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Abstract. We prove that a multivalued operator which satisfies a contraction type condition
of Latif-Beg type has a selection which is a Caristi type operator. Another purpose of this
paper is to give a common fixed point theorem for two multivalued mappings defined on
a closed ball of a complete metric space with values in the set of all nonempty and closed
subsets of this space, mappings which satisfy a contraction type condition of Latif-Beg type.
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1. INTRODUCTION

Let X be a nonempty set. We denote by P(X) the set of all nonempty
subsets of X, 1. e. P(X) ={Y |0 #Y C X }. Let T : X — P(X)
be a multivalued operator. We denote by Fr the fixed points set of T', i. e.
Fr={zeX|zeT(x) }.

An operator t : X — X, with the property that t(z) € T'(z), for each z € X,
is called a selection of T

Let (X, d) be a metric space, xg € X and r > 0. Further on we shall use
the notations B(zg,r) == { * € X | d(zo,2) < r } and Py(X) :={Y €
P(X) | Y is a closed set }. We also need the functional D : P(X) x P(X) —
R4, defined by D(A, B) = inf { d(a,b) |a € A, b € B }, foreach A, B € P(X).
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J. R. Jachymski established in [6] that a multivalued contraction admits a
selection, which is a Caristi type operator. A. Petrusel and A. Sintamarian
proved in [11] and [12] two selection theorems for multivalued operators which
satisfy Reich type conditions. Two selection theorems for multivalued opera-
tors which satisfy more general conditions than those given in [6], [11] and [12]
are proved in [16].

In Section 2 of this paper we give a selection theorem for a multivalued operator
which satisfies a contraction type condition of Latif-Beg type.

Assuming that (X, d) is complete, M. Frigon and A. Granas proved in [5]
a fixed point theorem for a multivalued contraction T : B(zq,r) — Py(X),
which does not displace the center of the ball too far. A. Petrusel estab-
lished in [9] fixed point theorems for multivalued non-self mappings which
satisfy Reich type conditions. A fixed point theorem for a multivalued map-
ping T : B(xg,7) — P,(X), which satisfies a more general contraction type
condition, was proved by R. P. Agarwal and D. O’Regan in [1]. A common
fixed point theorem for two multivalued mappings T1,Ts : B(zo,7) — Pa(X),
which satisfy a contraction type condition and at least one of them does not
displace the center of the ball too far, is proved in [16]. The corresponding
fixed point theorem is also presented in [16]. We remark that fixed point and
common fixed point theorems for singlevalued and multivalued non-self map-
pings on other spaces (Banach spaces or complete and convex metric spaces)
are presented in Lj. B. Ciri¢’s monograph [3].

In Section 3 of the paper we give a common fixed point theorem for two
multivalued mappings T3, T : B(xg,7) — Py(X), which satisfy a contraction
type condition of Latif-Beg type and at least one of them does not displace the
center of the ball too far. The corresponding fixed point theorem is presented

in the same section.

2. A SELECTION THEOREM

Theorem 2.1. Let (X, d) be a metric space and T : X — Py(X) a multivalued
operator with the property that there exist ay,...,a5 € Ry, with a1 + a2+ a3+
2a4 < 1 such that for each x € X, any uy € T(x) and for all y € X, there
exists uy € T'(y) so that

(g, uy) < ayd(z,y) + a2 d(z, uz) + a3 d(y, uy) + a1 d(z, uy) + a5 d(y, ug).
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Then there existt : X — X a selection of T and a functional p : X — R4
so that

d(z,t(z)) < ¢(x) — ¢(t(z)),
for each x € X.

Proof. Let € > 0 be such that a; + ag + a4 < e < 1— (a3 + a4). We denote
Up={yeT(x)]|edxy) <[1-(az+as)]D(x,T(x)) }, for each x € X.
Obviously, for each z € X, the set U, is nonempty (otherwise, if x € X\ Fr and
we suppose that for each y € T'(z) we have e d(x,y) > [1—(as+aq)] D(x, T (x)),
then we reach the contradiction ¢ D(x,T'(z)) > [1 — (ag + a4)] D(z,T(x)); if
x € Fr, then clearly x € Uy).

So, we can define the singlevalued operator ¢ : X — X such that ¢(x) € U,
for each x € X, 1. e. t(z) € T(x) and ed(x,t(x)) < [1 — (a3 + as)] D(z, T (x)),
for each = € X.

For x € X, taking into account that ¢(z) € T'(z) and the metric condition
from the hypothesis of the theorem, we have that there exists uy,) € T'(t(z))
such that

d(t(z), uyey) < ard(z,t(z)) + azd(z,t(z)) + az d(t(x), uym))+
+ag d(z, uygy) + as d(t(z), t(z)) =
= (a1 +az) d(z, (7)) + az d(t(x), uy(y)) + aa d(x, uyy)) <
< (a1 + az + aq) d(z, i(z)) + (a3 + as) d(t(x), uyy))
and hence
[1 = (a3 + aq)] D(t(x), T(t(x))) < [1 — (a3 + aa)] d(t(z), uy(z))
< (a1 + ag + ag) d(z, t(z)).
Now we are able to write that
d(z,t(z)) = [e — (a1 + a2 + as)] ' [ed(z, t(z)) — (a1 + a2 + aq) d(z, t(z))]
< [e—(artas+aq)] ™ {[1-(az+a4)] D(z, T(x))~[1—(az+as)] D(t(x), T(t(x)))}
= [1 = (ag + a4)l/[e — (a1 + a2 + a4)] [D(z, T (z)) — D(t(z), T'(t(2)))],

for each z € X.
We define ¢ : X — Ry by

o(r) = [1 — (a3 + a4)]/[e — (a1 + a2 + a4)] D(z, T ()),
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for each z € X, and we get

d(z,t(z)) < ¢(x) — ¢(t(z)),
for each z € X. [J
Remark 2.1. If the multivalued operator T : X — P,y (X) from Theorem 2.1

is upper semicontinuous, then the functional ¢ : X — Ry is lower semicon-
tinuous.

3. A COMMON FIXED POINT THEOREM FOR TWO MULTIVALUED MAPPINGS
DEFINED ON CLOSED BALLS

Theorem 3.1. Let (X,d) be a complete metric space, xg € X, r > 0 and

Ty, Ty : B(xg,r) — Pg(X) two multivalued mappings. We suppose that:

(i1) there exist ajy,...,a15 € Ry, with a11 + a12 + a13 4+ 2a14 < 1 such that
for each x € B(zo,r), any u, € T1(x) and for all y € B(xg,r), there
exists uy € Th(y) so that

d(uz, uy) < a1 d(x,y)+aiz d(z,uy)+a13 d(y, uy) +aig d(z,uy) +a15 d(y, ug);

(ig) there exist asy,...,ass € Ry, with as) + age + ags + 2a94 < 1 such that
for each x € B(zo,r), any uz € Ty(x) and for all y € B(xg,r), there
exists uy € T1(y) so that

d(ug,uy) < asy d(x,y)+a d(x,us)+azs d(y, uy) +ags d(z, uy) +azs d(y, usz);

(ii) there exists yo € T1(x0) U Ta(zo) such that
d(x0, o) < <1 . max{an + a2 +ag a1+ az + axy }) "

1— (a13+ a14)’ 1 — (a3 + az4)
Then Fr, = FT2 S Pcl(X)'

Proof. By an easy calculation we get that Fpr, = Frp,.

We put [ := max { ‘11_1;; ‘1‘;3:2‘15, ‘{2_1(2 ‘;iﬂ;‘;ﬁ} < 1 and we suppose, for exam-
ple, that there exists z1 = yo € T1(xo) such that d(zo,z1) < (1 —)r.

It is clear that z; € B(zo,r).

Taking into account the condition (i1) we have that there exists xo € Th(x1)

such that

d(z1,22) < an d(zo, 1) + a12 d(zo, 1) + a13 d(x1,22) + a14 d(zo, z2) <
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< (a11 + a12 + a14) d(xo,z1) + (a13 + a14) d(x1, z2).
From this we get that

(1, 79) < air + a2 +ag
1 —(a13 + aa)

Using the triangle inequality we obtain

d(zo,x1) <l d(xg,x1) < I(1—1)r.

d(zo,x2) < d(zg,z1) + d(z1,22) < (1 —=Dr+1(1—1)r=(1— l2)r <,

hence z2 € B(zg,7).
Now, taking into account the condition (i2), we have that there exists x3 €
T (x2) such that

d(z2,x3) < ag d(z1,x2) + age d(z1,22) + a3 d(x2,x3) + az d(x1,23) <

< (a21 + ag + ag4) d(z1,22) + (a3 + az4) d(x2, x3).
From this we get that
a1 + a2 + agy 2
d <= “d <ld <I“(1-=1)r.
(22, 23) < 7= (a2s + aa1) (21, 22) < Ld(wy,22) <T°(1 = D)r
Because
d(wo, w3) < d(wo, w2) + d(w2,23) < (L +D)(1 = Dr + 1 = Dr= (1 =) <,

we have that 3 € B(xg, 7).

By induction, we obtain that there exists a sequence (zy,)nen with the fol-
lowing properties:

Ton—1 € Th(zan—2), Tan € To(z2n—1),

d(xn_1,7,) < 1" Y1 ),

d(zo,zn) < (1 —1™)r, which means that x,, € B(zo,r),
for each n € N*.

The inequality d(z,_1,7,) < " (1 — I)r, which holds for each n € N*,
implies that (z,)nen is a convergent sequence, because | < 1 and (X,d) is a
complete metric space. Let z* = lim x,. Obviously z* € B(xq, 7).

We shall prove that z* is a ﬁ)ﬁgdmpoint of Ty, for example. From xzo, €
T5(w2,—1) we have that there exists u, € Tj(z*) such that

d(xon, upn) < a1 d(xon—1,2") + aga d(xon—1,T2n) + azs d(x™, upy)+

a4 d(Ton—1,un) + azs d(x*, zop),

for each n € N*.
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Using the triangle inequality we get
d(z*,uy) < [1 — (ags + az4)] (1 + ags) d(z*, z9,)+

+(az1 + az4) d(z*, 22n-1) + ag2 d(Tan—1,T20)];

for each n € N*.

This implies that d(z*,u,) — 0, as n — oo. Since u,, € T1(x*), for all n €
N* and T7(z*) is a closed set, it follows that z* € Ty (z*). So 2* € Fp, = Frpy,.

Let us prove now that Fp, = Fp, is a closed set. For this purpose let
Yn € Fp, = Frp,, for each n € N*| such that y, — y*, as n — oo. Clearly
y* € B(zo,r). For example, from y, € Ti(y,) we have that there exists
v, € To(y*) so that

A(Yn, vn) < a11 d(yn,y") + a13 d(y*, vn) + a1a d(yn,vn) + a15 d(y*, yn),

for each n € N*.
Using the triangle inequality we obtain

d(y*,vn) < (14 an +as + a15)/[1 — (a13 + a14)] d(y*, yn),

for all n € N*.

This implies that d(y*,v,) — 0, as n — oo. Since v, € T(y*), for each
n € N* and Th(y*) is a closed set, it follows that y* € Ty(y*). Therefore
Fr, = Fr, is a closed set. [J

The following fixed point theorem for a multivalued mapping defined on a
closed ball can be proved.

Theorem 3.2. Let (X,d) be a complete metric space, xg € X, r > 0 and
T : B(zo,7) — Py(X) a multivalued mapping for which there exist ay,...,as €
Ry, with a1 + a2 4+ a3z + 2a4 < 1 such that:

(i) for each x € B(wo,7), any u, € T(x) and for all y € B(xo,r), there
exists uy € T(y) so that

d(ug, uy) < ayp d(z,y) + ag d(z,uy) + a3 d(y,uy) + as d(z,uy) + a5 d(y, ug);

(ii) there exists yo € T'(xo) such that d(zg,yo) < |1 — %] r
Then Fr € Py(X).
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Proof. We put [ := % < 1. Using a similar argument as in the proof

of Theorem 3.1, we obtain a sequence (z,,),en With the following properties:
T € T(Tp-1),
d(xn_1,7,) <1 Y1 =),
d(zg, ) < (1 —1™)r, which means that x, € B(xg,7),
for each n € N*,
The sequence (zy,)nen is convergent and its limit is a fixed point of T'. Also,
it can be shown that Frp is a closed set. [

Remark 3.1. If in Theorem 3.2 we take ay = a5 = 0, then the fact that
Fr # 0 is a result mentioned in [9], but there the condition (i) is

D(zo,T(x9)) < (1 — W) r
1—(13
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