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1. INTRODUCTION

The normalized duality mapping J from a general Banach space X into 2%~
is given by
J(@) = {j € X" Re(a,j) = ol = ilI*} (L1)
where X™* denotes the dual space of X and (.,.) the generalized duality pairing.
An operator T' with domain D(T) and range R(T) in X is said to be ¢—
generalized strongly accretive if there exists a k € [0, 1] and a strictly increasing
function ¢ : [0,00) — [0.00) with ¢(0) = 0 such that for all x,y € D(T), there
exists a j(x —y) € J(x — y) satisfying:

Re (Ta — Ty, j(x =) = o (le —yl) |z =yl = Q= k)l —y|*  (1.2)

Remark 1. It is interesting to note that the class of operators satisfying
(1.2) includes the class of ¢—strongly accretive operators [3] corresponding to
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k =1, that is, T satisfies the condition:

Re(Tz — Ty, j(x —y)) = ¢ (lz = yl) |z -y

for all z,y € X and ¢ is as specified above.
The following examples justify the above remark.
Example 1. Let X = R with the usual norm |.|. Define 7" : [0,00) —
[0, 00) by
1 1
Ter=2a>— o+ —
T= 2x+ 16

Then T is ¢—generalized strongly accretive operator with ¢(s) = s and

1
k= 5 such that for every f € [0,00) the equation Tz = f has at least one

3—-2v2 3422
1 and 1 ).

solution. In particular,T has two fixed points (namely,
However, it can be easily verified that 7' is not p—strongly accretive.

Thus the class of p—strongly accretive operators is a proper subset of the
class of p—generalized strongly accretive operators.

Example 2. Let X = R with the usual norm |.| and define T : [0,00) —
[0,00) by

1
TZC:$2—§$+2

Then it can be easily verified that T is p—generalized strongly accretive
with ¢(s) = s? and k = % but T is not p—strongly accretive. In addition, the
equation Tx = z has no real solution for any = € [0,00). Thus, in general,
the equation Tx = f (f € X) does not have a solution in X.

Remark 2. (i) For any non-negative real number A\ with A > 1 — k, the
operator T'+ AI (where I denotes the identity operator on X) is a bijection
when T is continuous [4, Lemma 2.3].

Moreover, the relationship between the new class of operators and the class
of p—strongly pseudo-contractive operators considered by Liu and Kang [4] is
that for any operator T satisfying (1.2), T is p—strongly pseudo-contractive
and by [4, Lemma 2.2], T'+ I has a unique zero in a real Banach space X
when T is continuous.

(7i) Recall that an operator T' with domain D(T) and range R(T) in a

normed space X is p—ezpansive (see [2]) if

w (lz —yll) < 1Tz - Tyl (1.3)
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for all z,y € X, where ¢ : [0,00) — [0.00) is a strictly increasing function with
©(0) = 0.

It is known (see [2]) that p—expansive operators are invertible but their
inverse operators need not be defined on the whole space X.

Notice that ¢—strongly accretive operators are p—expansive since they sat-
isfy the condition

e (lz =yl llz —yll < IT2 =Tyl |z - yll- (1.4)

Our aim in this paper is to establish some new surjectivity conditions for
operators of type (1.2) with k£ € [0,1) and study the existence of solutions of
equation Tx = f for operators T. This is done, in particular, via some fixed
point conditions for ¢—ezpansive operators that we establish in this paper.
For a detailed account of iterative approximations of fixed point and solution
of operator equation Tz = f , we refer to Berinde [1].

2. MAIN RESULTS

Now onward, N will denote the set of natural numbers while R(7') will
denote the range of an operator 7.

The following lemma gives us sufficient conditions for an operator of type
(1.2) with k£ € (0,1) to have a zero.

Lemma 2.1. Let X be a general Banach space and T : X — X be an
operator of type (1.2) with (t) >t for all t sufficiently large and for 0 < k <
1. Assume that the following conditions are satisfied.

(2.1.1) R(T)= R(T).

(2.1.2) T+ X is one to one for every A > 0 sufficiently small.

(2.1.3) There exists r > 0: [|T0] <r < ‘1 minf [p(]|z]]) — [|z]|] .

ol 0
Then T has a zero in X.
Proof. Suppose y1 = r — [|T0|| > 0 and let p € B,(0) be arbitrary, where
B,(0) ={z € X : ||z|| < u} . Now consider the equation

TIL‘—FE:pfOFaHTL eN.
n

1
By condition (2.1.2), z, = (T + —I)"!p exists for all sufficiently large n.
n

Hence

1
—llzall = [1Tzn = pl| 2 | T2n = TO|| |70 — pI|. (2.1)
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But from (1.2) we deduce that
pllz —yll) <@ =F) [z =yl + [Tz - Tyl

Hence (2.1) becomes

% [znll = e(llznll) = (L= F)e(llznll) — [ITO[ — [lpl

from which we deduce that
1
e(llznl) = (1 =k + E) |zl < ITO] + Ip|l -

Since k is fixed, we may take n € N sufficiently large so that (1 —k+ %) < 1.
Therefore from the above inequality we obtain

pllznll) = llzall < (lznll) = (1 =k + %) [zl < ITOI +llpl - (2:2)

We now show that the sequence {z,} is bounded. Suppose this is not the
case. Without loss of generality we may assume that lim ||x,|| = co. Then
n—oo
by condition (2.1.3) we have that for all € > 0, there exists N € N such that

r—e < @(||rnl]) = ||zn| for alln > N
and by (2.2) this implies that
r—e<|[[TO0[[ +[]pl -
Since € > 0 is arbitrary, the above inequality gives us
r < |TO[ + [lpll - (2.3)
Since p € B,(0) and = r — [|T0]|, from (2.3) we immediately obtain that
r < TO[ + [lpll < 17O + p =,

a contradiction. Hence the sequence {x,} is bounded. Therefore from (2.1)
we deduce that

lim ||Tz, —p| =0

n—00
and by condition (2.1.1) we have that p € R(T). Therefore B,,(0) C R(T).
Consequently, there exists a point zg € X such that T'zo = 0.0

Theorem 2.2. Let X be a reflexive Banach space and T : X — X be

an operator that is weakly sequentially continuous and satisfies condition (1.2)
with k =0 and o(t) >t for all t sufficiently large. Assume that
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(2.2.1) For any f € X, there exists r > 0 such that

17Ol + ILfIl < 7 < liminfle(|lz]) — ]

llzll—

(2.2.2) R(T + M) = R(T+XI) and (T+X) is one to one for every A > 0
sufficiently small.

Then the equation Tx = f has at least one solution for each f € X.

Proof. For any f € X set S=1—T + f. Then S satisfies the condition

Re (S = Sy, j(z —y)) < 2|z =y = ez = yl) = —y|

for all z,y € X.
To show that S has a fixed point we consider the approximation

n+1
n

Sp = I1-5

1
which is an operator of type (1.2) with £ = — for every n € N since
n

Rﬂ$ﬁ—$wdw—ﬂ»wax—WH@—MWﬂl—%Nx—MF-(2®
But

15ROl = [SO[| = [If = TOll < [[£]] + |T°0] (2.5)

Hence by(2.2.1) above, the condition (2.1.3) of Lemma 2.1 is satisfied. Since

Sp=(T+ %I) — f, it is clear by the first part of the condition (2.2.2) that the

range of S, is closed.

Moreover, for any m,n € N arbitrarily large we have

1
tris = m-4+n
m

I+T-f.
m.n

Hence for any x,y € X if

1 1
—x 4+ Spr = —y+ Sy,
m m

then we obtain
m+ nx 4T — m4+n

m.n m.n
Therefore by the second part of the condition (2.2.2), %I + S, is one to
one. Since the conditions of Lemma 2.1 are satisfied for n sufficiently large,

there exists x,, € X such that S,z, = 0.

y+Ty.
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Now we show that the sequence {z,,} so obtained is bounded. Suppose the
contrary and without loss of generality assume that

lim |z,| = o
n—oo
Then by (2.4) we get
1 2
Plllnll) lznll = (1 = =) llzall™ < 1520l - [l2nll
which implies that
2
eUlznl) lznll = llzall”™ < [1SnOll - [l2nl -
Therefore we immediately obtain that
ellznll) = llznll < 115,01

Now using (2.2.1) along with the above inequality we have that for any
€ > 0, there exists N € N such that

r—e<@(lzall) = lznll < [ISk0[l = [1SO]] -
Since € > 0 is arbitrary, we have
r < [|S0]|.
Therefore by (2.5) and (2.2.1) we arrive at the contradiction
r < |S0] <.

Consequently, the sequence {z,} is bounded.
Now from the boundedness of {x,} and the fact that

1
SnZyp =0= nt Ty — STy
n
we deduce that
lim ||z, — Sz,| = 0.
n—oo

Therefore the sequence {z, — Sz,} converges weakly to 0. Since X is
reflexive and {z,} is bounded, {z,} has a weakly convergent subsequence
say, {zn,}. Further, notice that S is weakly sequentially continuous (since
S =1—T+ f), there exists xg € X such that zp = Sz implying that
Tzxzo = f. Hence z is a solution of the equation Tx = f.[J

Using a dual type of relationship with p— pseudocontractive operators, Liu

and Kang [4 | recently proved that for any continuous p—strongly accretive
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operators T : X — X on an arbitrary Banach space, the equation Tz = f
has a unique solution. In what follows, we are interested in using a fixed point
theorem for p—expansive operators T and Remark 2(ii) in solving the equation
Tz = f, where T satisfies the condition (1.2) for k = 0.

First we have the following:

Lemma 2.3. Let X be a general Banach space and ¢ : [0,00) — [0,00) be
a strictly increasing function with ©(0) = 0 and that its inverse function o~
is upper semi-continuous. Suppose that T : X — X is a p—expansive opera-
tor such that there exists g € X and that the series Y (o~ 1)"(||zo — Txo|

N

ne
converges. If the range R(T) of T is closed, then T has at least one fized
point in X.
Proof. Set yg = T'z¢ and consider the approximation process

Yo € R(T), Yps1 =T Lyn(n > 0). (2.6)

We shall show that the sequence {y,} converges. First, we show by induc-
tion that
[Yyn+1 = ynll < (™ 1" (0 — Tzol| -
Notice from (1.3) that

o (|77 T2 = T7'Ty|[) < ||ITz — Ty|
and since ¢ is invertible, we have
(|77 'z — T~ 'Ty||) < o' (||Tz — Ty||) for all z,y € X.
For n = 1, we have

lyo =yl = |77 =T o < o Iy — wol)
= ¢ (w0 — Tol|-

Therefore (2.6) is true for n = 1. Let it be true for n = k,i.e.
g1 = wrll < (™) (lzo — Toll)
Then for n = k + 1, we have

12 = Yerall = |7 s — T ]| < (0™ (lyms1 — will)
< (e (e Y (lmo — Toll) = ()" (||lmo — Taol))

and the result holds. Hence by induction (2.6) holds for all n.
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Now, for any n,m € N with n < m, we have

A

Iym = ynll < NYm — Y1l + [[Ym—1 = Ym—2ll + o + [|Ynt1 — Ynll
(e D™ Y (|lzo — Txol)) + (™1™ 2(|lwo — Twol]) + ... +
(™™ (lwo — Tol| -

IN

+

n
By setting S, (||zo — Txol|) = 32 (9™ 1)*(||ro — Txol in the above inequality
k=1
we obtain

1Ym — ynll < Sm—1(l[z0 — Tzol|) — Sn-1([[z0 — T'z0]|)-

Since the series Y (o H)™(||lzg — Txo| converges, the sequence
neN
{Sn(]lxo — T'zo||)} is a Cauchy sequence in X. Hence the above inequal-

ity implies that {y,} is a Cauchy sequence in X. Therefore it converges to
some y € R(T) as R(T) is closed. Hence we have

ly =Ty

IN

ly = ynll + [Jyn — T~y
= Hy - yn” + HTﬁlyn—l - TﬁlyH
< Ny = ynll + ¢ (lyn-1 —yl)

N

By the upper semi-continuity of ¢!, the above inequality implies that
ly =T~y < limsup(|ly — yal)) + ¢~ (Aimsup(yn—1 — yl). = 0,
n—oo n—oo

proving that y = Ty, that is, v is a fixed point of 7.
Let 2 € X be such that y = Tz. Then y = T~ !y implies that Tz = = and
the lemma is established.[J
We notice that the condition that > (p=1)"(||xo — Two|| is convergent is
neN

quite reasonable as all the linear operators defined at the origin satisfy it
trivially.

Theorem 2.4. Let X be a general Banach space and ¢ : [0,00) — [0, 00)
be a strictly increasing function with ¢(0) = 0 and whose inverse function o~ *
is upper semi-continuous. Let T : X — X be an operator satisfying condition
(1.2) with k € (0,1) such that I + T has a closed range. If for any f € X,

there exists xg € X such that the series Y (o~ 1)"(||[Txo — f|| converges, then
neN
the equation Tx = f has at least one solution in X.
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Proof. Suppose S =1+ T — f for f € X fixed. Then S is p— strongly
accretive as it satisfies the condition

Re (Sz — Sy, j(z —y)) = elle = yl) | =yl + ke —yl*.

Hence S is p—expansive (and strongly accretive).
Moreover, for any x € X we have Sx — x = Tx — f. Therefore by the
given hypothesis of the theorem, there exists zg € X such that the series

S (7 H)"™(|Txo — f]|| converges. Therefore the series > (o~ 1)"(||Sxo — x0|

neN neN
also converges. Further, since I + 7T has a closed range, it follows that S also

has a closed range. Therefore by Lemma 2.3, S has at least one fixed point
say, 1. Then

$1=S.’L‘1=1‘1—|—T331—f,

proving that Tx; = f for some 1 € X. Hence the equation Tx = f has a
solution in X.OJ

Remark 3. If the operator T' in the above theorem is continuous, then
the hypothesis that I + T has a closed range can be dispensed with in view of
Remark 2.

Theorem 2.5. Let X be a general Banach space and ¢ : [0,00) — [0, 00)
be a strictly increasing function with ¢(0) =0 such that

o(t)

limsup—— =
t—o0

1

and that its inverse function @~ is upper semi-continuous. Assume that the

operator T : X — X satisfies condition (1.2) with k = 0 and the operators

1
T+n+
n

exists 19 € X such that the series Y. (o 1)"(||Txo — f|| + ||lzol|) converges,
neN
then the equation Tx = f has at least one solution in X.

Proof. For any n € N, set T, =T + %I. Then for all x,y € X and for
jlx —y) € J(x —y) we have

I have a closed range in X for every n € N. If for every f € X, there

} 1
Re (Tox = Toy, (@ —y)) = @(llz = yll) llv = yll = (1 = ) o — ]
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1
Thus T, satisfies condition (1.2) with k = —. Now for any f € X fixed, let
n
Sn, =1+1T, — f. Then we have
. 1
Re (Snz = Sny, j(z—y)) = @z —yl) lo =yl + —lle—y[*.  (27)

Therefore S,, is ¢— strongly accretive (and p—expansive). Let g € X be
such that the series

Y @ I Two = £Il + llzol)

neN

converges. Now consider the expression
x
Snxo—x():T:E()—f—{—;O.
Then
[Snzo — @ol| < [[Tzo — f| + [0l (2.8)

Hence from (2.8) and the hypothesis of the theorem, we conclude that the
series Y (o™ 1)™(||Swo — wo|| converges. Since T+ ()] has a closed range
meN

in X for each n € N, .S), has a closed range in X. Therefore by Lemma 2.3,
Sy, has at least one fixed point for each n € N, say, x,,. That is

Tn = nwn:xn"i_Tnxn_f

from which we deduce that

Tan+ " — f=0. (2.9)
n
Also from
To, + T _p_ T T
n n n

we obtain that

lwn —@all | fleall
n

Now we show that the sequence {x,} so obtained is bounded. If not, we

T2, — f| < (2.10)

may assume without loss of generality that lim ||z,| = oo and since z, =
n—oo
Zn — 1 + x1, we conclude that lim ||z, — z1|| = co. Hence from (2.10) we
n—oo

deduce that
|Txn — fIl

lim =0.
n—00 ||z, — 21|

But from (2.7) we have

pllzn = z1ll) |l2n = 21] < Re (Srzn = Siz1, j(2n —21))
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<Re((zn+Tizy — f) — (x1+ Thz1 — f), j(xn — 1))
<Re(2(zp —x1) + Txp — Ty, j(xn — 1))
< 2||zn — 21|* + |20 — 21| [ T2y — Taa |
< 2|z — 1| + o — 2l (1 T2n = I+ |1 = Tza])-
This implies that

Pllen —21l) g N2 = fIl | Nf = Taal]
[0 — 21| [n —zill  flon — 21|

Now taking the limit superior on both sides of the above inequality along
with (2.10) and the fact that lim ||z, — 21| = co we get
n—oo

s £ = )

N ol

<2,

a contradiction to the hypothesis

pmsup £l =l _

nooo|[@n —ail]
Therefore from (2.9) we deduce that

[l
n

[Ty — £l =

and from which it follows that f € R(T). Now since R(T) = R(T), the
equation Tz = f has at least one solution in X.[J
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