conditions ) : Ja, 3 > 0 and 3Lq, Ly > 0 such that
f(t, 1, 01) = f(t ug, v2)| < evlur —ug| + Blor — vaf,
,Vt € [O,b}, Yuq, ug,v1,v2 € R

and
lg(t, s,u1,v1) — g(t, s,uz,ve)| < Ly |ug — ug| + Lo |v1 — val,
,V(t,s) €10,b] x [—7,b], Vui,uz,vi,v2 €R.
Theorem 2. In the conditions (CC), (CPC) and (LC), the initial value
problem (6) have in C[—7,b] x C[—7,b] an unique solution (z*,y*) such that
r* € CY—r,b] and (z*) = y*.

Proof. For t € [—7,0] we have

[Ax (21, 91)(8) = Ar(22,92) (1)) = 0 (11)
and

[ Az (21, 51)(8) — Aa(22, y2)(8)] = 0. (12)
For ¢ € [0, b] we obtain,

[A1(z1,91)(8) = Ar (22, 92) ()] <

/ [f(s,21(5), y1(s = 7) = f(s,22(5),y2(s — 7))| ds+

0
n

/ l9(n, 5, 21(5),y1(5)) = g1, 8, 22(5), y2(5))] dS) dn <

—T

IN

t
< /[a [@1(s) = 2(s)] - e/ PO 4 Blyi(s —7) —ya(s —7)| e
0

t
_ers—i-/(
0 7

+La [y1(s) — yo(s)] - e 7T - ] ds)dny <

Ll ’3:1 . 1‘2(8)’ . e—€(s+7) _66(s+7)+

F s



192 ALEXANDRU MIHAI BICA AND SORIN MURESAN

t
< /[a |1 = @2l - " 4 By = yoll - T e dis
0

t
o
0

IN

i o—s

Ly |21 — 22|l 5 - €”T) + Lo ly1 — w2l 5 - €?CT]ds

t
«Q —uT STT
< (Sl aallp + 5o I = ) [ 0% s
0

t /o
L L
+ <91 |z1 — 22| 5 + ?2 lly1 — y2”3> / / 969(S+T)]d8) dn <

0 —T

« 08 _ -
< (§llor = aally + 5o o =l ) - 20+

a L L
< (%42 o —mallp + (2 -+ 22) - wallp |27, v € 0.8,
6 0 0 0

which lead to

Ll L2 T T
+ <92 |21 — 22l + ra Y1 —y2”3> : (69(t+ ) e (eet — 1)) <

|Ai(z1,y1) — Ai(z2,y2)|| g <

« L1 ﬁ —0 L2
< (54 )b -walpt (5o ) -l (03
On the other hand, for ¢ € [0,b], we have,

|A2(z1,y1)(t) — A2(x2,y2) ()| <
< |f (a1 (), 510t — 7)) = f(t,22(t), g2(t — 7)) +
t
+ / lg(t, s, 21(8),y1(8)) — g(t, s,22(s),y2(s))| ds <
tor
< alar(t) - () e DA LBy (¢ — 1) — ot — )OI T4
'+jﬂhma@—xx@hf%ﬂié@”uLﬂm@»—m@»aﬂﬁﬂe%“ﬂw
tor

<allz =2 4+ By — gl ”TT) e
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t
L L
+ (91 Hxl — 1'2”3 + ?2 Hy1 — ngB> / 969(s+7)d8 <

t—1

< (aller = aallp + B g1 = all ) €7

L L
(S s = aall + 2l el ) ) — e

L L
< [(a + 01> |21 — 22|l 5 + <6 e 4 ;) llyr — yQHB:| eI,

Then,
| A2(z1,91) — A2(x2,92)|| g <

< (a+ ) o —aallp+ (8- + 2 i -mally. ()
(12),

From (11), 13) and (14) we obtain for any (z1,y1),(x2,y2) € X, the
inequality,
§H G+
dp(A(z1,v1), A(z2,92)) o+l Byl ~dp((z1,11), (T2, 92))-
(15)
The eigenvalues of the matrix
Q= %4—% %.6—07_’_%
o+ % Be 7 4 %
are Ay = 0 and
(6% L1 ) 2
Ao =—+ — T >0
2= T e

We have,
O0<Xo<1le=h(0)=0%—(a+Ls)0—Ly>023 ¢

The equation 62 — (a+ Lo)f — L1 = 0 have the roots 1 < 0 and 6, > 0, and

the the peak V(O‘J;L2 , —%), where

A = (a + L2)2 —|—4L1.

If we represent geometric the graphs of the functions h(6) and u(8) = 623-¢~7,
then we see that there exists an unique point 8* > 5 such that h(6*) = u(6*)

and h(0) > 628 -e7%, VO > 6* ( on the other hand, this fact follows from
the properties :

h(#) < 0,¥0 € [0,02), wu(f) > 0,V0 >0,
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lim h(f) = oo, lim #?3-e7 97 =0

0—o0 0—o0
and because the function u() = 623 - e~ have in § = 0 global minimum and
in 6= % a local maximum ). If we choose a value 6 > 6*, then the operator
A = (A1, Ag) given by (7), (8), (9) is Q-contraction, and has an unique fixed
point (z*,y*) € X, according to Theorem 1. The pair (z*,y*) will be the
unique solution of the initial value problem (6), hence for any ¢ € [0,b] and

any 1) € [0, 0],

(1) = p(0) + / £(5,2%(8), (s — 7))ds + / / o, 5,2°(5), " (s))ds | dn
0 0 —T

(16)
and

t
yr(t) = [t 27 (), " (t— 7)) + /g(tvs,w*(S)vy*(S))dSa vt €[0,0]. (17)

t=r
Using the continuity conditions (CC) and the compatibility condition (CPC),
since z*,y* € C[—7,b] and z*(t) = (t), Vt € [-7,0], we infer that z* €
Cl[—7,b]. If we derive by t the equality (16), we obtain,

t
@O = 1t O ¢ =)+ [ gltsa’ @)y ()ds. Ve Dy
t—1

and together the equality (17) follows that (z*)" = y*.
Now, at the final of the proof, let see how can obtain the point 6*.
We have
L
h(0) =628 < 0 = H(0) :a+L2+05-6_07+71
that is 0* a fixed point of H. Moreover,
L —uT
H'(6) <0<:>—9—21+ﬂ.e o7(1 - 6r) < 0.

If 0 > L then H'(0) <0 and H'() = —72L; < 0. So, H'(9) <0 V0 > 1.

If L < @, then we can take § = H(f3) > 6* and for any § > 6 we have
0< <.

If % > 5 then we have two possibilities :

1) If h(d) < %2 - Be~! then we take 6 = H(L) > 6* and for any 6 > 6 we have
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0<X <l

2) If h(1) > %2 - Be~! then it is clear that 1 > 6* and for any § > 1 we will
have 0 < Ao < 1.

Consequently, in the conditions of the enunciation we can choose @ ( which
can be H(6s), or H(1), or 1 ) such that 0 < Ay <1, V6 > 6. O

Corollary 3. In the conditions (CC), (CPC) and (LC), the initial value prob-
lem (2) have in C[—7,b] an unique solution x*, such that the pair (z*, (x*)")

is approzimated by the sequence of successive approzimations ((Tm,Ym))meN,

where
_ ((P(t)7 90/<t))7 te [—T, 0]
<m@mmm—{(ﬂ%¢@% e (18)
and
(xmmym) = A(xm—laym—1)7 Vm € N*a (19)

with the following error estimation :

wl( ) [ = ST g+? 5. —97+§—22 _
v )\ @) )) ST R et gocrmile
-d3<< Zj)(;)) Vm € N*. (20)

Proof. From Theorem 2 and Theorem 1 (inequality (3)), we obtain for any

[S e

m € N*, the estimation :

(2} ) aa(2) () o
Ym (z*) Yo Y1

After elementary calculus we find

. —0r « L2 Ll_
or o Ly L\™! . .
Qm_<ﬂ "5t 921) Q=A@ YmeN
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Hence,
v
m([, — -1 _

Q" (I2—Q) W
from the inequality (21) we infer that the estimation (20) holds. Using the
Theorem 1 we obtain the following uniform convergence on (X, dp) :

- Q, Vm € N*,

(Tms ym) = (2%, (z%)), for m — oo.

O

Remark 4. (i) In the conditions (CC)-(LC), the initial value problem (2)
have an unique bounded solution in C[—T,b]. Indeed,

t

2% ()] < |(0)] +/\f(s’w*(S),(lf*)'(s—T))!ds

0

t

+ [ ot (51, ") (5)] ds

t—T
< |p(0)|+ Mb+ K7, ¥te[0,b]

and z*(t) = p(t), Vte|[-1,0].
(71) Also, we obtain a positive solution if we consider the above conditions and
the conditions ¢(t) >0, Vte [—T,0],

f(t,u,v) >0, VY(t,u,v)€[0,b] x RxR
and
g(t,s,u,v) >0, VY(t,s,u,v) € [0,b] x [-7,b] x R x R.
In this case we obtain 0 < z*(t) < ¢(0) + Mb+ K7, Vtel0,b].

3. UNIFORM LIPSCHITZ PROPERTIES

Definition 5. Let I C R, interval and F(I,R) the set of all functions f : I —
R. A subset Y C F(I,R) is uniform Lipschitz on I if there exists L >0 such
that Vf € Y we have :

|f(uw) = f(v)| < Lju—v|, Yu,v € I.
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Theorem 6. In the conditions (CC)-(LC), if ¢ is Lipschitzian on [—,0],
0 < B <1 and if there exists v > 0 such that

‘f(tl,u,'l))—f(tQ,U,’U)’ SV’tl_tQ‘a thatQE[()?b]a VU7U€R7

then the sequence of successive approrimations (Ym)men, given by (19) and
(18), is uniform Lipschitz on [0,b] and the derivative of the solution of the

initial value problem (2) is Lipschitzian on [—T,b].
Proof. Consider the functions F,, : [0,b] — R, given by

Fm(t) :f(t,$m(t),ym(t—7)), t e [O,b].

Let o' > 0 the Lipschitz constant of ¢’ and § > 0 such that |¢'(¢)| < 4§, Vte

[—7,0].
Since,
(1) = 90) + [ £(5,201-1(5) tmoa (5 = s+
0
+/ /g(n,s,mm_l(s),ym_l(s))ds dn
0 —T
and

t
Ym(t) = f(t wm1 (), Yym—1(t = 7)) + /g(t,s,xm—l(smm—l(S))d& vt € [0,0]

we have, for any m € N*,

e (tr) — 2 (t2)] < / (5, s (), g (5 — 7)) ds+

t1

to n
T / 1901, 8, T (), Y1 ()] ds | i
t1 —T

< (M+TK) . |t1 —tg‘, Viti,ty € [O,b]
On the other hand,
|[Fo(t1) — Fo(t2)| < v [t1 — ta| + a|wo(t1) — zo(t2)| + Blyo(t1) — vo(t2)| <

< (’Y+045+,8"}/> . |t1 —tQ‘ =Ly ‘tl —tg’, Vi, to € [O,b]
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and

[F1(t1) = Fi(t2)| < v[tn — tof + alzi(ty) — z1(t2)| + Blya(tr) — yi(ta)] .-
with

[y1(t1) —y1(t2)| < [f (¢, 2o(t1), yo(ts — 7)) — f(t2, wo(t2), yo(t2 — 7))+

+K |t —to| < (K +Lo) - |ty —ta|, Vi1, ts €[0,0].
Then,
|Fi(t1) — Fi(te)| < [y + a(M + 7K) + (K + Lo)] - |t1 — t2|, Vt1,t2 € [0, ).
By induction we infer that,
|Fn(t1) — En(t2)| < [y + (M + 7K) + B(K + Lip—1)] - [t1 — ta| =
= Ly - [t1 — ta],  Vt1,t € [0,0].

We see that,
Li=v+a(M+7K)+ (K + Loy)

Ly=v+aM+7K)+B(K+ L) =v+a(M+7K)+ K+
+8[y + a(M + 7K) + BK] + %Ly =
= [y + (M +7K) + BK](1 + B) + 5*Lo
L3 = [y 4 a(M +7K) + BK](1 4+ 8+ %) + 3°Lg
and
L =[y+aM+7K)+ BK|(14+ B+ ...+ " ") + "Ly = " Lo+
1-4" ~y+alM+7K)+ K —

+y+a(M +7K) + BK] - =5 < 5 + Lo = L.
Then,
L, <L, VYmeN*
and

. v+ a(M + rK) + BK
lim L,, = .
m—o00 1— ﬂ
Consequently, for any m € N* and t¢1,ts € [0,b] we have

[Ym(t1) = ym(te)| < Lin—1 - [t1 —to| + K - [t1 —t2| < (L+ K) - [t1 —ta| (22)
and then,
—~(L+K)-|t1 —to] <ym(t1) —ym(ta) < (L+K) - |t1 —ta|, Vm e N*. (23)
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Since, according to Theorem 2, we have

Jim oy () = 7 () = (27)(1), Ve [0,b],

from inequality (23) we infer that

~(T+K) -t —to] < @) (t2) — (@) (t2) < T+ K) - Jta — o

and so,

‘(w*)’(tl) — (l‘*)/(tg)‘ < (max(y,L+ K)) - |t1 —ta|, Vti,t2 € [-7,b]. (24)

With the inequalities (22) and (24) the proof is complete. O

Remark 7. From the proof of the above theorem we see that, in the condi-

tions of this theorem, the sequence of successive kernels (Fy,)men, s uniform
Lipschitz on [0, b].
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