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a family of relatively nonexpansive mappings. We, first of all, discuss the properties of
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1. INTRODUCTION

Throughout this paper, we denote by N the set of positive integers. Let F
be a real smooth Banach space and let J be the duality mapping on E. Let
¢: E x F — R be a function defined by

o(z,y) = |z]|* — 2 (x, Jy) + |ly|* for all 2,y € E.

Let C' be a nonempty closed convex subset of  and let T" be a mapping of
C into E. We denote by F(T) and F(T) the sets of fixed points of 7' and
asymptotic fixed points of 7', respectively. A mapping T: C — FE is said to
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be relatively nonexpansive [3,10] if F(T) = F(T) and ¢(p, Tz) < ¢(p,z) for
all p e F(T) and x € C. A mapping T: C — F is said to be nonexpansive if
|Tx — Ty|| < ||z —y]| for all ,y € C. Nakajo and Takahashi [12] proved the
following strong convergence theorem for finding a fixed point of a nonexpan-
sive mapping in a Hilbert space by using the hybrid method in mathematical

programming.

Theorem 1.1 ([12]). Let C' be a nonempty closed convex subset of a real
Hilbert space H and let T be a nonexpansive mapping of C into itself such
that F(T) is nonempty. Let {x,} be a sequence in C defined by

(xlza;EC;

Yn = Ty + (1 — ap)Tay;
Cn={z€C: |z —ynll < Iz — zall};
Qn={z€C:(x,—2z,x—x,) >0}

\xn‘f'l = PCann ("’U)

forn € N, where 0 < o, < a <1 for alln € N and Pc,nq, are the metric
projections of H onto C,, N Qy, for alln € N. Then {x,} converges strongly to
z = Pp(ry(7), where Ppr) is the metric projection of H onto F(T).

Later, Matsushita and Takahashi [11] extended this theorem to that of
a Banach space in the case when T is a relatively nonexpansive mapping.
On the other hand, Reich [15] and Kohsaka and Takahashi [8] proved weak
convergence theorems for finding common fixed points of finite families of
relatively nonexpansive mappings in Banach spaces.

In this paper, motivated by Matsushita and Takahashi [11], Reich [15],
and Kohsaka and Takahashi [8], we establish strong convergence theorems by
hybrid methods for finding common fixed points of families of relatively non-
expansive mappings in Banach spaces. For proving them, we obtain some
important properties of relatively nonexpansive mappings in Banach spaces.
Further, using the methods developed in [5,11-13], we prove a strong conver-
gence theorem for a sequence of relatively nonexpansive mappings satisfying
some conditions. Using this result, we obtain a strong convergence theorem
for a finite family of relatively nonexpansive mappings. Furthermore, we apply
the result to the problem of finding a zero of a maximal monotone operator.
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2. PRELIMINARIES

Throughout this paper, N denotes the set of positive integers, R the set
of real numbers, E a real Banach space with norm |||, E* the dual of E,
and (z, f) the value of f € E* at + € E. For convenience, the norm of E*
is also denoted by || -||. Let {z,} be a sequence in E. Strong convergence of
{z,} to z € E is denoted by x,, — 2 and weak convergence by z,, — x. The
(normalized) duality mapping .J of E into 2€" is defined by

Jo={a" € B*: (x,27) = |al|* = [|l2*]*}

for x € E.

A Banach space E is said to be strictly convex if ||z|| = ||y|| =1 and z # y
imply ||(z +vy)/2|| < 1. A Banach space F is said to be uniformly convex if
for any € > 0, there exists § > 0 such that ||z|| = |ly]| = 1 and ||z —y|| > €
imply [[(z + y)/2|| < 1—0. We know that a uniformly convex Banach space is
reflexive and strictly convex. Let {z,} and {y,} be two bounded sequences in
a uniformly convex Banach space E. It is known that lim, ¢ ||z, — yn| = 0
if A€ (0,1) and A zn||> + (1= N lynll® = [Azn + (1 = Nya|* — 0 as n — oo.
It is also known that if F is a uniformly convex Banach space, then z,, — x
whenever z,, — x and ||z, || — ||z||, where {x,} is a sequence in E.

Let U = {x € E : ||z|| = 1}. The norm ||| of F is said to be Gateaux
differentiable if the limit
|z + tyll — [l=]

.
b t 21)
exists for all z,y € U. In this case a Banach space F is said to be smooth.
The norm of F is said to be uniformly Fréchet differentiable if the limit (2.1)
is attained uniformly for x,y € U. In this case a Banach space E is said to
be uniformly smooth. It is known that the duality mapping J of E has the

following properties (see [19]):

e It is single-valued if F is smooth;

e it is surjective if F is reflexive;

e it is injective if F is strictly convex, i.e., JxNJy = () for z,y € E with
T 7Y

e it is uniformly norm-to-norm continuous on every bounded set if F is

uniformly smooth.
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From these facts, it is obvious that the duality mapping J~! of E* is single-
valued and bijective if E is smooth, strictly convex, and reflexive. Further-
more, we know the following: Let {z,} and {y,} be bounded sequences of a
uniformly smooth Banach space E. Then

[0 = ynll — 0 implies [z, — Jya| — 0 (2.2)

as n — 0o. We know that a Banach space E is uniformly convex if and only
if E* is uniformly smooth. Thus we also obtain the following: Let {x,} and
{yn} be bounded sequences of a uniformly convex and smooth Banach space
E. Then the duality mapping J ! of E* is uniformly norm-to-norm continuous
on every bounded set and thus

| Jzn — Jyn|| — O implies ||z, — yn|l = HJ_Ian —J  Jye]| =0 (2.3)

as n — oo; see [19] for more details.
Let E be a smooth Banach space. We use the following function ¢: Ex FE —
R defined by

¢(x,y) = [l«]* =2 (z, Jy) + [ly]|?
for z,y € Fj; see [1]. By the definition of ¢, we immediately obtain

(lzll = llyl)? < é(z,y) < (l=] + lly])

for all x,y € E. Let E be a strictly convex, smooth, and reflexive Banach
space and C' a nonempty closed convex subset of E. It is known that, for each
x € F, there is a unique point xy € C such that

¢(xo,x) = min{¢(y,x) : y € C}.

Such a point zg is denoted by Ilgz and Ilg is said to be the generalized
projection of E onto C; see [1] and [5]. We know some lemmas, which are
used for the proofs of our main results.

Lemma 2.1 ([1] and [5]). Let E be a strictly convez, smooth, and reflexive
Banach space and C' a nonempty closed convexr subset of E. Let llo be the
generalized projection of E onto C, x € E and xg € C. Then xg = lex if
and only if

(xo —y,Jx — Jxg) >0

forally e C.
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Lemma 2.2 ([1] and [5]). Let E be a strictly convez, smooth, and reflexive
Banach space and C' a nonempty closed convex subset of E. Let Il be the
generalized projection of E onto C. Then

o(y, cx) + ¢(Hoz, ) < ¢y, ) (2.4)

forallx € E and y € C.

Lemma 2.3 (Kamimura-Takahashi [5]). Let E be a smooth and uniformly
conver Banach space. Let {x,} and {y,} be two sequences in E with
limy, o0 @(Tn, yn) = 0. If {zn} or {yn} is bounded, then lim, o ||xn — yn|| =
0.

Let {x,,} and {y,} be two bounded sequences of a smooth Banach space E.
We have

0 < é(wp,yn) = ||xn||2 —2(xn, Jyn) + Hyn||2
= [|lznll® = lynll* = 2 (Tn — Yn, Jyn) -

Thus ¢(zpn,yn) — 0 whenever ||z, —yn|| — 0. From this fact combined
with (2.2), (2.3) and Lemma 2.3, we conclude the following: Let {z,} and
{yn} be two bounded sequences of a uniformly convex and uniformly smooth
Banach space E. Then

[2n = ynll = 0 = |20 — Tyl = 0 < ¢(2n, yn) — 0. (2.5)

Let E be a Banach space. A multi-valued mapping A of E into E* is said to
be a monotone operator if (z —y,z* —y*) > 0 for all z,y € D(A), 2* € Az,
and y* € Ay, where D(A) = {x € E : Ax # 0}, which is called the effective
domain of A. A monotone operator A C E x E* is said to be maximal if its
graph is not properly contained in the graph of any other monotone operators
of E x E*. The following result is well-known.

Lemma 2.4 (Rockafellar [16]). Let E be a strictly convex, smooth, and reflex-
we Banach space and A C E x E* a monotone operator. Then A is mazximal
if and only if R(J +1rA) = E* for all r > 0, where R(J + rA) denotes the
range of J + rA.

Let E be a strictly convex, smooth, and reflexive Banach space and A C
F x E* a maximal monotone operator. Let » > 0 and x € F be given. Using
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Lemma 2.4, we know that there exists a unique x, € D(A) such that
Jr € Jx, +rAx,.

Thus we may define a single-valued mapping J,: E — D(A) by J,z = x,, that
is, J. = (J+1A)"1J. Such J, is said to be the resolvent of A for r. The set
of all zeros of A is denoted by A~'0, that is, A7'0 = {x € E: Az > 0}. It
is known that A710 is a closed convex subset of E and A=10 = F(J,.), where
F(J,) is the fixed point set of J,. It is also known that

1
;(J —JJy )z € Adyx (2.6)

for all » > 0 and x € E; see [5-7].

3. STRONGLY RELATIVELY NONEXPANSIVE M APPINGS

Let F be a smooth Banach space, C a nonempty closed convex subset
of E, and T a mapping of C into E. The set of all fixed points of T is
denoted by F(T'). A point p € C is said to be an asymptotic fixed point
of T [15] if C contains a sequence {z,} which converges weakly to p and
limy, oo ||Zn, — T'xp|| = 0. The set of all asymptotic fixed points of T" is denoted
by F(T).

A mapping T of C into F is said to be relatively nonexpansive [3,10,11] if
F(T) = F(T) and ¢(p, Tz) < ¢(p, ) for all z € C and p € F(T). Tt is known
that F(T) is a closed convex subset of E if T is relatively nonexpansive and FE
is strictly convex and smooth; see [11, Proposition 2.4]. It is also known that
the generalized projection Ilo of E onto C is relatively nonexpansive if E is
smooth, strictly convex, and reflexive. A mapping T of C' into FE is said to be
strongly relatively nonexpansive if it is relatively nonexpansive and

lim ¢(Txp,z,) =0

n—o0
whenever {z,,} is a bounded sequence of C' and lim,, o (¢(p, x,)—P(p, Txy)) =
0 for some p € F(T); see [15].

Example 3.1. Let E be a smooth, strictly convex, and reflexive Banach space
and C' a nonempty closed convex subset of E. Let T: C — E be a relatively
nonexpansive mapping that satisfies the following:

¢(p, Tx) + ¢(Tx,x) < d(p, x)
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or equivalently:
(p—Tzx,Jor—JTz) <0

for all p € F(T) and x € C. Then T is strongly relatively nonexpansive.
Thus it follows from (2.4) that the generalized projection Il of E onto C
is an example of strongly relatively nonexpansive mappings. Let J, be the
resolvent of a maximal monotone operator A C E x E* for r > 0. We know
that

o(u, Jrz) + ¢(Jrz,z) < ¢(u,x)
for all u € A710 and z € E; see [7, Lemma 3.1]. Moreover, suppose that E is
uniformly smooth. In this case we also know that .J, is relatively nonexpansive
with respect to A~10; see [11, Theorem 4.3] for more details. From these

facts, we see that resolvents of a maximal monotone operator are also strongly
relatively nonexpansive.

Before proving the first theorem, we need the following:

Lemma 3.2. Let E be a smooth Banach space and C' a nonempty closed
convex subset of E. Let S be a strongly relatively nonexpansive mapping of C
into E, T a relatively nonexpansive mapping of C into E, and U a mapping
of C into E defined by Uz = J - *(A\JSz + (1 — \)JTx) for x € C, where
A € (0,1) is a constant. Suppose F(S)N F(T) # (0. Let {x,} be a bounded
sequence in C and w € F(S)N F(T). If ¢(w,z,) — ¢(w,Uxy,) — 0, then
o(w, zy) — p(w, Szp) — 0, ¢p(w, ) — p(w, Txy) — 0, and ¢(Sxy, x,) — 0 as

n — 0.

Proof. Let 2 € C be given. Since || - || is a convex function on E and both T'

and S are relatively nonexpansive, we have
¢(w,Uz) = |w|* =2 (w, JUz) + |[Uz]|*
< lw||* = 2 (w, AT Sz 4+ (1 = N)JTx) + X ||Sz||> + (1 — \) || Tz|?
= Ap(w, Sz) + (1 = A)p(w, Tx)
< Ap(w, Sz) + (1 = A)p(w, z) < ¢(w, ).
This shows that

0 < Mo(w,xn) — ¢(w, Sxy)) < d(w, ) — d(w, Uzy,)
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for every n € N. Thus we conclude that ¢(w, zy,) — ¢(w, Sx,) — 0. Since S is
strongly relatively nonexpansive, we also have ¢(Sx,, z,) — 0. Similarly, we
obtain ¢(w, z,) — ¢(w, Txy) — 0. O

Theorem 3.3. Let E be a uniformly conver and uniformly smooth Ba-
nach space and C a nonempty closed conver subset of E. Let S be a
strongly relatively nonexpansive mapping of C into E, T a relatively non-
expansive mapping of C into E, and U a mapping of C into E defined by
Ur = JY(AJSz + (1 — N\)JTx) for x € C, where A € (0,1) is a constant.
If F(S)N F(T) is nonempty, then U is strongly relatively nonexpansive and
F(U)=F{U)=F(S)nF(T).

Proof. We first prove F(U) C F(S) N EF(T). Let z € F(U). Then there exists
a sequence {z,} in C such that z, — z and
lzn — Uzn|| — 0 (3.1)

as n — oo. Note that {z,} is bounded and hence {Sz,}, {Tz,}, and {Uz,}
are also bounded. Choose w € F'(S) N F(T) arbitrarily. Since F is uniformly
smooth and

d(w,Uzy) — dp(w, 2) = |[Uzn||> = |zal” — 2 (w, JUzn — J23) ,

it follows that ¢(w,Uzy,) — ¢(w, z,,) — 0 as n — oco. Thus Lemmas 3.2 and 2.3
imply that

|Szn — zn]| — 0 (3.2)
as n — oo. Since S is relatively nonexpansive, we conclude that z € F (S).
On the other hand, we have

(L =X |[Jzn — JTzp|| = || J2n — (ATSzn + (1 = XN)JTz) — AM(J2r, — JSzy)||
< | Jzn — JUzp|| + X[ J 20, — JSzp]| -
From (3.2), (3.1) and (2.2), we know that both |[Jz, — JUz,| and
|.Jzn — JSzy|| converge to 0 as n — oo. Therefore we have ||Jz, — JTz,|| — 0
and hence ||z, — Tzn|| — 0 because of (2.3). Thus, we conclude that z € F(T).
From all observations above, we have
F(S)NEF(T)=F(S)NF(T) c F(U) c F(U) c F(S)n F(T)

and hence F(S) N F(T) = F(U) = F(U). From this fact, it is easy to check
that U is relatively nonexpansive.
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Let us prove that U is strongly relatively nonexpansive. Let {z,} be a
bounded sequence in C' and p € F(U). Suppose that ¢(p, x,) —¢(p, Uzy) — 0.
We only have to show that ¢(Ux,, z,) — 0. Lemma 3.2 implies that

¢(p, zn) — ¢(p, Sxp) — 0 and $(p, z,) — ¢(p, T'zn) — 0.
This shows that
MTSznl® + (1 = N) | JTzp||* = |ANTSzy + (1 — A)J T2y )
= AISznl” + (1= A) [Tz ||* = [Tz
= Mo(p, Szn) — ¢(p,xn)) + (1 = A)(o(p, Txn) — ¢(p, 2n))
— (¢(p, Uzy) — ¢(p,zn)) — 0

as n — oo. Since E* is uniformly convex and both {JSz,} and {JTxz,}
are bounded, we obtain ||JSz, — JTz,|| — 0. On the other hand, it follows
from Lemmas 3.2 and 2.3 that ||Sz, — x,|| — 0. Using (2.2), we conclude
|JSxy — Jx,|| — 0. These facts imply that

|Jzy, — JUz| = (1 = N)(JSzy, — JTxy) + Jxy, — JS24 ||
< (1 =N ||JSzp — JTxp|| + || J2p — JSzp| — O.

So, we have that ||Jz, — JUz,| — 0 and therefore ¢(Ux,,, x,) converges to 0
by (2.5). This completes our proof. O

It is clear that the identity mapping I on C' is strongly relatively nonexpan-
sive. Putting S = I in Theorem 3.3, we immediately obtain the following:

Corollary 3.4. Let E be a uniformly conver and uniformly smooth Banach
space and C a nonempty closed convexr subset of E. Let T be a relatively
nonexpansive mapping of C into E, and U a mapping of C into E defined
by Uz = JY(\Jz + (1 — N\)JTz) for x € C, where X € (0,1) is a constant.
If F(T) is nonempty, then U is strongly relatively nonexpansive and F(U) =
F(U) = F(T).

By induction and Theorem 3.3, we get the following result:

Corollary 3.5. Let E be a uniformly conver and uniformly smooth Banach
space and C' a nonempty closed convex subset of E. Let {Sk}évzl be a finite
family of relatively nonexpansive mappings of C into E, where N is some
positive integer. Let {\*}_, be a finite sequence in (0,1) with Z,]jzo A= 1.
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Let U be a mapping of C into E defined by Uz = J 1 Zévzo NeJSpx forx € C,
where Sy is the identity mapping on C. If ﬂivzl F(Sk) is nonempty, then U
is strongly relatively nonexpansive and F(U) = F(U) = ﬂff:l F(Sk).

4. STRONG CONVERGENCE THEOREMS

Using an iterative method developed in [5,11-13], we first prove the follow-

ing theorem for a sequence of relatively nonexpansive mappings.

Theorem 4.1. Let E be a uniformly convexr and uniformly smooth Banach
space and C' a nonempty closed convex subset of E. Let {T,} be a sequence
of relatively nonexpansive mappings of C into E with (,— F(Ty) # 0. Sup-
pose that for any nonempty bounded closed convexr subset B of C and any
subsequence {Ty,} of {T}.}, there exist a subsequence {Tnij} of {T,} and a
relatively nonexpansive mapping U of C into E such that

o

FU) = ﬂ F(T,) and lim sup HUy — TnlyH =0.

_ J]—00 yGB J

n=1
Let {x,} and {y,} be two sequences of E defined by the following:
(.%1 =z e (]
yn = J HanJzn + (1 — ap)JThay);

H, = {Z eC: </>(Z,yn) < <Z>(2’733n)};
Wp={2€C:{(x,— 2z Jx— Jx,) >0}

Lnt+1 = Ou,aw, ()

for each n € N, where {ay,} is a sequence in [0,1] with limsup,,_,. on < 1
and Mg, ~w, is the generalized projection of E onto H, N W,,. Then {x,}
converges strongly to Up (), where L p ) is the generalized projection of E
onto F(U) =, F(T5).

Proof. From the definition of H,, and W,,, it is clear that H,, and W, are closed

convex subsets of C' for every n € N. First we show that (-, F'(T;,) C Hp.

Since T, is relatively nonexpansive, u € (>, F(T},) implies

Dty yn) = |[ull® =2 (uy anJxy + (1 = ) JTnen) + || an T2 + (1 = ) J T, ||?

< an(llull® =2 u, Jzn) + | Tzal?) + (1= o) (full® = 2 (u, TTown) + |7 Twn|?)
= an¢(U, xn) + (1 - an)‘b(uy Tnxn)
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< and(u, on) + (1 — an)d(u, zn) = ¢(u, zp).

Thus we know that (o2, F(T,) C H, for every n € N. We next show that
Ny F(T,) € Wy, It is obvious that (2, F'(T,) C C = Wj. Suppose
that v € (,—, F(T,) C Wy, for some k € N. Since z41 = Hg,nw, (z) and
u € Hp N Wy, we obtain (xp4q1 — u, Jr — Jxpiq) > 0 from Lemma 2.1. This
means that w € Wy1. Thus, by induction on k, we conclude that v € W,, for
every n € N. Therefore we see that (2, F(1,,) C H, N W), and H, N W), is
a nonempty closed convex subset of E for every n € N.

We verify that {z,} is bounded and lim, ., ||z, — Thzy| = 0. Again, let
u e (2, F(T,) be fixed. Using Lemma 2.2 combined with the fact that
xn =, (z) and u € W,,, we have

(b(U,l’n) + QZ)(ZL‘n,ZL') < Cb(uv l‘)

Hence, for every n € N,
(lnll = lz[)? < ¢(an, 2) < $(u,2) < (Jul| + z])*.

This means that both {¢(z,,x)} and {x, } are bounded. Then we may assume,
without loss of generality, that C'is bounded. Using Lemma 2.2 combined with
the fact that z,,11 € W), and z,, = Iy, (x), we have

H(Tnt1,Tn) + O(Tn, ) < G(Tni1,T) (4.1)

for every n € N. This shows that {¢(x,,z)} is nondecreasing and hence it is
convergent. From (4.1), we have ¢(xpi1,2n) < d(Tpt1,2) — ¢(xp,x). This
yields

lim ¢(zp41,2n) =0. (4.2)

n—oo
By the definition of H,, we see that ¢(zp+1,yn) < ¢(2ni1,2y). Therefore we

also obtain
lim ¢(zpi1,yn) = 0. (4.3)
n—oo
From the definition of y,,, (4.2), (4.3), and (2.5), it follows that
(1 —apn)(Jeps1 — JThzy) = Jxps1 — Jyn — an(Jxps1 — Jxy) — 0.

Therefore we have ||Jx,+1 — JTpx,|| — 0 because of the assumption on {a, }.
This fact combined with (4.2) and (2.3) shows that

|\ JThxy — Jzp|| < |[JThxn — Jxpti|| + || J2ns1 — Jzp|| — 0
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and hence
lim || Tz, — 2, = 0. (4.4)
n—oo

Since {z,} is bounded, there exists a subsequence {x,,} of {x,} such that
Zn, — v. Let us show that v € (o2, F(Ty). Let {T,,} be the subsequence
of {T,,} corresponding to {zy,}. By assumption, for C' and {7}, }, there exist
a subsequence {ij} of {T},,} and a relatively nonexpansive mapping U of C'
into £/ such that

FU) = () F(T2) (45)
n=1
and
lim sup HUy — Tm_yH =0. (4.6)
J—=0 yeC J

It is clear that
|Uzy, — x| < | Uxp — Tonznll + (| Tazn — 24|

<sup Uy — Tyl + | Thzn — 20|
yeC

for every n € N. From (4.4) and (4.6), we obtain

=0.

lim HU:Em — T,
J—00 J J

By (4.5) and the relative nonexpansiveness of U, we conclude that v € F(U) =

Moy F(Tn).-
Finally, let us prove that z,,, — v implies v = z, where z = Il (z). Since

ze F(U) =2, F(T,) C H, N W,, it follows that

O (xpy1,2) = min{o(y,x) 1y € H, N Wy} < é(z,z)

for every n € N. From the fact that || -||* is weakly lower semicontinuous and

lim,, o0 ¢(p, ) exists, we get
$(v,z) = |[vo]|* = 2 (v, Jo) + || ®
< i it (|, |2 — 2 (0, ) + [l2]2)
71— 00
= liminf ¢(x,,, )
1—00
n—oo

< lim ¢(z,7) = ¢(z, 2).
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Since v € F(U) and {z} = argmin{¢(y,z) : y € F(U)}, we see that z = v and
lim, 00 ¢(Tp, ) = ¢(2,x). Therefore x,, — z and hence

lzal® = 1217 = $(wn, 2) = ¢z, 2) +2 (25 — 2, J2) =0

as n — 00. This shows lim,_, ||z,|| = ||z]|. Since E is uniformly convex, we

conclude that lim,, .. z,, = z. This completes our proof. O

Using Theorem 4.1 and Corollary 3.5, we obtain the following theorem.

Theorem 4.2. Let E be a uniformly convexr and uniformly smooth Banach
space and C' a nonempty closed convex subset of E. Let {Sk}évzl be a finite
family of relatively nonexpansive mappings of C into E with ﬂ]kvzl F(Sk) #0,
where N is some positive integer. Let {\*} is a sequence in (0,1) with two
indicesn € N and k =0,...,N. Suppose that Z,]CV:O Mo =1 for every n € N
and inf{\f : n € N} > 0 for every k =0,...,N. Let {x,} and {y,} be two
sequences of E defined by the following:

r1=x€C;
yn = J HanJz, + (1 — ap) Zg:o )\fLJSkxn);

Hy,={2€C:9(z,yn) < 0(2,2n)};
W, =42z€C:{(xy —2z,Jr — Jzx,) >0}

ZTnt1 = U, Aw, ()

for each n € N, where {a,} is a sequence in [0,1] with limsup,,_,., o, < 1,
g, ~w, is the generalized projection of E onto H, "Wy, and Sy is the identity
mapping on C. Then {x,} converges strongly to Ilp(z), where Il is the
generalized projection of E onto F' = ﬂ,]j:l F(Sk).

Proof. Put T, = J~! Z]kvzo AEJS).. Then Corollary 3.5 implies that each T,
is (strongly) relatively nonexpansive and F(T},) = ﬂivzl F(Sk). Let B be a
nonempty bounded closed convex subset of C' and {7,,} a subsequence of
{T.}. Let {AE.} be the subsequence of {\f} corresponding to {T},}. By
assumption, for each k = 0,..., N, there exist \* € (0,1) and a subsequence
{)\fbij} of {AF } such that lim; .. )\f’”j = A*. Define a mapping U of C into E
by

N
U=J") MNJS.
k=0
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Then Corollary 3.5 also implies that U is relatively nonexpansive and F(U) =
N F(Sg). Hence F(U) = (2>, F(Ty). Note that sup{||Spyl| : ¥y € B, k =
0,...,N} < co. Further we have

N
1TUy = I Tyl = ||\ =A%) J Sky
k=0
N
< >N Ak 1Sl
k=0
N
<y ’)\k Y,

e
Il
o

for all y € B, where M = sup{||Sky|| : y € B, k =0,...,N}. Therefore

N
lim sup HJUy . JTm_yH < lim Y ‘)\k v ‘ M =0,
’ k=0 N

j—00 yEB j—00

This shows that

lim sup HUy — Tm-yH =0.
jHOOyEB J

Using Theorem 4.1, we conclude that {x,} converges strongly to II ru)(z) =

Applying Theorem 4.1, we can also obtain the following result:

Theorem 4.3 (Matsushita-Takahashi [11]). Let E be a uniformly convex and
uniformly smooth Banach space and C a nonempty closed convex subset of E.
Let T be a relatively nonexpansive mapping of C' into E with F(T) # () and
{an} a sequence of real numbers such that o, € [0,1) for every n € N and
limsup,, . an < 1. Let {z,} and {yn} be two sequences of E defined by the
following:

1 =z € (|

yn = J HanJzn + (1 — an)JT2y);

Hy ={z2€C:¢(z,yn) < ¢(z,20)};
Wp={z€C:(zy—2zJr—Jx,) >0}

(Zn+1 = Iy, ow, (2)



STRONG CONVERGENCE THEOREMS 157

for eachn € N, where Ilg, Aw,, is the generalized projection of E onto H,NW,,.
Then {x,} converges strongly to Hpry(x), where Ilg() is the generalized
projection of E onto F(T).

Proof. Putting T,, = T for all n € N, we have that {7}, } satisfies the condition
in Theorem 4.1. So, we obtain the desired result by using Theorem 4.1.  [J

Finally, we apply Theorem 4.1 to the problem of finding a zero of a maximal
monotone operator in a Banach space. This problem has been studied by many
researchers; see, for example, [9], [17], [14], [15], [18], [4,5], [13], [6], [7], and
[10,11].

Before solving the problem, we begin with the following lemma:

Lemma 4.4. Let FE be a strictly convex, smooth, and reflexive Banach space
and J, the resolvent of a mazximal monotone operator A C E x E* for r > 0.
Then

)‘(ﬁ(‘])\xa J,ux) + M¢(Ju$, J/\.%) < ()\ - M)(¢(JA$, l’) - ¢(Jux7 .le))
forallx € E and A\, u > 0. In particular,

I\ — pl
A

¢(rna, Jux) < [o(Saz, 2) — ¢(J i, )] (4.7)

forallx € E and A\, > 0.

Proof. Let x € E and A, u > 0 be fixed. From (2.6) and the monotonicity of
A, we have

1 1
0< <J,\x — Juz, X(J —JJ\)x — ;(J - JJM)JJ>

1
Y (Iaz — Jyz, p(Jz — JIhz) — N Jz — JJ,z)) .

So, we have
0 < p(he —Jux, Jor — Jyx) — XN — Jux, Jo — JJ,x)
and hence

0<(p—A)(Jax—Juz,Jz) — p(Jax — Jux, JIzz) + X (Jye — Jux, JJ,z) .
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Therefore we obtain

— (M, JJux) + p(Jyx, JIxx))
< (= A) (Iaz = Sy, Jo) — p | el = | Juz|?

Applying this inequality, we have

Ap(JIxx, J, )
<Az, Juz) + pd(Juz, Jax)
= M|az))? = 2 (Iaz, JJuz) + || Juz])
+ p(|[Jpl* = 2 (S, Jrz) + | ael?)
= A+ w0z + [ Juzl?) = 200 (e, T Tu) + p (T, T az))
< A+ @) (1)) + [17,2]%)
+2((n = A) (haa = Juz, Jx) — pl| nz]|* = X Juel])
= Mz + 1Tz ) = 2 (Iaz = Jux, Jz) — 2| Jux]?)
— (= [ Izl® = [ uzl® = 2 (Jaz — Juz, Ja) + 2| Tz )
= (A=W az)* = 2 (Jaz, Jo) + || = | Tuzl|” + 2 (Juz, Jo) — [|z]?)
= (A= )¢z, z) — d(Juz, )
= A=l lp(Jaz, ) — p(Juz,z)].

This completes the proof. O

Using Theorem 4.1 and Lemma 4.4, we show the following strong conver-
gence theorem. A similar result was obtained in [11]; compare this theorem
with [11, Theorem 4.3]; see also [7, Theorem 3.3].

Theorem 4.5. Let E be a uniformly convexr and uniformly smooth Banach
space, A C E x E* a mazimal monotone operator with A~10 # 0, and J,
the resolvent of A for r > 0. Let {r,} be a bounded sequence of positive real
numbers which is bounded away from 0. Let {x,} and {y,} be two sequences
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of E defined by the following:
(ml =z e kFE;
yn = J HanJz, + (1 — an)JJp, Tn);

Hy ={z€ E:¢(2,yn) < ¢(2,70)};
Wn=A{z€ E:(x,— 2z Jr— Jx,) >0}

Tp+1 = U, Aw, ()

for each n € N, where {an} is a sequence in [0, 1] with limsup,,_,. a, < 1
and g, Aw, is the generalized projection of E onto H, N W,. Then {x,}
converges strongly to I14—1¢(x), where I14-1( is the generalized projection of
E onto A710.

Proof. Put T, = J,,. Then each T, is relatively nonexpansive and
Moo, F(T,) = A710. Let B be a nonempty bounded closed convex subset
of E and {T,,} a subsequence of {T,,}. Let {ry,} be the subsequence of {r,}
corresponding to {7}, }. By assumption, there exist s > 0 and a subsequence
{Tm-j} of {ryp,} such that lim;_, rn;, = 5> 0. Let U be a mapping of E into
D(A) defined by U = J;. It is clear that U is also relatively nonexpansive and
F(U) = A710. Hence F(U) = o2, F(T;,). Further we have, by (4.7),

s—1
sup ¢(sz7 Jrny) < | | sup \¢(sz, y) - ¢(Jrny) y)’ .
yEB S yEB

It is easy to check that {sup |¢(Jsy,y) — &(Jr, y,y)|} is bounded.
yeB

Thus it follows that
lim sup ¢(Uy, Ty, y) = 0.
J—00 yEB J
This shows that

lim sup HUy — TnzyH =0.
j—>ooy€B J

Using Theorem 4.1, we conclude that {z,} converges strongly to Il 4—1y(z). O
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