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Abstract. We propose a general coordinate relaxation algorithm Pt = gk — wktikei’“ for
solving the nonlinear equation F'(z) = 0, where F' : D C R™ — R" is a nonlinear mapping.
Under appropriate conditions we prove a semi-local convergence theorem for this algorithm.
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1. INTRODUCTION

Consider the system of nonlinear equations
F(x)=0, z€D (1.1)

where F': D C R” — R" is a nonlinear mapping and D is a nonempty subset
of R™. Write

fi(z,xo, -+ xp)
Fla) = fo(x1, 2, -+, xp)
fn(mlax% 7:1771)
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Equation (1.1) is rewritten as

f1($1,$2,"‘ axn) = 07
f2 L1, L2, , T :07

( . n) xz € D.
fn(l'lal?a"' al‘n) = 07

In this paper we discuss the convergence for Eq. (1.1) of the following general
coordinate relaxation method

aF = oF — ot e, k=0,1, (1.2)

where ¢;, is a step-size of the iteration, wy is a relaxation parameter, and
i €{1,2,--+ ,n}.

If F: D CR"— R"”is a gradient mapping (i.e., there is a function
g: D CR" — R such that F(z)" = ¢/(x) for x € D) and if F is a contin-
uously differentiable and uniformly monotone or strictly monotone mapping
on D, Schechter [5] and respectively, Brewster-Kannan [2] proved the global
convergence of the nonlinear SOR-Newton mehtod

X k
xk}-ﬁ-l k flk(‘r ) ik k‘:O,l,

=2 —wp————€
fzklk(‘rk) ’

where f;;(x) denotes the (i, j)—entry of the Jacobi matrix of F'(z).
Consider now the case where F' is a nongradient mapping. In [1], Bers
proved that if F’(z) is uniformly diagonally dominant, then the Gauss-Seidel

method
ghtl = gk — apetk

where ay, is such that fi, (2% — age™) =0
has global convergence.

While Gipser [3] proved the global convergence of the following method

aktl = ok + tkeik
where t;, is such that fi, (1) = cp fir(z¥), cx € 0,1 —¢], € >0,

where Gipser assumed that there exists a nonsingular diagonal matrix S such
that either F'(z)S is uniformly row diagonally dominant or SF’(z) is uni-
formly column diagonally dominant.

In this paper we prove the semi-local convergence of the algorithm (1.2) in
which we consider the following iteration order:
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(I) iy satisfies the equation

max |F(z®)TF'(z%)el| = |F(2®)T F'(z%)e*|. (1.3)

1<j<n
Our step-size t;, satisfies the condition

G :?) IF(x’“)Tf’(x’“)eikl

IN

tiksgn(F(xk)TF/(fL’k)eik)

L+ B\ |F(a")"F'(a*)e™]
(1 +(5> T‘Z‘k

k

and the relaxation parameters wy satisfies the condition

1-d<wp <146

2. SEMI-LocAL CONVERGENCE OF THE ALGORITHM

There has been little discussion on the semi-local convergence for the
coordinate-relaxation algorithm 1.2. Below we give such a semi-local con-
vergence theorem for the algorithm 1.2 with iteration order (I).

Theorem 2.1. Let F : D C R" — R"” be continuously differentiable on the
set D. Assume that F'(x) is nonsingular on D and there holds the following
condition

|F () F'(2)"e! = F(y) " F'(y)e!| < rjlle =y (2.1)
where r; >0, j =1,2,--- ,n. Suppose

v = max max ||F'(z)e’||s < oo
zeD 1<j<n

and

' ||Z/1||I;:19;I€1D1I£]agxn”y (z)e |2 (2.2)

If 2° € D is such that the closed ball S = S(2°,ty) := {x : ||z—2°||2 < to} C D,
where
(1+ B 0
to=——"—|F(x")|2,
AP
with B being a real number such that 0 < § < B <1 and (1 — 2)r? < rmin,
and rmin = mini<j<ny i, and if the iteration order {iy} satisfies (1) with the



344 XIMING YIN

step-size {t;, } satisfying the condition

_ 2T B! (k) et :
(122 EelEEN o r e e
(1 + ﬁ) |F(ﬂsk)TF’(:ck)eik]
- 146 Ty

where § and B are such that 0 < d < B3 < 1, then for any 1 — 9§ <wp <1496,
there hold the following conclusions for the algorithm 1.2:
(i) {z"} € S;
(ii) 2% — 2* € S as k — oo and F(z*) = 0; and
(i) 12 — 2"z < tog".

Proof. First we prove the following conclusion by induction: for all k£ > 1,
(a) zF € S,
(b) IF(@")]l2 < gl|F(z*~")[l2, and
(c) ¥ — ah1l2 < CHZ) F(a)]l2".

Tmin

Indeed, when k = 1, we have

' =22 = wolts]
F 0 TF/ 0\ ,i0
< (1+ﬁ)| () F'(27)e"|
’I“io
148 A
< L F () |21 F (o)™ 12
mwn
1+ 06)v
< LD poy), <
T'min

Hence z! € S. Put
1
p(r) = §HF(I)II§-
Then

2
>1ﬂ

o(a%) = () > =5 = [P F (o))" (2.4)

Notice that

|F(z°)TF'(2°)e| = max |F(z°)TF'(2°)e’].
1<j<n

If F(2°) # 0, then using v > 0 we infer that

max |F(2°)"F'(2%)e?| > || F(2°)]|2. (2.5)
1<j<n
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From (2.4) and (2.5) it follows that

_ 32),2
IBEOIE -~ 1FEE > L )

maxr

and
IF ()2 < gllF@”)]2-
Consequently (a)-(c) hold for k¥ = 1.

345

Assume that for some k > 1, (a)-(c) hold for all 1 < j < k and prove that

(a)-(c) remain true for k + 1. Indeed we have

[2* T — 2k |y = wlt,]
F (2R F' (zF)etx
oL CaTl
i
1 X
< 118 Pk P (ke
T'min
1
< WL by,
T'min

By the induction assumption we get

b+t — okl < LEOY) o0y g

min

In the meanwhile we have

|2+ — 2%

— T

IN

k . .
Z Iz = 27]l2

U+ O ||QZQ<750

min
We therefore have that z**! € S. Since v > 0 and

IN

1-p32 ,
ola) — pla ) > TP (o),
Ty,

we obtain

|F ()T F'(2")e™| = max |F(2!)TF'(a7)e’| = 7| F(2")]|2.

1<j<n

By (2.6) and (2.7) we get

1— 2\~ 2
1P - 1P > O )

max
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Hence
IE(@M)I3 < qllF ("))
and we have proved that (a)-(c) hold for all £ > 1. Thus (i) holds.
For all integers k, m > 1, we have

m—1
2" — 2Py < Y [l =
7=0

(1+pB)v

mwn

IN

m—1
1P )2 ¢ < tod”. (2.8)
7=0

It follows that {z*} is Cauchy and hence convergent to z* (say) in S. By
(a)-(c) we see that

IE (@) l2 < ¢"[F ()2, 0 < g < 1.

Taking the limit as k — oo to obtain that F'(z*) = 0. This verifies (ii). To see
(iii) we let m — oo in (2.8) to get ||z% — 2*||2 < toq". O
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