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1. INTRODUCTION

A Sehgal-contraction, or a B—contraction, on a probabilistic metric space
(S,F) is a self-mapping A of S such that

(BCL) FApAq(LCL') > qu(l’), Vp,q €S

for some L € (0,1) and every z. As it is well known [1, 2, 4, 10, 11, 12,
19, 20], every B—contraction on a complete Menger space (S, F, Min) has a
unique fixed point, which is globally attractive. Therefore B—contractions on
complete Menger spaces (S, F, Min) belong to the class of Picard operators,
extensively studied by I. A. Rus (see [15], [16] and [9]). In fact, the following
more general result holds:

Theorem 1.1. Every t-norm of HadZié-type has the fixed point property
for B—contractions.
Indeed, let (S, F,T) be a complete Menger space such that T is of Hadzié-type

and consider a B-contraction A : S — S. Without loss of generality, we can
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suppose L € (0, %] Let po € S and = € (0,00) be fixed. If m is a positive
integer, then

Fpoamp,(22) > T(FpoApo (z), FApoAmpo(x)) > T(FpoApo(x)v FpoAmflpo(Qm))
and we can see by induction that
Fooampo (2x) > T (Fpy apo (x)), ¥Ym > 1. (1.1)
Thus we have, for all integers n, m:
Fpnp antmpy (22) > Fpoamp, (22 /L") > Ton(Fpgape (2/L")). (1.2)

Since T is of Hadzié-type (that is the iterates {71),} are equicontinuous at
a=1) and F,,ap, € DT (so that lim; . Fjyap,(t) = 1), then

h_I)noo FA”poA"+mp0 (2.%') = 1, (13)

n

uniformly in m, for each = € (0, 00). By definition, this means that {A"po} is
F-Cauchy and the conclusion follows.

The proof of the following result of type Sherwood (compare with [20]) is
easy to reproduce:

Lemma 1.2. Let T be an lc-t-norm and fix an F in DT. Let S = {1,2,...}
and define a probabilistic metric by

{ Fonim(z) = TM[F(2"z), F(2" 1), ..., F(2""™2)], n,m € S (1.4)

an:50

Then (S,F,T) is a Menger space and the mapping n Ay + 1 is a
B—contraction with L = %
The following theorem is a partial converse to Theorem 1.1:
Theorem 1.3. If T is a continuous t-norm with the fixed point property
for B—contractions, then T is of HadZié-type.
Proof. Suppose that T is not of Hadzié-type. Then there exists a € (0,1)
such that for each 1 > b > a there is my, > 1 for which T}, (b) < a. Now let

by € (a,1) be increasing to 1. Then there exists m, > 1 such that

T, (bn) < a,m=1,2,... (1.5)
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Obviously we can suppose that m,, is increasing on n. Let F € D' be defined
by

0¢f z<1
F(z)={ b if xe€(1,22%m] (1.6)
bn+1 Zf = (22n+mn’22n+mn+1]’ n>1

If we consider the Menger space as in Lemma 1.2 with this F', then we have

successively:

Fn n+mn(1) < Fn n+mq (Qn) =T [F(22n)a F(22n+1)7 A F(22n+mn)] <

< T [F(220 M) L F (22T < T (by) < a

Therefore the sequence {A™1} is not Cauchy, so that T does not have the fixed
point property for B—contractions.

It is worth noting that in [1], G. L. Cain & R. Kasriel proved the Sehgal’s
result (for 7= Min) by using the Nishiura pseudo-metrics dy, defined by

dx(p,q) = sup{z | Fpe(x) <1—A}, A€ (0,1), p,ge S.

As a matter of fact, the family {dx}xc(0,1) generates the (e, A\)—topology on
S. Moreover, for every A € (0,1),

dx(Ap, Aq) < Ldx(p,q), ¥p,q € S.

For if dy(p,q) < r then Fp,(r) > 1 — X and the contraction condition (BC)
implies Fapaq(Lr) > 1— X, which shows that dy(Ap, Aq) < Lr. Hence one can
apply the Banach contraction principle in the uniform space (S, {dx}xc(0,1))-

As we will see, the result in (Sehgal &Bharucha-Reid, [19]) is also a conse-
quence of the ”fixed point alternative” in generalized (Luxemburg) complete
metric spaces (see [6] or [13]). Incidentally, this method offers a sort of converse
of the fixed point principle in Menger spaces under the t-norm Tj; = Min,
by giving a suitable family of (generalized) metric topologies on such a space.
The method also suggests order theoretic proofs of the contraction principle
for probabilistic B—contractions.

For terminology and notations, we refer to [2], [4] and [18].
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2. SOME GENERALIZED METRICS ON MENGER SPACES

Recall that D denotes the set of the distribution functions of all nonnega-
tive (real) random variables, which then are nondecreasing and left-continuous
on (0,00) and have limit 1 at co. Let we are given a probabilistic metric
F : S — DT, such that (S,F,Min) is a Menger space, and consider an ele-
ment G of DT which will be fixed. Recall that F(p, q) is usually denoted by
Fpy.

Theorem 2.1. If we define the two-place function dg by

da(p,q) =inf{a | a > 0 and F4(ax) > G(z) , Vo € R},

then

(i) dg is a Luzemburg metric on S,

(ii) The dg—topology is stronger than the (e, \)—topology;

(iii) If (S, F) is complete, then (S,dg) is complete.
Proof. (i) Clearly dg is symmetric and dg(p,p) = 0. If dg(p,q) = 0 then, for
each a > 0, Fp,(ax) > G(x) for all . Now, if y = az is fixed and z — 400 ,
then Fq(y) > lim, oo G(z) =1, that is p = q.

Suppose that dg(p,r) < oo and dg(r,q) < co. If dg(p,r) < o’ < a and
dg(r,q) < b < b, then

Fpgl(a’ +V)x)] = Min{Fy(az), Frq(V'2)} > G(x)

which shows that dg(p,q) < a’ + ¥ < a+ b. Therefore dg(p,q) < da(p,r) +
dg(r,q), and it follows that dg is a Luxemburg metric.

(ii) Now, suppose that {p,} is dg-convergent to p. Let ¢ > 0 and X\ € (0,1)
be given. Since G € DT, then there exists zg such that G(x¢) > 1 — \. For
a < %, we choose ng such that dg(pn,p) < a for all n > ny. Therefore
Fp.p(e) > Fp plaxg) > G(z9) > 1 — A, and we see that {p,} is F—convergent
to p.

(iii) Suppose that {p,} is dg—Cauchy and (S, F) is complete. Then, as above,
we obtain that {p,} is F-Cauchy and thus there exists p € S such that {p,}
is F-convergent to p. Let a, & > 0 be given. Then there exists ng such that
Fyppim(ax) > G(x) for all n > ng, all m > 1 and each z. Let n > ng and

z > 0 be fixed. Since

Fpnp((a +0)x) > Mm{Fpnpn+m (ax), Fpn+mp(5$)} >
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Z MZH{G(QJ), Fpn+mp(6x)}7
then, by letting m — oo, F}, p((a + 6)x) > Min{G(x),1} = G(x). Therefore
da(pn,p) < a+ 9, ¥Yn > ng and we can see that {p,} is dg-convergent.
Example 2.2. Since

G(m)za(az)z{ UIS S dalpa) = inf{e | Fle) = 1),

then dg needs not be nontrivial: Every metric space (S5, d) is a Menger space
under Ty = Min if we set Fpy(x) = #M’ Vax > 0. Clearly, da(p,q) <
o0 < p = ¢q. On the other hand, (S,d) can also be regarded as a Menger
space under Ty with Fy(x) = eq¢p ) () = G(%), for d(p,q) # 0 and it is
easily seen that dg(p,q) = d(p,q) in this case. The situation is reversed for
G(r) = ;17, Vo > 0.

Remark 2.3. The condition lim;,o G(t) = 1 is essential for the last
conclusions in Theorem 2.1, as shown by the following
0, r<1
1—A z>1

dG(p7 Q) = an{.l‘ ‘ qu($> > 1— A} —not R/\(pa Q)-

Generally, R) is a pseudo-metric and the family {Rx}\e(0,1) does generate the

Example 2.4. Let A € (0,1) and G(z) = . Then

F—uniformity:
Ry(p,q) <e= Fpe(e) > 1— X and Fpy(e) >1— X = Ryx(p,q) <e.

Notice also that S = R is a complete Menger space under Tp = Prod, if we

set
lp—al
Fpg(z) =€~ = Va2 >0,pq€R.
As it is easily seen, Ry(p,q) = % gives a complete metric for each X,

although Tp is strictly weaker than Ty = Min. Moreover, each R) generates
the (e, \)—topology.
3. OTHER TWO PROOFS OF THE FIXED POINT PRINCIPLE

The proof of the following result is easy to reproduce:
Lemma 3.1. Every Sehgal-contraction on (S,F) is a Banach-contraction
on (S,dg). Namely, if A: S — S verifies the condition (BCY), then

dc(Ap, Aq) < Lda(p, q),Vp,q € S.
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By using this lemma and the alternative of fixed point, we can prove the Sehgal
& Bharucha-Reid theorem ([19]).

Theorem 3.2. Let A be a Sehgal-contraction on the complete Menger

space (S,F,Min). Then A has a unique fized point p* and, for each p € S,
p* = lim A"p in the (g, \)—topology.
Proofflﬂioet p € S and G := Fp4p. By Lemma 3.1, A is dg-contractive.
Moreover, dg(p, Ap) = 1 < co. By the fixed point alternative (see [6] or [7]),
the sequence A™(p) converges to a fixed point p* of A, in the metric d¢, and
so in the (e, A\)—topology. Clearly p* is unique.

Remark 3.3. For G as in the above proof, S, := {q, dg(p,q) < oo} is a
complete metric space. And A"p € S, for all n > 1. Therefore A has a unique
fixed point in S),. Since A has a unique fixed point in S, the theorem follows
also in this way.

Remark 3.4. Let (S,F, Min) be a complete Menger space and suppose
that, for some G € DT, the dg-topology and the (g, \)—topology are identical.
Then, for every Sehgal-contraction A on S, we have:

(i) For every p € S, A™p is convergent to the unique fixed point of A;

(ii) For each p € S there exists n > 0 such that

Fanpant1p(z) > G(x), V 2.

Indeed, the first assertion follows from Theorem 3.2. The second assertion
follows from the fixed point alternative, since (i) is always true. In fact, this
assertions indicate, to a certain extent, the behavior of the values of F:

0, r<1

1 . It is easy to see
1—1‘*57 r>1

Example 3.5. For 3 > 0, let G(x) = {

that dg(p,q) = sup a%da(p, q). If dg induces the (e, \)-topology on S, then
for each p € S there exists m > 0 such that

1
FAnpAn-Q—lp(ZL‘) 2 1-— :L'i/g’ Vo Z 1 s Vn Z m.
Generally, from the fixed point alternative we obtain the following.
Theorem 3.6. If A is a B-contraction on a complete Menger space
(S, F, Min) then, for each G € D" and each p € S, either

(A1) A™p is dg convergent to the unique fixed point of A, or
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(A2) for each n >0 and each a > 0 there exists x,, 4 > 0 such that
Fynpant1p(arnq) < G(Zna)-

Remark 3.7. Having in mind the above results as well as the methods in
[3], [5], [9] and [21], one can introduce the following relation on S x R:

(P, A) <¢ (¢,p) © A< pand Fyg > (n—A) o G.

Recall that v o G(z) = G(%) for v # 0 and v o G = g9 < v = 0. Since
(a+b)oG=r1py(aoG,boG), Ya,b> 0, then <g is a partial order for every
Menger space (S, F, Min) and any G € D". Now, the method of DeMarr
can be applied to the monotone mapping B(p, A) := (Ap, LA) and we have an
alternative proof of Theorem 3.2.
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