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Abstract. The paper is devoted to the analysis of lossy transmission lines terminated
by nonlinear R-loads whose V-I characteristic is approximated by polynomials. By means
of fixed point method conditions for the existence of periodic solutions are formulated. A
complete exposition of reducing of the mixed problem for lossy transmission lines to an initial
value problem for a neutral functional differential equation on the boundary is presented.
An example demonstrates the applicability of the method.It is shown of how to choose the
relations between basic quantities in the process of analysis and design of the transmission
lines.
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1. INTRODUCTION

A lot of papers have been devoted to the investigation of lossless transmis-
sion lines terminated by nonlinear loads (cf. [1], [16], [18], [4], [5], [12], [6], [9],
[7], [3], [19]) and their applications to RF-circuits. It is well known, however,
that in many practical cases (in particular when the frequency increases) the
lossies can not be disregarded (cf. [9], [7]).That is way, here we consider a hy-
perbolic system describing the processes in the transmission lines taking into
account the lossies, that is, R # 0 and G # 0 (cf. system (1) below). On the

other hand in many devices [14] the V-I characteristics of nonlinear R-loads
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are approximated most often by polynomials. This implies arising of poly-
nomial nonlinearities in the equivalent neutral functional differential equation
(cf. [6]).

The main purpose of the present paper is twofold: to expose known results
in a form (in Section II) for the direct application to analysis and design of
lossy transmission lines and to present some new results for the existence of
periodic regimes of lossy transmission lines without distortion terminated by
nonlinear resistive loads (Section III). Finally in Section IV we show of how
to apply the theorems proved to a concrete example - an important detail
usually missing in the mathematical papers. We would like also to point out
that our fixed point method (cf. [2]) combined with suitable Bielecki metrics
overcomes the difficulties generated by polynomial nonlinearities. Unlike [19]
our periodic solution can be approximated by combination of sin and cos in
an explicit form.

We proceed from the circuit shown on the next figure where E is the source,
Ry and Cj - linear loads, while the nonlinear resistive load has the nonlinear
V-I characteristic of polynomial type.

— (1) I
‘ w(x,t) i=f (1) C,
|

| |

I
0 A

It is known that a lossy transmission line can be prescribed by the following

hyperbolic system of first order partial differential equations:

ou(x,t) n di(z,t) di(z,t) n ou(x,t)
dt dz dt dz

(v,t) € L := {(x,t) € R?: (2,¢) € [0,A] x [0,00)} (1)

C

+ Ri(x,t) =0,

+ Gu(z,t) =0,L

where u(x,t) and i(x,t) are the unknown voltage and current, while L,C', R
and G are prescribed specific parameters of the line and A > 0 is its length.
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For the above system (1) can be formulated the following initial-boundary (or
briefly mixed) problem: to find the unknown functions u(x,t) and i(x,t) in II
such that

u(z,0) = ug(x),i(x,0) =ip(z),z € [0,A] (2)
E —u(0,1) — Ri(0,£) = 0,¢ > 0 (3)
cod“(d/;’ D _i(At) — Flu(A, 1))t > 0. (4)

where ig(z), ug(z) are prescribed functions-the current and voltage at the ini-
tial instant, and ¢« = f(u) is a prescribed V-I characteristic of the nonlinear
resistive load. For the sake of simplicity we assume that f(u) is a polynomial
of third order but the calculations below show that the method can be applied
to polynomials of an arbitrary order. It is known that the third order polyno-
mials are commonly used for the approximation in the oscillator circuits where
f(.) is a polynomial with partially negative differential resistance (cf. [9], [7],
[14] Gunn-diodes, tunnel diodes and others).In the following we assume that
the following condition is fulfilled R/L = G/C. It is a natural assumption for
TEM way of propagation in the transmission lines (cf. [9], [7], [14]).

2. REDUCING THE MIXED PROBLEM FOR THE TRANSMISSION LINE SYSTEM
TO AN INITIAL VALUE PROBLEM FOR A NEUTRAL EQUATION

First we present (1) in matrix form:

ou ou
where
Al = ¢ o ) A2 = 01 3 A3 = G0 ;
0 L 10 0 R
5 ou
U U o7
v i ] ’ ot %
ot
Since |A;| # 0, then (5) becomes ({;g + Al_lAggU + A1 A3U = 0, where
T

ATl =
! 0 1/L

1/C 0]
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Therefore we obtain

oU oU
— +A—+BU =
B + O + BU =0, (6)
where
10 1/C B G/C 0
Sy oo |7 o R/L |
In order to transform the matrix
A AflAQ _ 0 1/C
1/L 0

in a diagonal form we have to solve the characteristic equation:

-\ 1/C

~0
1)L —A

whose roots are A\; = 1/VLC, Ay = —1/V LC. For the eigen-vectors we obtain
the following systems:

—(1/VLO)& +(1/L)& =0 and (1/VLC)& +(1/L)é =0
(1/C)& —(1/VLC)& =0 (1/C)& +(1/VLC)& =0

Hence (¢V,6V) = (VC, VL), (£,6)) = (—VC, VD).

Denote by H the matrix formed by eigen-vectors H = \_/\6/5 g and
o _ 1/(2v/C) —1/(2v/C)
its inverse one H~! = . If we denote b
1/(2VL) 1/(2VI) Y
pean _ 1/VLC 0
1o -1/VLC |’
then it is known that A" = HAH ™!
Introduce new variables Z = HU, (or U = H'2)
| V(1) | Ve VL U= u(z,t)
I(x,t) |’ | =VC VL |’ | i t)
Then
V =+Cu++Li u=(1/2V/C)V — (1/2v/C)I )
I=—Cu++VLi '’ i = (1/2VL)V + (1/2VL)I
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Replacing U = H~'Z in (6) we obtain

OH1Z H'Z
(H'2) o)
ot ox

Since H~! is a constant matrix we have:
o0z 07z

1 —1 1
— AH ") — BH Y Z =0.
5 )5, )

After multiplication from the left by H we obtain

YA YA
“Z 4y HAH Y=+ HBH YZ =
5 ( )&E + H( ) 0,

+B(H'Z)=0.

H-

i.e.
YA YA
=4 A L H(BH Y)Z = 0.
5 o T ( ) 0 (8)

But

VvC VL 1/2/C —1/2VC
—/C VL 1/2vL 1/2VL

_ | @/2)(G/C+R/L)  (1/2)(-G/C+ R/L)
| (1/2)(-G/C+R/L) (1/2)(G/C+ R/L)
As we have already mentioned we consider transmission lines without dis-
tortion which means that the following condition is fulfilled R/L = G/C (cf.
[9], [7]). Then HBH ! can be simplified and (8) has the type:
0
-[3] @

ov ov
&t - %ﬂ -
ot Oox
The new initial conditions we obtain from (7) and (2):
V(x,0) = VCu(x,0) + VLi(z,0)
= VCuo(x) + V'Lio(z) = Vo(x),z € [0,A], (10)
I(2,0) = —VCu(z,0) + VLi(x,0) = —vCug(x) + VLio(z) = Ip(x),z € [0, A].
Then the new boundary conditions become

1 1
E— (mV(O,t) - m[(@,t))

1 1
—Ry <MV(O,t) + 2\/er(o,t)> =0 (11)

G/C 0
0 R/L

HBH™ ' =

L 9

VvLC

0 .
vV LC

Vv

B
L
0 1

0
R
L
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1 dv(Af) 1 dI(AD) 1 1
0[2@ dt 2yC dt} AN A

1
f(\f (A, t)— —WI(A,t)>,t20.

So we have obtained the mixed problem (9)-(11) equivalent to (1)-(4). One
can simplify (9) by the next substitution:

W(z,t) = eL'V(z,t), J(z,t) = eL'I(x,1),

ie.
Vi, t) = e L'W(a,t),I(z,t) = e L'J(x,1) (12)
System (9) can be written in the form:
(9V 1 0V R ol 1 oI R
I=0. (13)

tVicor "1V "% Vicor T T
Then substituting V' (z,t) and I(z,t) from (12) into (13) we obtain
8W 1 oW _0 oJ 1 09J _
m or ot JLC Ox

System (14) correspondences to a lossless transmission line and then follow-

(14)

ing [9] one can reduce the mixed problem for (14) to an equivalent (cf. [6])
initial value problem for a functional differential equation of neutral type ([15],
[10], [13]) on the right boundary. The neutral equation is a nonlinear one in
view of the nonlinear V — I characteristic of the resistive load. In what follows
we make this reduction.

Indeed, it is known [11] that the solution of (14) is a pair of functions
W(x,t) = ®w(x — wt) and J(x,t) = @ (x + wt) where Py and Py are
arbitrary smooth functions while w = 1/ VLC is the propagation velocity of
waves. In view of (7) and (12) we obtain

u(x,t) = 2\/:[<I>W(3: —wt) — @ y(x + wt)],
i(x,t) = 2\/>t [Pw (2 — wt) + @ y(z + wt)]. (15)

Hence

Dy (v — wt) = ert (\FCu(m,t) + \/ZZ(HT,t)) ,
D,z +wt) = it (VLi(e,1) + \@U(m,t)). (16)
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For x = A we obtain

w(A — wt) = et [\FCU(A, £) + VILi(A, t)] ,

(A +wt) = et (VLi(A, 1) + VEU(AD)) (17)

Let usput A —wt = —wt’' =t =t' + AJw =t + T(T = A/w) and then
substitute ¢ in the first equation of (17) we get

Dy (—wt') = ez '+T) [\Fcu(A, ' +T)+ VLi(At + T)} .

Now let us put A+wt =wt”’ =t =t"—A/w=1t"—T(T = AJw) and then
substitute in the second of equation of (17) one can obtain

O y(wt") = eL®' =T [\sz’(A,t” T) — VCu(A,t" — )}.

So we obtain

Dy (—wt) = et +7) [fum t+T) + VLi(A, t+T)} (18)
O j(wt) = e @) [ﬁi(A, t—T) — VCOu(A,t — T)] . (19)
From (15) by x = 0 we have

u(0,t) =

T () = ()] (0.0) = T (o) + (). (20

Substituting @y (—wt) and ¢ j(wt) from (18) and (19) into (20) we have:

u(0,t) = 1 {e¥ (\/EU(A,t—{— T) + VLi(A,t + T)) _

(ﬁz’(A, t—T) + VCu(A,t — T))- :
. 1 RT .

i(0,1) = 2f [ L (\FCU(A,HT) + \FLZ(A,HT)) .

T <\FZ(A t— )—i—\@u(A,t—T)) :

Now we substitute the above expressions in the boundary condition E —

u(0,t) — Rpi(0,t) = 0 and using the usually accepted denotation for the char-
acteristic impedance Zy = v/ L/Cwe have:

bq

Ry BA
o B <1+Z) w(AET) — e (Zo + Ro)i(At + )+
0

_RA ) RA RO
+e %0 (Zy— Ro)i(A,t—T)+e %o ?—1 u(A,t—T)=0.
0



208 V. G. ANGELOV

Put ' =t+T. In view of t — T = t' — 2T (and again replace t' by t) we

obtain:

RA Ro BA
2FE — e“o <1 + Z) u(A,t) —e?0 (Zy+ Ro)i(A, t)+
0

_BA _ —8A [ Ry
+e %0 (Zy— Ro)i(A,t —2T) +e 7o 7 1)u(A,t—2T)=0. (21)
0

The second boundary condition is Codu(d?t) =i(A,t) — f(u(A,t)) or
du(A,t
i(A, 1) = Co “(dt’ )1 fu(a, 1) (22)
and
At —
i(A, ¢ — 2T) = ood“(’;tm + F(u(A,t— 2T)). (23)

Substituting ¢(A, t) and i(A,t —27T) from (22) and (23) into (21) we obtain:

2 — % (1 n 1;2) — % (Zo+ Ro)[Coi(A, ) + f(u(A, )]+

¢ (Zo + Ro)[Coi(A,t — 2T) + F(u(A, ¢ — 2T))]+

A
—{—e_% <];3 - 1> u(A,t—2T) =0 (u = Cf;:) :

RA
Denote by y(t) = u(A,t) and A = eZ0 and solve the above equation with
respect to y(t):

, °F 1 1 Ro — Zo
t) = — t)— — t t—2T
9 = SeZo+ o)~ Zo0s "W T W F Tz + 20y VA0

Zy — Ro Zo— Ry .
foor)) 4 20T oy, 94
b = 2T) + o). (20)

This is a nonlinear functional differential equation of neutral type (cf. [15],
[10], [13]) with respect to the unknown function y(t).
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3. AN EXISTENCE OF PERIODIC SOLUTIONS FOR NEUTRAL EQUATIONS WITH
POLYNOMIAL NONLINEARITIES

Our method for solving the periodic boundary value problem for the above
equation is applicable to the general case when V — I characteristic of the

nonlinear resistive load is a polynomial of an arbitrary order, that is, when
n

flu) = Z aru®. We however consider the particular case very often encoun-
k=1
tered in the applicationsf(u) = aju + asu? 4+ azu®. Then the above equation

becomes
. 2F 1 1 ) ;
t) = - t) — = (ary(t t t
I = 407 + Ro) ~ Z0Cy"") ~ G (19 (t) + oo (1) + asy ()
RO - ZQ ZO _ RO )
t—2T t—2T t—92T
+A2C’020(R0 + Zo)y( )+ +A2CO(Z0 T Ro) (ary( ) + agy”( )
Zy — R,
3(t —2T)) + —2 "0 (¢ — 27).
+azy°( )+ AQ(ZO+RO)y( )
or
y 2F 1+ GIZO az o
t)= - )+ =y2(t
y(t) ACo(Zo+ o)~ ZoCo y(t) coY (t)
as 3 (1 —a1Zp)(Ro — Zo) a2(Zo — Ry)
AU t—2T) + + t—2T
ng ( ) A200Z0(R0 —|—Z0) y( ) A200(20 +R0)y ( )
az(Zo — Ro) 4 Zo— Ry .
t—2T) + ————y(t — 27T). 25
A2Cy(Zo + Ro)? ( ) A2(20+Ro)y( ) (25)
Introduce the denotations:
32 2F 1+ (LlZO a2
A= %, A:—, Ay =——F——, A:fia
‘ "™ ACy(Zo + Ro) ! ZoCo 2 Co
Ag=-—B 4, = (1 —a1Z)(Ro — Zo) _as(Zy — Ry)
TG A2CoZo(Ro + Zo) = 0 A2Co(Zo + Ro)’
A — a3(Zy — Ro) Zo — Ry
6

T A2Co(Zo+Re) 7 A%(Zo+ Ro)

Then for (25) one can formulate the following initial value problem: to find
a solution of (25) on a prescribed interval [T, Ty] where on the interval [T, T
the solution equals to a prescribed initial function, that is,y(t) = ¢(t). As we
show below ¢(t) can be defined by the initial voltage ug(z). Indeed, in view of
the characteristic lines of the hyperbolic system (6)n —wt = x,n + wt = x, we
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can translate the initial function from [0, A] onto [0,7] and from [0, A] onto
[-T,0]. So we obtain for the initial function

| uo(A +wit), t € [T,0]
o(t) = { ug(A + —wt), t € [0,T]

Therefore we have the following problem for the existence of To-periodic
solution of the neutral equation:

J(t) = Ao+ Ary(t) + Aoy (t) + Aqy(t — 2T) + Asy?(t — 27)

+Ag1>(t — 2T) + A7 (t — 2T)), for t € [T, Tp]

y(t) = o(t), y(t) = ¢(t) for ¢t € [T, T]. (26)

We have to present (26) in a suitable operator form. Prior to define the suit-
able operator we consider the set Cr, (¢) of all continuous Tp-periodic functions
on [T, 00) which coincide with ¢(¢) on [T, T]. If we look for continuously dif-

ferentiable solutions one can assume that the following compatibility condition
is fulfilled:

(CC) &(T) = Ao + A1¢(T) + A2¢*(T) + A3¢*(T) + Asgp(—T)

+A450%(=T) + Aed™(=T) + Ar6(=T). (27)
The above condition implies an existence of continuous derivative (t) of

the solution (cf. [15], [10], [13]).
Now introduce the set:

M={f()€Cn(d):|f(t) <Ye' te[-T.T+ T},

where the positive constants Y, Ty and g will be chosen below. It is easy
to verify that M turns out into a complete metric space with respect to the
metric p,(f,g) = sup {e M| f(t) — g(t)| : t € [T, T + Tp]} < <.

Now we are able to formulate the main result:

Theorem 1. Let the following conditions be fulfilled:

1.1) the initial function ¢(¢) satisfies condition (CC) and ¢(—1") = 0;

1.2) the constants Y, Ty, p are chosen such that Ty < 2/3 and the following
inequalities are valid

| Agler”
T ik KY <Y
|p(T)| +3 O2_HT0+ <
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where A = maz {|Ax| : k=1,2,...,7} and

2 T)  4ch(2uT T #(To=T)
ch(pT) | Ach(uT).  6ch(BuT) 5 e <1

2 — /ATO 2 — 2,LLTO 2 — 3,uT0 2

K = 3TpA
Then there exists a unique Tp-periodic solution of the equation (26).
Proof. Denote by F(f(t)) the right-hand side of (26):
F(f(t) = Ao+ ArLf(t) + Aaf?(t) + Asf>(t) + Aaf(t — 27)
+ A5 f2(t — 2T) + Agf3(t — 2T) + A7 f(t — 2T).

Define the operator B : M — M by the formula (recall that y(T") = ¢(T)):
t

(BS)() == 6(T) + / F(f(s))ds

T
t—T 1
- < T, 2)
(Bf)(t) := ¢(T) and d(Bf)(t)/dt = ¢(t) for t € [-T,T). (28)

One can show that the existence of a continuous Ty-periodic solution of (26)

T+To
/T F(f(s))ds for ¢ € [T} 0],

is equivalent to the existence of a fixed point of the operator B in the set M
(cf. [17]).

First we show that the operator B maps the set M into itself. Indeed the
function Bf)(t) is Tp-periodic on [T, 0o

t

(Bf)(t+To) = &(T) + /

T
(= )
= o)+ [ Fenas - (- 3) [T RGnas = e

In what follows we have to show also that |(Bf)(t)| < Ye!.
Indeed, in view of the inequalities

t+To
F(f(s))ds + / F(f(s))ds

T+Ty T+To
/ F(f(s)ds — 22 [ F(f(s))ds

T To Jr

t—T 1] 1
.
To 207 2
and
eh—1<h(1+h/2+(h/2)2+...)< 1 2

hoo h = 1-(h/2) 2—-h
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we obtain:

(BN < o) + | () lds 4+ &

T+Ty
5[ PGS < Jo(r)

T

g [Tt 3 [T+To
+2/ [E(f(s))lds < 2/ [[Aole”® + [Aq[f(s)|eer
T T

+|A2Hf(s)|262use—2us + |A3|€3“56_3“5
I Ad]| (s — 2| eH 20 A (s — 2T)[2e 22T 2l =20)
+|Ag||f (s — QT)|36—3u(8—2T)63u(s—2T)] ds

Jr; [|A7||f(T0 — T)]e_“(TO—T)eu(To—T)}

3 eMT+To _ ouT et(T+To _ opT
<o + 3 |lol =+ Ly
2u(T+To _ 2uT 3u(T+To _ 3uT
e e e (&
—|—|A2‘Y2 + ‘A3|Y3
2u 3

w(T+To _ ouT

+|A4|Y€72”T6 + +’A5|Y2674“T6

3u(T+To _ 3uT
3
e"TTy(erTo — 1)
wlo
2HTTO(62/,LTO - 1)
2/J,T0
1o
TTO(egﬂTO _ 1)
3MTO

B“TTo(e“TO _ 1)

w1
BMTT0<63;LTO ~1)
3uTy

T sy Tl — 1)
2/LT()

3
S 1o+ 3 | 1o Ay

+H Ay |Y2E 1 As v
+‘A4’Y€7“

3
| Ag|YBe3H } + 3 gy errm)

< M|(T)| + e 20 [WO’ FIAY)erT 2 AsY2HT | Ay e T

2 2= plo 2 = 2uTy 2 — 3uT
2[Ag|Ye #T 2 A5|Y2e T 2| Ag|Y e 3T
2= 1o 2= 2uTy 2 — 3uTy
|AgleT | AylerT 4+ |Ayle +T
2 — uTy 2 — uTy
| Ag| €T 4 | Agle=21T
2 — 2HT0

] + e‘“tg|A7’Yeﬂ(T0*T)

Y

< e ¢(T)| + 3Ty [

Y2
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| Ag|e3T + | Agle=3+T
2 — 3MTO
The last inequality is satisfied in view of condition 1.2) of Theorem 1.

Y?’} + e”tg|A7|Ye“(TO_T) < ey,

Consequently the operator B maps M into itself.
It remains to show that B is a contractive operator. Indeed for every two

functions f(.) and g(.) from M we have:
t

((BS)(t) — (Bg)(t)] S/ (1AL £(5) = g(s)le™ e + | As||f2(s) — g°(s)]

T
3] [£3(5) — g¥()] + |Aal [ (s — 2T) — gls — 2T)[e H(6=2) gls=2T)
SIS (s — 2T) — (s — 2T)] + Aol f3(s — 2T) — g%(s — 2T)]] ds
AR [f(t — 2T) — g(t — 2T) e 02T gilt=21)
T+To
+/' (AL 1£(s) — g(s)|eHoehs
T
A [F2(5) — 2(5)] + |Asll £(s) — 6°(s)]
AL f (s — 2T) — g(s — 2T)]e (=27 n(s-21)
HAS| (s — 2T) — g2(s — 2T) + | Aql|f3(s — 2T) — *(s — 27| ds

+|A7||f(Ty = T) — g(Ty — T)|eHTo=T) oi(To=T)

et(T+To) _ ouT

3 T+To
< pulfs 9)5 |A1’T + 2]A2|Y/T e ds

T+Ty w(T+To) _ ouT
134572 / M5 dst + [|Agle TS "¢
T 1%

T+To T+To
12| As|Y / 2121 g 4 31 Aoy / B(s=2T) g
T T

B 3 euT eﬂTO -1 BQM(T"FTO) _ €2NT
e D] < (7,903 |14 T EZD gy
2 2u
3u(T+To) _ 2uT w(T+To) _ uT
—|—3|A3‘Y26 e + |A4‘€_2MT¥
3p p
2u(T+To) _ e2uT

12| Ag|ye 4T E
2u
3u(T+To) _ o3uT

“w
+3| 46|y 20T + | Ag|etTo=T)

3p
vTo _q

3 e
< pulf, 9)5 ’AI‘QNTTOW
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To—l

To _ 1 eM
+ |A4|6_“TTOT

3
3 A3V 2Ty TS =
+ 3|A3]Y " The 5T

2uTo _ 1
oAy |V T T — 2
+2|A2|YThe ST

2uTy _ 1
+2|A5‘Y€72“TT0€7

3uTo _ 1
3| Ag|Y2e 3T,
Ty | [Ag[Ye 0

S T A |er(To=T)
3T + |Azle

3T
< e pu(f.9) "2 [(\Alreﬂ T | Adle T

2
2 — uTy

2

2 (|Ag|e ™ + | Asle ) ——V
+ (‘ 2|€ +’ 5|6 )2—2MTO

2
3 (1A 3uT A —3uT Y2 A w(To—T)
+ (‘ 3’6 —l—’ gle )2—3/LTO —i—‘ 7’6
AylerT 4 | Agle T 2 (|Ag|e® T + |Asle=2T
< etip, (f,g)3Ty | T VAT (Al 4 A7)
—,LLTO 2—2/,LTO

3 (| As[e™T + | Agle T Az _
( 5 _3MTO )Y2 + ’ 5 ‘EM(TO T) S 6"uth,u(f,g)-

Now we multiply the both sides of the above inequality by e #! and taking
the supremum we obtain p,(Bf, Bg) < Kp,(f,g) .Consequently the operator
B is contractive one in view of condition 1.3) because K < 1. The contraction
mapping principle implies an existence of unique Tp-periodic solution of (26).
Theorem 1 is thus proved.

The approximated solution we obtain in the concrete example below.

Very often compatibility condition (CC) is restrictive. We can omit it by
considering a different function space. Indeed, we can look for a solution in the
space in Ty-periodic absolutely continuous functions with derivatives belong-
ing to the space L*°[—T,00) -measurable functions with essentially bounded
derivatives (cf. [8]). Then the set M can be defined as follows:

M ={f()€Cr(¢):|f(t)| <Ye" for almost all t € [-T,T +Tp}.
The metric could be defined as follows:

pu(f,g) = esssup {e_“t|f(t) —g(t)|:te [—T,T+To]} < 00

Then the following theorem is valid:

Theorem 2. Let the conditions 1.2) and 1.3) be fulfilled. Then there exists
a unique absolutely continuous Tp-periodic solution of the equation (26) whose
derivative belongs to L*°[—T', c0).

The proof is analogous to the one of the previous theorem.
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The next theorem treats the particular case when y = 0. Then M =
{f(.) € Cr,(¢) : |f(t)] <Y for almost all t € [-T,T + Tp]}. The metric could
be defined as follows:

pu(f;9) = esssup {|f(t) — g(t)| : t € [T, T + Tp]} < oo.

Theorem 3. Let the following conditions be fulfilled:
31 ¢(T) = ¢(=T) =0; 3.22Tp|Ag|+YK <Y ; 33K =2TpA4+3Y +
6Y2%) <1
for suitably chosen Tj, Y.

Then there exists a unique absolutely continuous Ty-periodic solution of the
equation (26) whose derivative belongs to L>°[—T', 00).

The proof is analogous to the one of the previous theorems.

4. CONCLUSION-AN EXAMPLE

Finally we show of how to apply the above Theorem 3 to the analysis and
design of a lossy transmission line. We consider the above problem, when
the nonlinear resistive load has a third order polynomial V' — I characteristic.
Namely, the mixed problem corresponding to Fig.1 is:
ou(x,t) N di(x,t) di(x,t) n ou(x,t)

ot ox ot ox

(z,t) e L= {(z,t) € I : (z,t) € [0,A] x [0,00)},
u(x,0) = ugp(z),i(x,0) = ip(z),z € [0,A],
E —u(0,t) — Rpi(0,t) = 0,t > 0,

C

+ Gu(z,t) =0,L + Ri(x,t) =0,

du(A,t)
dt
can be reduced to the periodic problem for the following neutral functional

Co = i(A,t) — aju(A, t) — agu(A, t) — azud(A,t),t >0

differential equation with unknown function y(t) = u(A,t):
B 26 ltaZ
- ACO(ZQ + Ro) Z0Co
(1 — alzo)(R() — Z())
A2CoZo(Ro + Zo)
a3(Zo — Ro) Zp — Ry
A200(20 + Ro) A2(20 + R())

y(t) = 6(t).t € [T, T],4(t) = o(t),t € [T, T},

az a3z 3
t) — ——y°(t
o) - 220

az(Zoy — Ro)
A2Cy(Zo + Ro)

y(t)

y*(t —2T)

y(t —2T) +

Y2t —2T) + y(t —2T),t € [T, T + Ty, (29)
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where the initial function is

_ ) uo(A+wit),t € [=T,0]
o(t) = { ug(A + —wt),t € [0,T]

Let us consider a transmission line with length A = 9c¢m, cross-section
area S = 0,10cm?, specific resistance for the cuprum is pe = 0,0175,
characteristic impedance is Zy = \/L/iC’ = T5Q,Ry = 700Q,Cop = 1071 F,
E = 0,5V. The propagation velocity for the air is ¢ = 3.108¢m/sec. This
means w = 1/\/L/C = 3.10°. Then T = Ajw = 37010 = 3.10710, We
use the following V — I characteristic ¢ = 0,028u —.0, 125u? + 0, 14u3,i.e.
a1 = 0,028,a2 = —0,125,a3 = 0,14. Then the values of the constants are

RA A2 —2_9?
= S 1,75.107“ —=—==
A = e — epSZO = e’ 0,1.75 — 607189 ~ 17 2247

A% =1,5;

Ao = 1,224.1(1)—11.145 ~5,6.10%
A = _% ~ —4,1.10%
Ay = _% ~1,25.10';

Ag = % ~1,4.10'%;

A= f g, <8810
As = 1,5.1_00’1?.1%?145 ~ —3.10%
Ag = 1,5.2’01:4;1?145 ~ 3,2.108%;
A7 = 17;145 ~ 0,023.

One can choose Ty = 107!2. The conditions of Theorem 3 become:

A=1,410"" K =2,81072(4+3Y +6Y?) <1, 1,12103+YK <Y.

Consequently Y can be defined from the last inequalities.

In what follows we show of how to obtain several successive approximations
of the solution. We proceed from (27)-(28). Let us choose

| sin(3E) t,te [-T,T)
vo(t) = { 0, te [T, T + Ty
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Then substituting in the right hand-side of (29) we obtain:

To 2

y1(t) = Arsin—— + sin

2mt t—T 1 A7 . 27TTO
T 2 T -

Since t € [T, T + Tp] then

5
[y1.(6) = yo(8)] < §1A7] < 1,25.0,023 = 0,02875.

It is known that if y*(¢) is the solution then
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