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Abstract. Let K be a nonempty closed convex subset of a real Banach space F which has
a uniformly Gateaux differentiable norm. Assume that K is a sunny nonexpansive retract
of E with @ as the sunny nonexpansive retraction. Let T; : K — E,i = 1,2,--- /N be a
family of nonexpansive mappings which are weakly inward with F' = ﬂfil F(T;) # 0. Let
f: K — K be a fixed contractive mapping. For given zg € K, let {z,,} be generated by the
algorithm

Trt1 = an f(ZTn) + Bn®n + mQTnt1ZTn, n > 0.
Some sufficient and necessary conditions are proved for a common fixed point of a family of
nonexpansive mappings provided T;,i = 1,2,--- , N satisfy some mild conditions.
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1. INTRODUCTION

Let K be a nonempty closed convex subset of a real Banach space E. A
mapping f : K — K is a contraction if there exists a constant o € (0,1) such
that ||f(z) — f(y)|| < aflx —y||, v,y € K. A mapping T': K — E is called
nonezpansive if |[Tx — Ty|| < ||z — y|| for all z,y € K. Let T : K — K be
a nonexpansive self-mapping. For a sequence {a;,} of real numbers in (0,1)
and an arbitrary u € K, let the sequence {z,,} in K be iteratively defined by
xo € K,

Tnt1 = apu~+ (1 —an)Tzy, n>0. (1.1)
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Halpern [1] was the first to study the convergence of the algorithm (1.1) in
the framework of Hilbert space. Lions [2] improved the result of Halpern, still
in Hilbert spaces, by proving strong convergence of {z,} to a fixed point of T
if the real sequence {«,} satisfies the following control conditions:

(C1) limy 00 ay = 0,

(C2) S5 an = o0,

(C3) limy, o0 ((at, — 1) /a2) = 0.
It was observed that both Halpern’s and Lions’s conditions on the real se-
quence {ay} excluded the natural choice a, = 1. This was overcome by
Wittmann [3] who proved the strong convergence of {xz,} if {a,} satisfies the
control conditions (C1), (C2) and (C4)

(C4) 32520 loms1 — am| < o0,
Reich [4] extended this result of Wittmann to the class of Banach spaces
which are uniformly smooth and have weakly sequentially continuous duality
maps. Subsequently, Shioji and Takahashi [5] extended Wittmann’s result
to Banach spaces with uniformly Gateaux differentiable norm and in which
each nonempty closed convex subset of K has the fixed point property for
nonexpansive mappings and {«,} satisfies control conditions (C1), (C2) and
(C4).

Xu [6] showed that the results of Halpern holds in uniformly smooth Banach
space if {a, } satisfies control conditions (C1), (C2) and (C5)

(C5) limp—oo((atn, — an—1)/an) = 0.
As has been remarked in [6], control conditions (C3) and (C4) are not compa-
rable. Also conditions (C4) and (C5) are not comparable. However, condition
(C3) does not permit the natural choice a,, = 1/n for all integers n > 0.
Hence, conditions (C4) and (C5) are preferred.

Next consider N nonexpansive mappings 71,75, ,TN. For a sequence
{an} € (0,1) and an arbitrary u € K, let the sequence {x, } in K be iteratively
defined by x¢ € K,

Tnt1 = apu+ (1 — an)Tht12n, n >0, (1.2)
where Tn = 1y mod N-

In 1996, Bauschke [7] defined and studied the iterative process 1.2 in Hilbert
spaces with control conditions (C1), (C2) and (C4) on the parameter {o,}.
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Recently, Takahashi et al. [8] extended Bauschke’s result to uniformly con-
vex Banach spaces. More precisely, they proved the following result.

Theorem 1.1. Let K be a nonempty closed convex subset of a uniformly
convexr Banach space E which has a uniformly Gateaux differentiable norm.
LetT; : K — K,i =1,2,--- | N, be a family of nonexpansive mappings with
F =N, F(T;) # 0 and

N
() F(T,) = F(TyTy -1 -+ Th)
=1

—F(\ Ty Ty) = =F(Tn_1Tn_2-- - T\Ty).
For given u,xg € K, let {x,} be generated by the algorithm
Tn1 = op+ (1 = an)Thi12n, n 20,

where Ty, = Ty mod N and {ay,} is a real sequence which satisfies the control
conditions (C1), (C2) and (C6)

(C6) 3o lantn — an| < oo.

Then {x,} converges strongly to a common fized point of Th,To,- -+ ,Tn. Fur-
ther, if Pro = limy, o x5, for each xg € K, then P is a sunny nonerpansive
retraction of K onto F.

Remark 1.2. (1) Control conditions (C1) and (C2) are necessary for the
strong convergence of algorithm (1.1) and (1.2) for nonexpansive mappings.
It is unclear if they are sufficient.

(2) In the above work, the mappings 77,75, -- , Ty remain self-mappings
of a nonempty closed convex subset K either of a Hilbert space or a uniformly
convex space. If, however, the domain of T7,Ts,--- ,Tn, D(T;) = K,i =
1,2,---, N, is a proper subset of £ and T; maps K into F, then the iteration
process (1.2) may fail to be well defined.

The objective of this paper is to show another generalization of Mann and
Halpern iterative algorithm to a setting of a finite family of nonexpansive
nonself mappings. We deal with the iterative scheme: xy € K and

Tn+l1l = anf(xn) + ﬂnxn + ’VnQTn—i—lxnv n > 0.

Using this iterative scheme, we can find a common fixed point of a finite family
of nonexpansive nonself mappings under some type of control conditions.
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2. PRELIMINARIES

Let E be a real Banach space with dual E*. We denote by J the normalized
duality mapping from E to 2F" defined by

J(@) ={a" € B*: (z,27) = [l2]* = [2"]*},

where (-, -) denotes the generalized duality pairing. It is well known that if E*
is strictly convex, then J is single valued. In the sequel, we will denote the
single valued normalized duality map by j.

The norm is said to be uniformly Gdteauz differentiable if for each y €
$1(0) = {w € B |al| = 1},

lim W
exists uniformly for € 5;(0). It is well known that L, spaces, 1 < p <
o0, have uniformly Gateaux differentiable norm. Furthermore, if F has a
uniformly Gateaux differentiable norm, then the duality map is norm to weak
star uniformly continuous on bounded subsets of E.

A Banach space F is said to be strictly convexif ||(z+vy)/2|| < 1 for x,y € E
with ||z|| = |Jy]| = 1 and x # y. In a strictly convex Banach space E, we have
that if ||z|| = ||y|| = [|Ax + (1 — Ay||, for z,y € E and A € (0,1), then = = y.

Let K be a nonempty subset of a Banach space E. For z € K, the inward
set of x, I (x), is defined by

Ig(zx)={x+ANu—2x):ue K,\>1}.

A mapping T : K — F is called weakly inward if Tz € cl[Ix(x)] for all
x € K, where cl[Ix(x)] denotes the closure of the inward set. Every self-map
is trivially weakly inward.

Let K C FE be closed convex and () a mapping of £ onto K. Then @
is said to be sunny if Q(Qx +t(x — Qx)) = Qz for all z € E and t > 0. A
mapping Q of F into E is said to be a retraction if Q% = Q. If a mapping Q is a
retraction, then Qz = z for every z € R(Q), rang of Q. A subset K of F is said
to be a sunny nonexpansive retract of E if there exists a sunny nonexpansive
retraction of F¥ onto K and it is said to be a nonexpansive retract of E if here
exists a nonexpansive retraction of £ onto K. If E = H, the metric projection
Py is a sunny nonexpansive retraction from H to any closed convex subset of
H.
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In the sequel, we will make use of the following lemmas.

Lemma 2.1. ([9]) Let {z,} and {yn} be bounded sequences in a Ba-
nach space E and let {(3,} be a sequence in [0,1] with 0 < liminf, .o B, <
limsup,, . Bn < 1. Suppose xn11 = (1 — Bn)yn + Bnxn for all integers n > 0
and limsup,, oo ([Yn+1—Ynl|—l|Zn+1—2n|) < 0. Then, lim, o ||yn—2xn| = 0.

Lemma 2.2. ([10]) Assume {ay} is a sequence of nonnegative real numbers
such that

Ap+41 < (1 - 'Yn)an + 5717

where {y,} is a sequence in (0,1) and {0,} is a sequence such that

(i) Y50, 9 = 507

(i3) limsup,, o, 0/ <0 or D07 |6,] < 0.

Then lim,,_oo an, = 0.

Lemma 2.3. ([11]) Let K be a nonempty closed convex subset of a reflexive
Banach space E which has a uniformly Gateaux differentiable norm. Let
T : K — E be a nonexpansive mapping with F(T) # (). Suppose that every
nonempty closed convex bounded subset of K has the fixed point property
for nonexpansive mappings. Then there exists a continuous path ¢t — 2,0 <
t < 1, satisfying z; = tu + (1 — )Tz, for arbitrary but fixed u € K, which
converges strongly to a fixed point of T. Further, if Qu = lim;_.g 2; for each
u € K, then @ is a sunny nonexpansive retraction of K onto F(T).

3. MAIN RESULTS

Assume that K is a sunny nonexpansive retract of E with ) as the sunny
nonexpansive retraction and f : K — K be a fixed contractive mapping. For
each t € (0,1) define a contraction mapping 7; : K — K by

Tiw=tf(x) + (1 = )QTuiNQTngN-1 QTp1z, =€ K.

By Banach’s contraction principle yields a unique fixed point z; € K of T}
which is a unique solution of the equation:

ze=tf(2) + (1 =) QT NQTri N1+ QTny12

Theorem 3.1. Let K be a nonempty closed convex subset of a real Banach
space E which has a uniformly Gateaux differentiable norm. Assume that
K is a sunny nonexpansive retract of E with @ as the sunny nonexpansive
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retraction. Let T; : K — E,;i = 1,2,--- N be a family of nonexpansive
mappings which are weakly inward with F = (X, F(T;) # 0 and

N
N F(QT) = F(QTNQTy_1 -+~ QT})
i=1

= F(QTWQTy ---QD2) = = F(QTN-1QTNn—2 - QT1QTN).

Let f : K — K be a fized contractive mapping. Assume that {z} converges

strongly to a fixed point z of QTniNQTniN—1 - QTn10QT 11 as t — 0,
where z; is the unique element of K which satisfies zz = tf(z) + (1 —

QT+ NQTniN-1" QTn12QT112t. Let {an}, {Bn} and {y,} be three real
sequences in [0, 1] which satisfies the following conditions:

(CO) ap + B + v =1,

(D) 0 < liminf, .o G, <limsup,_,., Bn < 1.

For given xg € K, let {x,,} be generated by the algorithm

Tnt+1 = Oénf(-rn) + By + 'VnQTn-i—lxna n >0, (31)

where Ty, = Ty, mod N, then the sequence {x,} converges strongly to a common
fized point of Ty, To,--- ,Tn if and only if the real sequence {cu,} satisfies the
control conditions (C1) and (C2) and ||QTyr2xn — QT 10| — 0 (n — 00).

Proof. ”Sufficiency”. We show first that {x,} is bounded. For p € F, we
have

[Zn41 = pll < anllf(@n) — pll + Bullzn — pll + Wl QTn+175 — pl|)
< an| f(zn) = fFP) + anll f(p) — pll + Bullzn — pll + Y llzn — Pl
< OénOéH.’L'n - p” + Oén”f(p) - p” + (ﬂn + P)/n)Hwn - pH
= (1 — an + aap)||zn — pll + anl f(p) — Pl

1
< - - - .
< max{[zn — pll, 7—I1£ () - pl}}

By induction, we get

1
lzn = pll < max{llzo — pll. 7=/ (p) = pII};

for all n > 0. This shows that {z,} is bounded, so are {QT,+1z,} and

{f(zn)}-

We show then that ||z — zp|| = 0 (n — 00),i=1,2,--- | N.
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Define a sequence {y,} which satisfies

T+l = (1 - ﬂn)yn + ﬁnxn-
Observe that

Ynl — Un = Tn42 — ﬁn+1xn+1 Tl — ﬂnl'n
mr " 1- ﬂn—i—l 1- ﬁn
_ an+1f($n+1> + ’Yn+1QTn+2xn+1 . anf(xn) + VHQTn+1$n
1- ﬂn—i—l 1- ﬁn
Qp41 Qn+t1 (79
= ——(flzpe1) — flzp)) + —
T Gy ) = S+ (g 5 g

1 1
T QT oty — QTpomy) + (— 2L T
1-— /Bn—i-l 1-— /Bn
Yn+1

1- ﬁn-ﬁ-l
+ (QTn+2xn - QTn+1$n)'
1= fBns1

)f(n)

)QTn—i-lxn

It follows that

QAQn41
1- ﬁn+1

||l’n+1 - l'n” + |

Opt1 (6
[Yns1=ynll=llzni1—anll < 1=l +17—5—— _”ﬂ 1S ()
n

- 5n+1 1

1
Int QT 1
- 5n

1—Bpy1 1

1QTn 220 — QTnt12n]| = [Tnt1 — 2l

Tn+1
1= Bnt1

Yn+1
LT
1- ﬂn-ﬁ-l

< I P (U @)+ QT

+ﬁHQTn+2xn - QTnJrlan'
1= fBns1

Since {QTp+12,} and {f(x,)} are bounded, from the conditions (C1) and
limy, o0 || QT ns22n — QT 112, = 0, we obtain

_|_

lim sup([|ynt1 = ynll = [[2nt1 = 2nl]) < 0.
n—0o0

Hence, by Lemma 2.1 we know that ||y, — z,| — 0 as n — oo which im-
plies limy, o0 [|[Znt+1 — Zn|| = 0. Consequently, lim, o ||Tnti — 2n|| = 0,7 =
1,2,--- N,

Since

Tn+l — QTnJrl-'En = O‘n(f(xn) - QTn+1$n) + ﬁn(l'n - QTn+1fEn)

= an(f(xn) - QTn-‘rlxn) + ﬁn(l'n - xn—&-l)
+Bn(Tnt1 — QTny17n),
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this together with conditions (C1) and (D) implies ||zp4+1 — QTnr12,|| — 0 as
n — oo, consequently, ||z, — QT,+12,| — 0 as n — oo.
We next show that
iz, — QT NQT N1+ QTnprznl| = 0.
It suffices to show that
Jim {241 = QT NQTng N -1 QT 4120 = 0.
From
|Znt1 — QTh2QTh 120 || < |Tn1 — QL2701
HQTnt 22041 — QT 2Q T 1174 |
< #nt1 — QTptoZn1ll + [[2nt1 — QTn1znll,
we also have
nhi{olo [Zn+1 — QTnt2QTh1120|| = 0.
Similarly, we can obtain
Jim |Zn+1 — QT NQThiN-1- QTny174[ = 0,
which implies

nango lzn — QT NQTniN—1- - QTh12y] = 0.

Notice ﬂfil F(QT;) = F(QT+NQTp+N—-1---QTy+1) and hence as T;,i =
1,2,--- , N is weakly inward, z € F.
Now we show that

limsup(z — f(2),j(z —x,)) < 0.

n—oo

Let z; be the unique fixed point of the contraction mapping T; given by
Tix=1tf(x) + (1 —t)QTnyNQTrinN-1" QT2
Then
2t = @l < (1= )| QT NQTni N1 -+ QTng12 — |
+2t(f(21) — T, (20 — )
< (1 - t)g(”QTn-‘rN o QThp12e — QTN -+ QTn—Han
H QT NQTr -1 QTn 17y — xn”)Q
+20(f (21) = 26, (2 — @n)) + 2t 2 — @nl|?
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< (1= 0*(l2t — 2l + |QTrsNQT e N—1 - QT4120 — 24 )
F26(f (20) = 21, § (20 — @n)) + 21|12 — @
< (14 )2 — 2l 1QTn s N QT w1+~ Qg1 —
X (2[|zt = nll + QT NQTnaN-1 - - QT 1%n — T])
+2t(f (21) — 21,5 (2t — zn)).
The last inequality implies

HQTn—l-N QT 12, — xn”
2t
%212 = @all + QT - QT — ).
It follows that

(1 = F(e0), d(en = wn)) < 5llz =l +

lim sup lim sup(z: — f(2¢),7(z¢ — xn)) < 0.

t—0 n—oo

Moreover, we have that

(z = f(2),0(z = zn)) = (2 = f(2),(z — zn)) = (2 = f(2), (2 — zn))
+(z = f(2),5(z = 2n)) = (2 = [(2), 5 (2 = 2n))
2 = f(2),5(z = wa)) = (20 = f(20), 5 (2 — 2n))

(2t — f(20), (2 — zn))
= (2 — f(2),J(z — 2n) — j(2t — zn))
+(z = 26,52t — @) + (f(2¢) = [(2),5(2 — @)
+(ze — f(z1), J (2t — 20))-
Then, we obtain

limsup(z — f(2),j(z — x,))

n—oo
< sup(z — f(2),j(z — @n) — j(zt — 7))
neN
+llz =zl limsup [[2; — @[] + [ f(2¢) — f(2)|[limsup [|2; — 2, |
n—oo n—oo

+limsup(z — f(2¢),7(2 — zn))

n—oQ

<sup(z — f(2),J(z —xn) — j(2t — xn))
neN

+(1+ a)||z — z¢|| limsup ||z — 2y, ||
n—oo

+limsup(z: — f(2:), (2t — n))-

n—oo

155
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By hypothesis 2z, — 2z € F' as t — 0 and j is norm-to-weak™ uniformly contin-
uous on bounded subset of F, we obtain

lim sup (z — f(2),j(z — zn) — j(2t — zn)) = 0.

t=0nenN

Therefore we have

limsup(z — f(2),j(z — x,)) = limsup limsup(z — f(2),j(z — x,))

n—o00 t—0 n—oo
< limsup limsup(z; — f(2¢),j(zt — xn))
t—0 n—oo
<0.

Finally, we have
Znt1 = 211% = llan(f(@n) = 2) + Ba(an — 2)
9 (QTin - QT i1 — 2)||?
< Br(zn — 2) + Y (QTny N - - QT 120 — Z)||2
+2a,(f(xn) — 2z, j((xp41 — 2))
< Bllzn = 2l + V2l QT - QTogrzn — 2|
+2Bnmllzn — 2| QTns N -+ QTns12n — 2|
2o (f(2n) — f(2), j(Tni1 — 7))
+200(f(2) — 2, j(Tn+1 — 2))
< (B + ) llwn — 21° + 20an ||z — 2||znt1 — 2|
2o (f(2) = 2,4 (Zns1 — 2))
< (1= an)’[len — 2] + aan (|2 — 2| + |zns1 — 2|)
20 (f(2) = 2,§(@n41 — 2)).

It follows that
1—(2—a)a, +a2

2 2
_ < _
fonss — ol < A0 Oy
2a )
+ ﬁﬁ(fé’) = 2,§(Tn+1 — 2))
1-(2—-0)a 2a )
<1 o 20— 2, - 2)

Lzl

1—aa, "
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Apply Lemma 2.2 to conclude that x, — z as n — oo. The sufficiency of
Theorem 3.1 is proved.

"Necessity”.  Suppose that sequence {z,} defined by (3.1) converges
strongly to a common fixed point p € F. Hence we have

QT NQTnN-1+ - QTnt1%n — Tn|

< NQTuNQTn4n—1 - QTnr1zn — pll + [lzn — pl|

< 2|z —pll =0 (n— o0).
Since each QT; : K — K,i = 1,2,---, N is nonexpansive, it is continuous,
and so

1QT 120 — ol < 12 — .
i.e.,
Qi1 — p (n— 00).

Again it follows that

an|| f(xn) = QTn170|l < |21 — QTny174]|
+ Bullzn — QTnsi12n|| — 0 (n — ).

Therefore we have

lim sup ap[| f(2n) = QTnr124] = limsup oy || f(p) — pll = 0.

n—oo n—oo
This implies

lim sup o, = 0.
n—oo

Hence we have

lim o, = 0.
n—oo

The necessity of condition (C1) is proved.

Take f =0, K ={z € E:|z]| <1} and QT1 = QT2 = --- =QTn = I :
K — K, where [ is the identity mapping. Since each QT;,7 = 1,2,--- , N is
nonexpansive and 0 is the unique common fixed point of QT1,QT5, -+ , QTN
in K, hence we have

n+1

Tnt1 = (1 —ap)xy, = H(l — a;)Tp.
1=0
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Ifx, —0¢€ ﬂf\il F(QT;), we have

n+1
Jim [0~ as)llzo — 0] = 0.
i=0
This implies that
oo
H(l — ai) = O,
i=0

i.e.,

e.)
E Qyy = 00.
i=0

The necessity of condition (C2) is proved. This completes the proof. [

If in Theorem 3.1, f = u € K is a fixed constant. By Lemma 2.3 and
Theorem 3.1, we have the following corollary.

Corollary 3.2. Let K be a nonempty closed convex subset of a reflexive real
Banach space E which has a uniformly Géteauz differentiable norm. Assume
that K is a sunny nonexpansive retract of E with QQ as the sunny nonexpansive
retraction. Assume that every nonempty closed bounded convexr subset of K
has the fixed point property for nonerpansive mappings. Let T; : K — E i =
1,2,---, N be a family of nonexpansive mappings with F = ﬂf\;1 F(T;) #0

and
N

N F(QT) = F(QTNQTy—1 - QT1)

i=1
= F(QT1QTy ---QT3)

= F(QTN-1QTN—2- - QT1QTy).
Let {an}, {Bn} and {yn} be three real sequences in [0,1] which satisfies the
following conditions:
(CO) oy, + Br + v =1,
(D) 0 < liminf, .o B, <limsup,_,., Bn < 1.
For given u,xg € K, let {x,} be generated by the algorithm

Tl = QplU + Brnn + ’}/nQTn-‘rlxm n >0, (32)

where Ty, = T}, mod N, then the sequence {xy} converges strongly to a common
fized point of Ty, To,--- ,Tn if and only if the real sequence {cu,} satisfies the
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control conditions (C1) and (C2) and ||QTp4+22n — QLni124|| — 0 (n — 00).
Further, if {x,} converges strongly to some common fized point and if Qu =
limy, o0 Tn, for each u € K, then Q is a sunny nonexpansive retraction of K
onto ﬂf\il F(T;).

If in Theorem 3.1, T;,7 =1,2,--- , N are self-mappings then the projection
operator @ is replaced with I, the identity map on E. Thus, we have the
following corollary.

Corollary 3.3. Let K be a nonempty closed convexr subset of a real
Banach space E which has a uniformly Gateauz differentiable norm. Let
T, : K — K,i = 1,2,--- ,N be a family of nonexpansive mappings with
F =Y, F(T) #0 and

N

(F(T:) = F(TnTx—1 -+ Th)
=1

= F(T\Ty - Ty)

= F(Ty_1Tn—2-- T4 TN).

Let f : K — K be a fized contractive mapping. Assume that {z} converges
strongly to a fixed point z of TnaNTnaN—1 ThioTnt1 ast — 0, where z; is
the unique element of K which satisfies zz = tf(z¢) + (1 — ) Ty NT e N—1 - - -
TnioTni12e. Let {an}, {Bn} and {v,} be three real sequences in [0,1] which
satisfies the following conditions:

(CO) o, + Br + v =1,

(D) 0 < liminf, .o G, <limsup,_,., Bn < 1.

For given xg € K, let {z,,} be generated by the algorithm

Tn+l = O‘nf(xn) + ann + ’YnTn+1l'n7 n >0, (33)

where T, = T}, mod N, then the sequence {xy} converges strongly to a common
fized point of Ty, To,--- ,Tx if and only if the real sequence {cu,} satisfies the
control conditions (C1) and (C2) and | Tp+22n — Thy12n|| — 0 (n — 00).
Remark 3.4. We note that every uniformly smooth Banach space has a
uniformly Géateaux differentiable norm. By Xu [12,Theorem 4.1], we know
that {z:} converges strongly to a fixed point of T, NI+ N—1Tpnt1 as t —
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0, where z; is the unique element of C' which satisfies z; = tf(2) + (1 —
)T NTin—1 - Tos12e.

Corollary 3.5. Let K be a nonempty closed convexr subset of a real uni-
formly smooth Banach space E. LetT; : K — K,i=1,2,--- ,N be a family
of nonexpansive mappings with F = (X, F(T;) # 0 and

N
(F(T:) = F(TNTx—1 -+ Th)
=1

= F(TlTN e Tg)

= F(TN_lTN_g ce TlTN)-
Let f : K — K be a fized contractive mapping. Let {an}, {fn} and {y.} be

three real sequences in [0, 1] which satisfies the following conditions:
(CO) an + B +m =1,
(D) 0 < liminf, o B, < limsup,,_,. B, < 1.
For given x¢ € K, let {z,,} be generated by the algorithm

Tnt+l = O‘nf(xn) + ann + ’VnTn+1xn7 n > 07

where T, = T, mod N, then the sequence {x,} converges strongly to a common
fized point of Ty, To, -+ ,Tx if and only if the real sequence {cu,} satisfies the
control conditions (C1) and (C2) and ||Tpi2xn — Thi1xn|| — 0 (n — o).

4. APPLICATIONS TO THE FEASIBILITY PROBLEM

As an application, we shall utilize Theorem 3.1 to study the strong conver-
gence theorem connected with the feasibility problem.

Let H be a Hilbert space, K1, Ko,--- , Ky be N closed convex subset of H
with ﬂzj\i 1 Ki # 0. Then the feasibility problem in H can be stated as follows.

The original image z is known a priori to belong to the intersection Ky =
ﬂi]\il K;, given only the metric projections Pk, of H onto K;(i =1,2,--- ,N),
recover z by an iterative scheme.

In [13], Crombez proved the following result: Let T = ol +Zfi 1 ;T with
T, = (1 —XN)I + NPy, forall 0 < \; < 1L,a; >0 fori =1,2,---,N and
Zij\io a; = 1, where Koy = ﬂfvzl K; is nonempty. Then for any given zg € H,
the sequence {T"x(} converges weakly to some point in Ky. Later Kitahara
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and Takahashi [14], Takahashi et al. [8,15] dealt with the feasibility problem
by convex combinations of sunny nonexpansive retractions in uniformly convex
Banach spaces.

In this section, we shall utilize Theorem 3.1 to study the strong convergence
theorem connected with the feasibility problem. For the purpose we first give
the following Lemma.

Lemma 4.1. ([16, Lemma 3.3]) Let K be a nonempty closed convex sub-
set of a strictly conver real Banach space E. Assume that K is a sunny
nonexpansive retract of E with Q) as the sunny nonexpansive retraction. Let
T,: K - E,i=1,2,--- ,N be a family of nonexpansive mappings which are
weakly imward with ﬂfilF(TZ) #0. Let S; : K — E,i =1,2,---,N be a
family of mappings defined by S; = (1 — X\)I + NT;,0 < A\; < 1 for each
i=1,2,---,N. Then N, F(T;) = NX, F(S) = NY, F(QS;) and

N

() F(S) = F(QSNQSn—1--QS1)

=1

= F(Q5:1Q5y -+ Q52)

= F(QSN-1QSN-2 - QS51QSN).

Theorem 4.2. Let K be a nonempty closed convex subset of a strictly con-
vex real Banach space E which has a uniformly Gateauz differentiable norm.
Assume that K is a sunny nonerpansive retract of E with Q as the sunny
nonexpansive retraction. Let T; : K — FE 1 = 1,2,--- /N be a family of
nonexpansive mappings which are weakly inward with F' = ﬂf\il F(T;) # 0.
Let S; : K — E,i = 1,2,--- ,N be a family of mappings defined by S; =
(L =X)L+ NT; forall0O< Ny < 1(i=1,2,---,N). Let f : K — K be a fized
contractive mapping. Assume that {2} converges strongly to a fixed point z
of QSniNQSn+N—-1-- - QSp+2QSn+1 ast — 0, where z; is the unique element
of K which satisfies zz = tf(z) + (1 — )QSp+NQSn+N—-1--+ QSn+2QSn+12t.
Let {an}, {Bn} and {yn} be three real sequences in [0, 1] which satisfies the
following conditions:

(CO) oy, + Br + v =1,

(D) 0 < liminf, o B, <limsup,_,. Bn < 1.
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For given xg € K, let {z,,} be generated by the algorithm

Tn4+1 = O‘nf(l'n) + ﬁnlEn + 'YnQSnJrll‘na n > Oa

where Sy, = Sy mod N, then the sequence {x,} converges strongly to a common

fized point of Ty, To,--- ,Tn if and only if the real sequence {cu,} satisfies the

control conditions (C1) and (C2) and |QSy+22n — QSnt12n| — 0 (n — 00).
Proof. By Lemma 4.1, N, F(T;) = N, F(S:) = NX, F(QS;) and

N

() F(S:) = F(QSnQSNn—1-- QS1)

=1

= F(QS51Q5N -+~ Q52)

= F(QSN-1QSN-2- - QS1QSN).

Thus, the conclusion of Theorem 4.2 can be obtained from Theorem 3.1 im-
mediately. This completes the proof. [

Theorem 4.3. Let K be a nonempty closed conver subset of a strictly
convex real Banach space E which has a uniformly Gateaux differentiable
norm. Let Ky, Ks, -, Ky be nonerpansive retracts of K onto itself such
that the set ﬂf\il K; # (. Define a family of mappings T;,i = 1,2,--- ;N by
Ti=(1—=X)I+ NPk, forall0 < X; <1(i=1,2,--- ,N). Let f : K — K be a
fized contractive mapping. Assume that {z} converges strongly to a fized point
2 of Ty NThin—1- ThioTnt1 as t — 0, where z; is the unique element of
K which satisfies zz = tf(z) + (1 — ) TpeNTnanN—-1 - Th+oTnt12e. Let {an},
{Bn} and {yn} be three real sequences in [0,1] which satisfies the following
conditions:

(CO) oy, + Br + v =1,

(D) 0 < liminf, .o B, <limsup,_,., Bn < 1.

For given x¢ € K, let {z,,} be generated by the algorithm

Tn+l1 = Oénf(xn) + ﬁnwn + 'YnTn—O—l:Un, n > O,

where Ty, = T, mod N, then the sequence {x,} converges strongly to a point
z € ﬂzj\;l K; if and only if the real sequence {ay, } satisfies the control conditions
(C1) and (C2) and || Tp422n — Tny12n|| — 0 (n — 00).
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Proof. By Lemma 4.1, N\, F(T;) = Y, F(Px,) = N, K; and

N
(F(T;) = F(TNTx—1 -+ Th)
=1

= F(T\Ty ---Tb)

= F(Ty_1Tn—2- - TiTv).

Thus, the conclusion of Theorem 4.3 can be obtained from Theorem 3.1 im-

mediately. This completes the proof. []
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