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1. INTRODUCTION

This paper has two main sections. In Section 2 we present new Lefschetz
fixed point theorems for compact morphisms defined on admissible (to be
defined later) subsets of a Hausdorff topological space. In Section 3 we present
some other Lefschetz fixed point theorems for compact morphisms between
Fréchet spaces. Our maps will be defined on PRLF’s or CPRLF’s. These
sets are natural in applications in the Fréchet space setting since they include
pseudo-open sets. The theory in Section 3 is based on results in Section 2
and on viewing a Fréchet space as a projective limit of a sequence of Banach
spaces {Fp}tnen (here N ={1,2,...}).
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176 RAVI P. AGARWAL AND DONAL O’REGAN

Let X, Y and I' be Hausdorff topological spaces. A continuous single
valued map p: I' — X is called a Vietoris map (written p : I' = X) if the
following two conditions are satisfied:

(i). for each = € X, the set p~1(z) is acyclic
(ii). p is a proper map i.e. for every compact A C X we have that p~1(A)
is compact.

Let D(X,Y) be the set of all pairs X £ 1%y where p is a Vietoris map
and ¢ is continuous. We will denote every such diagram by (p, q). Given two

!

diagrams (p,q) and (p,¢’), where X L4 Y, we write (p,q) ~ (p/,q¢) if
there are maps f:I' — IV and g: IV — I such that ¢ o f =¢q, p' o f =p,
gog =¢ and pog = p'. The equivalence class of a diagram (p,q) € D(X,Y)
with respect to ~ is denoted by

p={XETLV}: XY

or ¢ =[(p,q)] and is called a morphism from X to Y. We let M(X,Y) be
the set of all such morphisms. For any ¢ € M(X,Y) aset ¢(z) = qgp~ ' ()
where ¢ = [(p, q)] is called an image of x under a morphism ¢. Let X C Y.
A point z € X is called a fixed point of a morphism ¢ € M(X,Y) if = € ¢(z).

Consider vector spaces over a field K. Let E be a vector space and f : E —
E an endomorphism. Now let N(f) = {z € F: fM™(z) =0 for some n}
where f(" is the n'" iterate of f, and let E = E\ N(f). Since f(N(f)) C
N(f) we have the induced endomorphism f: E — E. We call f admissible
if dimE < oo; for such f we define the generalized trace Tr(f) of f by

putting Tr(f) = tr(f) where tr stands for the ordinary trace.

Let f = {fs} : E — E be an endomorphism of degree zero of a graded
vector space E = {E;}. We call f a Leray endomorphism if (i). all f,
are admissible and (ii). almost all E, are trivial. For such f we define the
generalized Lefschetz number A(f) by

A =D (=1)1Tr (fy).

q

Let H be the Cech homology functor with compact carriers and coefficients
in the field of rational numbers K from the category of Hausdorff topological

spaces and continuous maps to the category of graded vector spaces and linear
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maps of degree zero. Thus H(X) = {H,(X)} is a graded vector space, Hy(X)
being the g¢-dimensional Cech homology group with compact carriers of X.
For a continuous map f : X — X, H(f) is the induced linear map f, = {f.q}
where f,,: Hy(X) — Hy(X).

With Cech homology functor extended to a category of morphisms (see [7
pp. 364]) we have the following well known definitions (note the homology
functor H extends over this category i.e. for a morphism

p={XELETLV}: XY
we define the induced map
H(¢) =x: H(X) — H(Y)

by putting ¢, = ¢« o p;l).

Definition 1.1. The morphism ¢ € M (X, X) is called a Lefschetz morphism
if the map ¢, : H(X) — H(X) is a Leray endomorphism. For a Lefschetz
morphism ¢ we define the Lefschetz number A(¢) (or Ax(¢)) by A(p) =

A(oy).
Definition 1.2. A Hausdorff topological space X is said to be a Lefschetz

space provided every compact ¢ € M(X,X) is a Lefschetz morphism and
A(¢) # 0 implies ¢ has a fixed point.

Recall the following result [6 pp. 227].

Theorem 1.1. If ¢: X — Y and ¢ : Y — Z are two morphisms (here X,
Y and Z are Hausdorff topological spaces) then (1) o @)y = 1y 0 ¢y.

Two morphisms ¢, ¥ € M(X,Y) are homotopic (written ¢ ~ 1) provided
there is a morphism y € M (X x [0,1],Y) such that x(z,0) = ¢(x), x(z,1) =
Y(x) for every x € X (i.e. ¢ =x oip and ¢ = x o i1, where ig, i1 : X —
X x [0,1] are defined by ig(z) = (x,0), i1(z) = (z,1)).

Recall the following result [6 pp. 231].
Theorem 1.2. If ¢ ~ ) then ¢, = 1.

Now let I be a directed set with order < and let {E,}qer be a family of
locally convex spaces. For each o € I, 8 € I for which a < 8 let 7,3 :
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Eg — E, be a continuous map. Then the set

{:L‘: (xa) € H Eo: xo=map(xg) Vo, Be, a Sﬁ}

acl

is a closed subset of [],.; Eo and is called the projective limit of {Eqy}acr
and is denoted by lim. E, (or lim. {E,, 7,3} or the generalized intersec-
tion [8 pp. 439] Naer Fa-)

2. FIXED POINT THEORY

We begin with Hausdorff topological vector spaces. Some of the ideas in

this section were motivated from [1].

For our first result we assume X 1is a subset of a Hausdorff topological
vector space E. We say X is NES admissible if for every compact subset K
of X and every neighborhood V' of zero there exists a continuous function
hy : K — E such that
(i). z—hy(z) €V forall z € K;

(ii). hy(K) is contained in a subset C' of X with C a Lefschetz space;
and

(iii). hy and i: K — X are homotopic.

Theorem 2.1. Let E be a Hausdorff topological vector space and let X C E
be NES admissible. If ¢ € M (X, X) is a compact morphism then

(i). the Lefschetz number A(¢p) is well defined
and

(7). if A(p) # 0 then ¢ has a fixed point

i.e. X 1is a Lefschetz space.

Proof. Let ¢ = {X £ T L X} : X — X and let K denote a compact
set in which ¢(X) is included. Next let N be a fundamental system of
neighborhoods of the origin 0 in £ and V € N. Now there exists a continuous
function hy : K — F anda C C X, C a Lefschetz space with x—hy (z) € V
for all x € K, hy(K) C C and hy ~ i where i: K — C.

Now let gy = hy ¢ : T' — X. Notice gy is a compact map, ¢y (I') C C and
1

)
q ~ qv; we know since hy ~ i that there exists a map x : K x [0,1] — X
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with x(z,0) = hy(z) and x(z,1) = i(z), and now let ®(x,t) = x(q(z),t) for
(x,t) € T x[0,1] (note p is surjective so p~*(X) =T andso ¢:T — K) and
note ®(z,0) = hy 4(z) = qv(z) and B(z, 1) = i(g(x)) = 4(z).

Next we note that the following diagram commutes:

where
pyip H(C)—=C, qv:p Y(C)—C, ¢,: T —C
denote contractions of the appropriate maps (see also (1.1) on [3 pp. 214]).
To see that the above diagram commutes note Theorem 1.1 and Theorem 1.2
imply
b (v )0t = gy )epi = (av)epit = gy

since ¢ ~ qy. Also it is easy to see that (¢}, )«p;'ix = (@v)x (pv)y'. Now
since qy is a compact map then the morphism [(py,qy)] is compact. Also
since C is a Lefschetz space then (qy)« (py);! is a Leray endomorphism and
A((qv)« (pv): 1) # 0 implies the morphism [(py,qy)] has a fixed point. Since
the diagram commutes then [3 pp. 214] guarantees that ¢ is a Lefschetz
morphism and A(gx p; ") = A(@)« (pv)i 1)

Next assume A(gy p;!) # 0. Then A((qv)« (pv);!) # 0 so since C is a
Lefschetz space there exists xy € C' with zy € qT/p‘_/1 (xy). Now zy =
hy(yy) for some yy € gp~!(xy). Now since gp~!(zy) € K (note q :
I' - K) from (i) in the definition above we have yy — hy(yy) € V. Thus
yv —zy € V. Now since K is compact we may assume without loss of
generality that there exists « with yy — x. Also since yy —xy € V' we have
xy — . This together with yy € ¢p~! (zy) and the upper semicontinuity of

qp~! (see [5 pp.26]) implies = € ¢p~! (z) and the proof is complete. O
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Let X be a subset of a Hausdorff topological vector space E. Let V be
a neighborhood of the origin 0 in F. X is said to be NES admissible V-
dominated if there exists a NES admissible space Xy and two continuous
maps 1y : Xy — X, sy : X — Xy such that z — ry sy (z) € V for all
r € X and also that ry sy ~ Idx. X is said to be almost NES admissible
dominated if X is NES admissible V-dominated for every neighborhood V
of the origin 0 in E.

Theorem 2.2. Let X be a subset of a Hausdorff topological vector space E.
Also assume X is almost NES admissible dominated. If ¢ € M(X,X) is a

compact morphism then

(i). the Lefschetz number A(¢p) is well defined
and

(7). if A(¢p) #0 then ¢ has a fixed point

i.e. X 1is a Lefschetz space.

Proof. Let ¢ = {X £ T L X} : X — X and let K denote a compact
set in which ¢(X) is included. Next let N be a fundamental system of
neighborhoods of the origin 0 in £ and V € N. Now there exists a NES
admissible space Xy and two continuous maps 7y : Xy — X, sy : X — Xy
such that x —ry sy(x) € V for all x € X and ry sy ~ Idx. Let ¢y =
sy ¢ry and note ¢y : Xy — Xy is a compact morphism [6 pp. 225] so let
oy = {Xv W Xy} : Xy — Xy. Now since ry sy ~ Idx then Theorem
1.2 guarantees that (rv ). (sv)s = Idp(x). Next we note that the following
diagram commutes:
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To see that the diagram commutes note (ry )« (sv )« = Idg(x) guarantees that

Q*p;1 (TV)* (5v)x = Q*p:l

and Theorem 1.1 implies

(5v)« Q*p:1 (rv)x = (5V)x &5 (1v)s = (v 071V )i = (0v)x = (qv)« (pV);l'

Now since Xy is NES admissible (so a Lefschetz space from Theorem 2.1)
then (qv )« (py);! is a Leray endomorphism and A((qy )« (pv);!) # 0 implies
the morphism [(py, qv)] has a fixed point. Since the diagram commutes then
[3 pp. 214] guarantees that ¢ is a Lefschetz morphism and A(g, p;!) =
A(gv)s (pv)i ).

Next assume A(gx p;t) # 0. Then A((qv)« (pv);!) # 0 so since Xy is
a Lefschetz space there exists xzy € Xy with zy € gy p‘_/1 (xy) ie. zy €
oy (zy) ie. xy € sy ory (xy). Let yy = ry(xy). Now zy = sy(wy) for
some wy € ¢ (yy). Notice yy = ry sy (wy). Now since z—ry sy (x) € V' for
all x € X we have wy —ry sy (wy) € V ie. wy —yy € V. Now wy € K
and K compact guarantees we may assume without loss of generality that
there exists x with wy — x. Also since wy —yy € V' we have yy — x. This
together with wy € ¢ (yy) and the upper semicontinuity of ¢ (see [5 pp.26])
implies = € ¢ () and the proof is complete. O

Next we extend Theorem’s 2.1 and 2.2 to the case of Hausdorff topological
spaces. First we gather together some well known preliminaries. For a subset
K of a topological space X, we denote by Covx (K) the set of all coverings
of K by open sets of X (usually we write Cov (K) = Covy (K)). Given
two maps f,g: X — Y and a € Cov(Y), f and g are said to be a-close
if for any x € X there exists U, € a, f(x) € U, and g(x) € U,. Given
two morphisms ¢, ¥ € M(X,Y) and a € Cov(Y), ¢ and v are said to be
a-close if for any x € X there exists U, € a such that ¢(z) NU, # 0 and
Y(x)NUy # 0. Given a ¢ € M(X,X), and o € Cov (X), a point z € X
is said to be an a-fixed point of the morphism ¢ if there exists a member
U € a such that x € U and ¢(z) NU # 0.

The following result can be found in [2 pp. 297].
Theorem 2.3. Let X be a topological space and ® : X — C(X)

a upper semicontinuous map (here C(X) denotes the family of nonempty
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closed subsets of X). Suppose there exists a cofinal family of coverings
0 C Covx (®(X)) such that ® has an «-fized point for every o € 0. Then
® has a fixed point.

Remark 2.1. From Theorem 2.3 in proving the existence of fixed points in
uniform spaces for continuous compact maps it suffices [2 pp. 298] to prove
the existence of approximate fixed points (since open covers of a compact set
A admit refinements of the form {U[z] : z € A} where U is a member of
the uniformity [9 pp. 199] so such refinements form a cofinal family of open
covers). For convenience in this paper we will apply Theorem 2.3 only when
the space is uniform.

Let X be a subset of a Hausdorff topological space and let X be a uniform
space. Then X is said to be Schauder NES admissible if for every compact
subset K of X and every open covering o € Covx(K) there exists a contin-

uous function m, : K — E such that

(i). mq and i: K — X are a-close;

(ii). 7o (K) is contained in a subset C' of X with C a Lefschetz space;
and

(iii). 7o and i : K — X are homotopic.

Theorem 2.4. Let X be a subset of a Hausdorff topological space and let

X be a uniform space. Also suppose X is Schauder NES admissible. If
¢ € M(X,X) is a compact morphism then

(i). the Lefschetz number A(¢) is well defined
and
(7). if A(¢p) # 0 then ¢ has a fized point

i.e. X 1is a Lefschetz space.

Proof. Let
p={XETL X}: XX

and let K denote a compact set in which ¢(X) is included. Also let a €
Covx(K). Then there exists a continuous function 7, : K — FE, a subset C
of X, C a Lefschetz space, mo(K) C C, 7, and i: K — X are a-close and

Mo ~ 1. Let go = 1o q: ' — X. Notice as in Theorem 2.1, ¢, is a compact
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map, ¢(I') CC and g ~ g,. Let
pa:p (C)=C G:p (C)=C, ¢,: T =C

denote contractions of the appropriate maps and as in Theorem 2.1 the fol-

lowing diagram commutes:

(Ta)+(Pa)i ! & a:py !
H(C) i H(X)

Now since ¢, is a compact map then the morphism [(pa,Ga)] is compact.
Also since C' is a Lefschetz space then (G )« (Pa); ' is a Leray endomorphism
and A((Ga)x (Pa)r!) # 0 implies the morphism [(pa,@a)] has a fixed point.
Since the diagram commutes then ¢ is a Lefschetz morphism and A(g, p;!) =
A((@a)x (Pa)i )

Next assume A(q py!) # 0. Then A((Ga)x (Pa)rt) # 0 so since C is a
Lefschetz space there exists z, € C with z, € @p;l (o). Now since g
and ¢ are a-close we have that z, is an a-fixed point of the morphism ¢
(note T4 = o (Yo) and yo € ¢p~ ! (z4) = ¢(x4) so there exists U, € a with
To = To (Ya) € Uy and yo € Uy ie. x4 € Uy and y, € Uy ie. x4 € Uy,
and ¢(x) NUy # 0 since y, € U, and y, € ¢(x4)). The result now follows
from Theorem 2.3 (with Remark 2.1). O

Let X be a Hausdorff topological space and let o € Cov(X). X is said
to be Schauder NES admissible a-dominated if there exists a Schauder NES
admissible space X, and two continuous functions r, : Xo — X, 5o : X —
X, such that ro84 : X — X and ¢ : X — X are a-close and also that
To Sa ~ Idx. X is said to be almost Schauder NES admissible dominated if
X is Schauder NES admissible a-dominated for every a € Cov(X).
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Theorem 2.5. Let X be a uniform space and let X be almost Schauder NES
admissible dominated. If ¢ € M (X, X) is a compact morphism then

(i). the Lefschetz number A(¢) is well defined
and

(ii). if A(p) # 0 then ¢ has a fized point

i.e. X 1is a Lefschetz space.

Proof. Let ¢ = {X £ T L X} : X — X and let K denote a compact
set in which ¢(X) is included. Also let o € Covx(K). Now there exists a
Schauder NES admissible space X, and two continuous functions r, : X, —
X, sq : X — X, such that 7,5, : X — X and i: X — X are a-close and
also that r, s, ~ Idx. Let ¢o = sq 7. Note ¢ : Xo — X, is a compact
morphism so let ¢, = {X, be iy Xo}: Xo — Xo. Now as in Theorem 2.2

the following diagram commutes:

Also since X, is Schauder NES admissible (so a Lefschetz space) then
(¢a)x (Pa);y ! is a Leray endomorphism and A((qa)« (Pa);') # 0 implies the
morphism [(pa, ¢o)] has a fixed point. Since the diagram commutes then ¢
is a Lefschetz morphism and A(g, p;') = A((ga)x (Pa)3t)-

Next assume A(q py') # 0. Then A((ga)x (Pa)s') # 0 so since X, is
a Lefschetz space there exists z, € X, with 74 € qups' (za) ie. 24 €
Sa ®Ta (Ta). Let yo = 1a(x). Now 24 = so(wy) for some wy € ¢ (ya)-
Notice yo = 7o Sa (Wa). Now since i and r, S, are a-close we have that ¢
has an a-fixed point (note there exists U, € a with (yo =) 74 Sa (Wa) € U,
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and w, € U, ie. yo € Uy and ¢(ya) NU, # 0 since wy € ¢(yo) and
wq € Uy). The result now follows from Theorem 2.3 (with Remark 2.1). O

3. FIXED POINT THEORY IN FRECHET SPACES

Let E = (E,{| - |n}nen) be a Fréchet space with the topology generated
by a family of seminorms {|-|, : n € N}. We assume that the family of

seminorms satisfies
|z[1 < |z]o < |z|3 < ... forevery x € E. (3.1)

A subset X of F is bounded if for every n € N there exists r, > 0 such
that |z|, < r, for all z € X. To E we associate a sequence of Banach
spaces {(Ey, |- |n)} described as follows. For every n € N we consider the
equivalence relation ~,, defined by

xr~opy iff |z —yl, =0. (3.2)

We denote by E" = (E / ~y,|-|n) the quotient space, and by (E,,|-|,) the
completion of E™ with respect to |- |, (the norm on E" induced by |- |,
and its extension to E,, are still denoted by |-|,). This construction defines a
continuous map u, : E — E,. Now since (3.1) is satisfied the seminorm |- |,
induces a seminorm on E,, for every m > n (again this seminorm is denoted
by |-|n). Also (3.2) defines an equivalence relation on E,, from which we
obtain a continuous map iy : By — E, since E,, / ~, can be regarded as
a subset of E,,. We now assume the following condition holds:

{ for each n € N, there exists a Banach space (Fn,| - |n) (3.3)

and an isomorphism (between normed spaces) j, : E, — FE,.

Remark 3.1. (i). For convenience the norm on FE,, is denoted by |- |,.

(ii). Usually in applications E, = E™ for each n € N.

(iii). Note if z € E, (or E") then = € E. However if x € E, then x
is not necessaily in £ and in fact E, is easier to use in applications (even
though E,, is isomorphic to E,). For example if £ = C[0,00), then E"
consists of the class of functions in E which coincide on the interval [0, n] and
E, = C[0,n].
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Finally we assume
Ei D FEy;D...and for each ne€ N, |z|, < |x|pt1 V& € Epy. (3.4)

Let lim. E, (or N{° E, where NJ° is the generalized intersection [8]) denote
the projective limit of {Ej}nen (note mm = Jn Mn’mjn_@l . B, — E, for
m > n) and note lim. E, = E, so for convenience we write Elim. FE,.

For each X C E and each n € N we set X,, = jn un(X), and we let
X,, and 0X, denote respectively the closure and the boundary of X,, with
respect to |- |, in E,. Also the pseudo-interior of X is defined by [4]

pseudo —int (X) ={x € X : jnun(x) € X, \ 90X, for every n € N}.
The set X is pseudo-open if X = pseudo — int (X).

Let £ and E, be as described above. Some of the ideas in this section

were motivated from [10].

Definition 3.1. A set A C FE is said to be PRLS if for each n € N,
Ay = jn pin (A) is a Lefschetz space.

Definition 3.2. A set A C F is said to be CPRLS if for each n € N, A4,, is
a Lefschetz space.

Example 3.1. Let A be pseudo-open. Then A is a PRLS.
To see this fix n € N. We now show

A, 1is a open subset of E,.

First notice A, C A, \0A, since if y € A, then there exists z € A with
Yy = jnpn(x) and this together with A = pseudo — int A yields j,un(z) €
A, \0A, ie. ye€ A,\dA,. In addition notice

Ap\0A, = (int A, UOA,)\ 04, = int A, \ 0A, = int A,
since int A, N0A, = 0. Consequently
A, CAN\0A, =intA,, so A, =intA,.

As aresult A, is open in E,. Thus A, is a Lefschetz space [7 pp. 368], so
A is a PRLS.

Our first result is for Volterra type operators.
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Theorem 3.1. Let E and E, be as described above, C C E is an PRLS
and F : C — 2F and for each n € N assume F : C,, — 2F». Suppose the

following conditions are satisfied:
for each n€ N, F € M(Cy,Cy) is a compact morphism (3.5)

for each n€ N, A¢, (F)#0 (3.6)

and

{foreach ne{2,3,...} if yeC, solves ye€ Fy in E, 3.7)

then y € Cy for ke{l,...,n—1}.
Then F has a fixed point in E.

Proof. Fix n € N. Now there exists y, € C, with y, € Fy,. Lets look
at {yn}nen. Notice y; € C; and y, € C; for k € N\{1} from (3.7). As a
result y, € C1 for n€ N, y, € Fy, in E, together with (3.5) implies there
is a subsequence N} of N and a z; € Cy with y, — 21 in By as n — oo
in Nf. Let Ny = N7\ {1}. Now y, € Cy for n € N; together with (3.5)
guarantees that there exists a subsequence N3 of N; and a 2z € Cp with
Yn — 22 in Fy as n — oo in N3j. Note from (3.4) that 23 = z; in E; since
N3 C Nj. Let Ny = N3\ {2}. Proceed inductively to obtain subsequences of
integers
NfDON:D..., NfC{kk+1,...}

and zp € Cy with y, — 2z in Ey as n — oo in IV;. Note zp41 = 2z in Ej,
for ke {1,2,...}. Alsolet Ny = Ny \ {k}.

Fix k € N. Let y = z; in Fj. Notice y is well defined and y € lim. F,, =
E. Now y, € Fy, in E, for n € N and y, — y in E; as n — oo in
Nj (since y = z, in Ej) together with the fact that F : Cy — 2F is upper
semicontinuous (note y, € Cy for n € Ni) implies y € F'y in Ey. We can
do this for each k € N so as a result we have y € F'y in E. O

Essentially the same reasoning as in Theorem 3.1 yields the following result.

Theorem 3.2. Let E and E, be as described above, C C E is an CPRLS
and F : C — 2F and for each n € N assume F : C,, — 2F». Suppose the
following conditions are satisfied:

for each m € N, F € M(C,,Cy,) 1is a compact morphism (3.8)
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for each m € N, Ag—(F) #0 (3.9)
and

for each n€{2,3,...} if yeC, soles y€ Fy in E,
then y € Cj, for ke {l,...,n—1}.

Then F has a fixed point in E.

(3.10)

Our next result was motivated by Urysohn type operators. In this case the
map F,, will be related to F' by the closure property (3.15).

Theorem 3.3. Let E and E, be as described in the beginning of Section 3,
C C E is an PRLS and F : C — 2F. Also for each n € N assume there
exists F, : C,, — 2Fn. Suppose the following conditions are satisfied:

Ci 202 ... (3.11)
for each n € N, F,, € M(C,,Cy) is a compact morphism (3.12)
for each ne N, Ac, (F)#0 (3.13)

{ﬁwwme,mmmeGf”&vwm@ (3.14)

Kn(y) =U%_, Fn(y) (see Remark 8.2), is compact
and
if there exists a w € E and a sequence {yp}nen
with y, € C,, and y, € Foy, in E, such that
for every k € N there exists a subsequence (3.15)
SC{k+1,k+2,...} of N with y, —w in Ej
as n—oo in S, then w € Fw in FE.

Then F has a fixed point in E.

Remark 3.2. The definition of K, is as follows. If y € C,, and y ¢ Cj41
then KC,,(y) = F,(y), whereas if y € C,y1 and y ¢ Cp1o then K,(y) =
Fn(y) U Faya(y), and so on.

Proof. Fix n € N. Now there exists vy, € C,, with vy, € F,y, in E,.
Lets look at {yn}nen. Note from (3.11) and the fact that |z|; < |z|, for
all x € E, that y € C; and y, € K1 (y,) in E; for each n € N. Now
K1 : Cp — 281 compact guarantees that there exists a subsequence N7 of N
and a z; € By with y, — 21 in E; as n — oo in Nf. Let Ny = N7\ {1}.
Look at {yn}nen,. Also there exists a subsequence NJ of N and a z3 € E»
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with y, — 22 in Ey as n — oo in Nj. Note 29 = 21 in Ej since Ny C N7.

Let Ny = NJ\ {2}. Proceed inductively to obtain subsequences of integers
NfDONyD..., NpC{kk+1,...}

and z, € By, with y, — 2, in E; as n — oo in ;. Note 2341 = 2 in Ej,
for k€ N. Also let Nj, = N\ {k}.

Fix k€ N. Let y = 2z, in Ej. Notice y is well defined and y € lim_ F,, =
E. Now y, € Foy, in E, for n € N, and y, — y in Er as n — oo in N
(since y = zx in Ej) together with (3.15) implies y € F'y in E. O

Similarly we have the following result.

Theorem 3.4. Let E and E, be as described in the beginning of Section 3,
C C FE is an CPRLS and F : C — 2E. Also for each n € N assume there
exists F, : C,, — 2F. Suppose the following conditions are satisfied:

Ci2CyD... (3.16)
for each n € N, F, € M(Cy,C,) is a compact morphism (3.17)
for each m € N, Ag—(F) #0 (3.18)

for each n € N, the map K,:C, — 25 given by
Kn(y) =U_, Fn(y) is compact

and

if there exists a w € E and a sequence {yn}nen

with y, € C, and yn, € F,y, in E, such that

for every k€ N there exists a subsequence (3.20)

SC{k+1,k+2,...} of N with y, > w in Ej

as n—o0 in S, then w € Fw in E.

Then F has a fized point in FE.
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