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1. INTRODUCTION

The theory concerning the existence of contractive fixed points in complete
metric spaces has been developed by several authors starting from the classical
Banach’s Theorem (see, e.g., [1], [3], [2], [4], [5])-

In particular, in [5] Keeler and Meir stated that the conclusion of the Banach’s
Theorem holds for functions acting on a complete metric space into itself and
satisfying the property of weakly uniformly strict contraction.

More recently Leader ([6]), in the setting of metric spaces not necessarily
complete, has improved the result in [5]. In order to obtain the existence of
a (unique) contractive fixed point, he has considered functions with complete
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graph and satisfying a more general property than the one required by Keeler
and Meir (see Remark 2.3).

In the present paper we introduce a new extension to multifunctions of the
property of weakly uniformly strict contraction, named weakly uniformly strict
p-contraction. This extension, as we note in Remark 3.4, is different from the
property involving the Hausdorff distance adopted in the existing literature
(see e.g. [7], [8]).

In the framework of complete metric spaces we obtain a result on the existence
of fixed points for multifunctions. Then, as a corollary, we deduce the existence
of a (unique) contractive fixed point for single-valued functions not necessarily
with complete graph.

We show that the corollary strictly contains the Keeler-Meir’s fixed point
theorem.

Moreover, we prove that there exist functions verifying the hypotheses of our
corollary but not all the assumptions required by Leader in his theorem and

vice versa.

2. NOTATIONS AND PRELIMINARY RESULTS

Let X be a metric space and f : X — X be a given function.

Definition 2.1. For every z € X the sequence (fP(2))pe,, where f0(z) = 2
and fP(z) = f(fP~1(z)) for p > 1, is said to be an orbit of f (at z).

Definition 2.2. A point z € X is a contractive fized point for f if it is a fixed
point for f and if every orbit of f converges to x.

In [5] Keeler and Meir showed that the conclusion of the classic Banach’s
Theorem holds for weakly uniformly strict contractions, i.e. functions verifying
the property

(KM) for every € > 0 there exists d(¢) > 0 such that

d(f(z), f(y)) <e, (z,y) € E(e,e +4(e)) ,
where E(e,e +d(e)) = {(z,y) € X x X : e <d(z,y) <e+d(e)} .

Remark 2.1. Let us observe that (KM) is equivalent to the following property
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(KM)’ for every € > 0 there exists d() > 0 such that

d(f(z), f(y)) <e, (2,y) € D(e+6(e)),
where D(e +d(¢)) = {(z,y) € X x X : d(z,y) <e+d(e)} . O

We quote here the Keeler-Meir’s fixed point theorem.

Theorem 2.1. (5], Theorem) Let (X,d) be a complete metric space and let
f: X — X be a function satisfying the property (KM). Then f has a (unique)
contractive fixed point.

Remark 2.2. Every function f : X — X satisfying (KM) is a contractive
function, i.e. f has the property

d(f(x), f(y) <d(z,y), z,yeX, z#y.

g

In 1983 Leader (see [6]) obtained, in the more general case of a not nec-
essarily complete metric space (X,d), an interesting fixed point theorem for
functions which satisfy the following property.

Definition 2.3. Amap f : X — X issaid to be a function with complete graph
if for every Cauchy sequence (2, )nemn, such that (f(zy))nemn, is also a Cauchy
sequence there exists a point € X such that x,, — z and f(z,) — f(x).

Moreover, he introduced the property
(L) for every € > 0 there exist d(e) €]0,4+o00] and a natural number r = r(¢e)
such that

d(f"(x), f'(y)) <e, (x,y) € D(e+6(e)) -

Remark 2.3. We note that in the particular case where (L) is true for r(g) =
1, for every € > 0, the property (L) reduces itself to (KM)’. O

We recall the following result due to Leader.

Theorem 2.2. ([6], Corollary 4) Let (X,d) be a metric space and f : X — X
be a function with complete graph satisfying the property (L). Then f has a
(unique) contractive fixed point.
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Remark 2.4. If a function f : X — X satisfies the assumption (KM), then it
is continuous (see Remark 2.2). Therefore, being the metric space X complete,
the hypotheses of Theorem 2.1 lead us to claim that f is a function with
complete graph.
Hence, either in Theorem 2.1 and in Theorem 2.2 we are considering functions
with complete graph.

O

Finally, we recall the following theorem which will be useful in the sequel.

Theorem 2.3. (9], Lemma 3) Let (X,d) be a metric space and f: X — X
be a given function. Then, for each p-iterate of f with p > 1 we have:

(p1) if fP has a unique fized point, then f has a unique fized point;

(p2) if there exists z € X such that every orbit of fP converges to z, then
every orbit of f converges to z;

(p3) if every orbit of fP is a bounded sequence, then every orbit of f is a
bounded sequence.

3. THE EXISTENCE THEOREMS

In this section we provide a fixed point theorem for multifunctions. Further,
we give a result on the existence of contractive fixed points for single-valued

functions.

First of all, we introduce a new extension to multifunctions F': X — P(X
of the property of weakly uniformly strict contraction (KM), where P(X) =
{SCcX : S#0}.

Definition 3.1. We say that a multifunction F : X — P(X) is a weakly
uniformly strict p-contraction if the following property holds:

(F) there exists p € IN such that for every € > 0 there exists d(¢) > 0 such
that for each pair (z,w) € X x X admitting the representation:

320, -+, 2p—1 € X with z € F(zp-1), 2p—1 € F(2p—2),- -+ ,21 € F(20)
and
Jwo, -+ ,wp—1 € X with w € F(wp—1),wp—1 € F(wp—2),--- ,w1 € F(wp),
(z0,wp) € D(e + d(g)) we have that

d(z,w) <e.
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(Here D(e + d(¢)) is the same set introduced in (KM)’.)

Obviously our property reduces itself to (KM)’ , and then to (KM), in the

case where p = 1 and F is a single-valued function.

Remark 3.1. At first, we want to state precisely that if there exists € > 0
such that for all § > 0 does not exist a dyad (z,w) € X x X admitting the
above representation, then the multifunction F' has not the property (F).

Then, let us consider the complete metric space X = {0} U {% :n € N}

endowed with the induced Euclidean metric d and the multifunction F' : X —
P(X) defined by

Fla) = {O}U{%} , :E:TIH,TLGIN
{0} ,  otherwise .

It is easy to verify that F' satisfies the property (F) as p = 2.
Therefore, F' is an example of multifunction for which all the assumptions of
the following Theorem 3.1 are verified. O

Now we can state and prove our main result, that is an extension to multi-
functions of the Keeler-Meir’s fixed point theorem.

Theorem 3.1. Let (X,d) be a complete metric space and F: X — P(X) be
a multifunction satisfying the property (F). Then F has a fized point.

Proof. By means of the Zermelo’s axiom of choice, there exists a function
f X — X such that

flx)e F(z), VreX. (1)

First of all, we prove that the function f? satisfies the property (KM), where
p is the number given by (F).
Fixed € > 0, let §(¢) be the positive number provided by (F).
Let us fix zg,wp € X such that (2o, wo) € D(e + d(¢)) and define

z21=f(20) zp-1= flzp—2) 3 wi=flwo), -, wp-1 = flwp—2) .
Of course, by using (1), we get

21 € F(ZO),--- yZp—1 € F(Zp_2> ; w1 € F(wo),--- ,Wp—1 € F(wp_g) .
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Moreover, it is easy to see that
Zk:fk(Z(]), wk:fk(w())v kzla"'ap_l'
By construction and by using (F), the points

z:= fP(z0), w:= fP(wo)
are such that
d(f*(z0), fP(wo)) = d(z,w) <e .
Then, we can deduce that the p-iterate of f satisfies the property (KM)’.

Now, let us show that f has a unique fixed point.
It is easy to see that if p = 1 then f has a unique (contractive) fixed point
(see Remark 2.1 and Theorem 2.1).
In the case p > 1, we can apply Remark 2.1 and Theorem 2.1 to the p-iterate
of f so that the function fP has a unique contractive fixed point.
Therefore, by using (p1) of Theorem 2.3, we obtain that there exists a unique
fixed point for f.

Obviously, if y € X is the unique fixed point for f, from (1) we get y =
f(y) € F(y) and this concludes the proof. O

The proof of the previous theorem leads us to state the following result for

single-valued functions.

Corollary 3.1. Let (X,d) be a complete metric space and f : X — X be a
given function. If there exists a positive natural number p such that function

fP satisfies the property (KM), then f has a (unique) contractive fized point.

Proof. If p = 1 the theorem is Theorem 2.1.

Let us consider p > 1. In this case, by proceeding as in the second part of
the proof of the previous theorem, we have that fP has a unique contractive
fixed point, say T, and that f has a unique fixed point y € X.

Now, by means of (p2) of Theorem 2.3, we get that every orbit of f converges
to . In particular, this implies that the constant orbit (f™(y))nemn, converges
to T.

Then £ = y and so we can conclude that Z is a contractive fixed point also for

7. O



KEELER-MEIR’S FIXED POINT THEOREM 29

Remark 3.2. Our Corollary 3.1 strictly contains the Keeler-Meir’s fixed point
theorem, here Theorem 2.1.

First of all we note that in the particular case p = 1 our assumptions coincide
with the hypotheses of Theorem 2.1.

Moreover, the hypothesis (KM) may be violated by f while the hypotheses of
our Corollary 3.1 are fulfilled, also in the class of contractive functions, as the
following example shows.

Example 3.1. Let X = [0, 1] be the complete metric space endowed with the
metric d : X x X — [0, +oo[ defined as

d(l‘,y) = { (r)nax{:p’y} ) iii

and let f: X — X be the function defined by

1 11
I N
fla)={ nt1 ’xe]n—i-l’n]’ne

0 , x=0.

First of all, we note that f is a contractive function. In fact, fixed z,y € X
with x # y, we have:

if f(z) = f(y) then
d(f(z), f(y)) =0 < d(z,y) ;

if f(x) # f(y), since f is a non decreasing function such that f(x) < x for
every z € X \ {0}, we can write

d(f(z), f(y)) = f(max{z,y}) = f(d(z,y)) < d(z,y) .

Let us prove that f does not satisfy the property (KM)’ (see Remark 2.1).
Suppose, on the contrary, that f verifies (KM)’. Thus, in particular for e = %,
there exists a number § = §(3) > 0 such that

1 1 =

Of course, (2) is true for # = 1 and § = 5 +min{3, g}, being (z,9) € D(%—i—g)
By the choice of 3 € ]%, 1] and (2), we have the following contradiction

1

£(3) = 5 = d(f@), F@) < 5 -
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On the other hand, f satisfies the hypotheses of our Corollary 3.1. To this

aim, we first observe that

1
f(x) S 5 ) reX.
Now, we go to prove that the iterate function given by p = 2 has the property
(KM)’.
For every fixed € > 0 we consider the positive number §(g) defined as
( 1 1
—— ,e=—neN, n>2
2n(n — 1) n
— 1/1 1
0@ =3 -(=-¢) , ——=<e<-, neN (3)
2\ n n+1
1 ,e>1

Moreover, let us fix (z,y) € D(e + d6(¢)).
If f2(z) = f2(y), obviously it is

d(f*(x), f*(y)) <e . (4)
If f2(x) # f2(y), then (4) is verified in the case ¢ > 1, whereas, in the case
€ < 1, we have two different situations:

1

if there exists a natural number m € IV such that e = _-, by using (3) we get

1 < 1
2m(m—1) m—1

1
d($7y) = max{x7y} < % +

and, since f? is nondecreasing, we obtain

1 1
AP @) 520 = Pt < £ (7 ) = g <5
if there exists a natural number m such that ¢ € }%, % [, by taking into

account of (3) we can write

d(a:,y)<€+5(a):€+1<1—5> <i

2\m m

and this implies, by using again that f? is nondecreasing, the following in-

equality

A(F2 (), () = f(max{e, ) < /2 (1) =L <.

m
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Hence, f? satisfies the desired property (KM)’. O

Remark 3.3. We note that there exist functions verifying the hypotheses of
our Corollary 3.1 but not all the assumptions required in Theorem 2.2 and
vice versa. It is demonstrated by the following examples.

Example 3.2. Let X = [0, 2] be the complete metric space endowed with the
Euclidean metric, say d. Let f: X — X be the function defined as

0 , zel0,1]

flz) =
1, z€1,2).

Being f2(x) =0, € X, then f obviously satisfies the assumptions required
in Corollary 3.1.

In order to see that f is not with complete graph, we fix the Cauchy sequence
(Tn)nemw, where x, = 1+ % Of course (f(xy))new is also a Cauchy sequence;
moreover, (x,)pen converges to z = 1, but (f(x,))nenw converges to 1 #
f(1) = 0. Therefore, it is not possible to deduce the existence of a contractive
fixed point by applying Theorem 2.2.

Let us prove now that there exist functions satisfying the conditions required
in Theorem 2.2, but for which does not exist any natural number p such that
fP verifies the property (KM). This is true also in complete metric spaces.

Example 3.3. Let X = {0} U B U IN be the complete metric space endowed
with the euclidean metric d, where B = {% : ne IN}. Let f: X — X be
the function defined by

0 , x=0
T

142z A
fa) =9

— , rt€DUEFE

x

1

5 , x€eF

where
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E={2n : nelN}, F={2n—-1:nelN}.

First of all, let us prove that f is a function with complete graph. To this
aim, let us fix a Cauchy sequence (z,)nen such that (f(x,))nen is also a
Cauchy sequence.

If there exists x € X such that definitively x,, = x, then (z,),ecn trivially
converges to x and (f(x,))nen converges to f(x).
Otherwise, the sequence (zy,)ncv satisfies the following properties.

(P1) The set {x,, : x, € IN, n € IN} is finite.

In fact, if by contradiction we suppose not, then (x,)nen is not a Cauchy
sequence.

(P2) The set {x,, : n € IN} is infinite.

In fact, again by contradiction, suppose that the set {x,, : n € IN} is finite.
Thus, being the sequence (x,)nen not definitively constant, there exist at
least two elements of the set, x1, 52, with x;,1 # x3,2, and there exist two

subsequences (l‘n}c)keﬂ\/v (xni)kEW of (zp)nemw such that
Ty =xp and  re =xp2, ne IV

Then it contradicts that (z,)nemn is a Cauchy sequence.

(P3) The set {z,, : n € IN} N D is finite and the set {z,, : n€ IN}NC is
infinite.
In fact, taking into account of the properties (P1) and (P2), it is sufficient to
show that the set {z,, : n € IN} N D is finite.
On the contrary, we suppose that the set {z,, : n € IN} N D is infinite. Thus,
we can deduce that
for every k € IN there exist two natural numbers ji, my with jg, mg > k such
that

Tjr Tmy, €D, x5 F# Ty, -

By using the definition of f, we have that for every k& € IN there exist two
odd natural numbers p, qx with pr # g such that

Therefore, the sequence (f(zy))nen cannot be a Cauchy sequence and then
we have the contradiction.
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Now, by using the properties (P1) - (P3), we go to conclude that also in
this case, where (zp,)nev is not definitively constant, there exists € X such
that x,, — z and f(z,) — f(2).

Of course, the sequence (x,)nen converges to an x € X.

The value of x cannot be greater than 0. In fact, by means of the property
(P3), we can say that there exists a subsequence (xy, )rev of (n)nen with
Zpn, € C, k € IN, and such that {z,, : k€ IN} is infinite.

Then, there exists k € IN such that for every k € IN with k > k it is Ty, > 5
Fixed m € IN such that ﬁ < 5 and taking into account that z,, € C, k € IN,
the following inclusion holds

(11 1
C k> L G
{n, k—k}c{z’zl’ ’2(m—1)}

This inclusion contradicts that {z,, : k€ IN} is infinite. Therefore, x must
be equal to 0.

Moreover, from the reasonings above, we have estabilished that there exists
an infinite set {z,, : k€ IN} C C.

By applying the definition of f we can write the estimate

0< flzp,) <xp,, k€N

so we can deduce that f(z,,) — 0 = f(0). By means of the uniqueness of
the limit algorithm, also the whole sequence (f(zy,))nen converges to 0.
Therefore we can conclude that f is a function with complete graph.

Next, let us show that f satisfies the assumption (L) of Theorem 2.2.
Let us fix € > 0 and choose r = r(¢) = [1] + 2 (where [a] denotes the integer
part of a real number a). Then we are able to prove that

d(f"(z), f"(y) <e (5)
even for (z,y) € X x X.
The definition of f leads us to consider the following cases:
e x = 0: of course it is
fr@)=0<e;
e ¢ € (" in this case, the definition of C' implies that there exists m € IN

_ 1
such that x = S and so

1 1 x
f(x):f(m):2m+2:1+2mec‘
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It is easy to see that all the iterates of f have the following expression

fP(x)

B x
14 2px

eC, pelN. (6)

Therefore f"(z) = 1 +$2 and, moreover, the following estimate holds
rT

fray<t<e

e x € D: in this case we have

1 1
f@)==€eF, fla)=5€C. (7)
x 2
So the previous case implies
F@) = <o
2(r —1) ’
e r € E: here we have
1
=—-cC
fla) =
and then, as above, we can apply the case for z € C' and obtain
1
T — <e:
f'(z) 2(r—1)+= °
e x € F': in this setting we have
1
flx)=z€C.
2
Hence, again as above, we get
frla)= o <<
2r

Therefore, we can conclude that

@), f'(y) € 0,6, wyeX

and (5) is proved.

Finally, let us show that the hypothesis of our Corollary 3.1 is not fulfilled.
The proof is by contradiction; indeed we suppose the existence of a natural
number p such that fP verifies the property (KM)’.

The number p cannot be equal to 1. In fact, in correspondence to ¢ = 1 we
should have that

there exists §(1) > 0 such that d(f?(z), fP(y)) <1, (z,y) € D(1+04(1)).
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=

But it is not possible since, if Z = 1 and § = %, then (z,7) € D(1+ (1)) and
d(f*(z), f*(y)) = 7
Let us prove that neither p > 2 is acceptable. Indeed, with the same reasoning

as above, in correspondence to € = ﬁ there exists § = ¢ (%) such that, in

particular for £ = %, n even, and § = %, m odd, with (Z,y) € D (ﬁ + 5) we

have
1
d(fP(@), fP(5)) < — .
(@0 < o 0
Since & € C and g € D, from (6) and (7) the estimate (8) can be written as
n+2 1

< .
2p+n)2(p—1) 2p
On the other hand, the following inequality holds

i n-+2 1 S 1
im = il
n—too (2p+mn)2(p—1) 2(p—1) " 2p
which leads again to a contradiction. O

Remark 3.4. We wish to conclude by observing that our property (F) is
different from the property involving the Hausdorff distance adopted in the
existing literature (see e.g. [7], [8]). It is shown from our Example 3.2 just
reading that function f as a multifunction. O
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