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1. Introduction

The following class of probabilistic contractions, intensively studied in the
fixed point theory in probabilistic metric spaces (see e.g. [1], [2]), has been
introduced by T. L. Hicks.

Definition 1.1. ([4]) If (S, F ) is a probabilistic metric space, a mapping
f : S → S is called C-contraction (or Hicks C-contraction) if there exists
k ∈ (0, 1) such that the following implication holds for every p, q ∈ S and
t > 0 :

(H) Fpq(t) > 1− t ⇒ Ffpfq(kt) > 1− kt.

In [6] Radu showed that every C-contraction in a Menger space (S, F, T )
with T ≥ TL is actually a Banach contraction in the metric space (S, K),
where K (p, q) = sup{t ≥ 0 : t ≤ 1 − Fpq(t)} ( Hicks had proved this only for
Menger spaces under the t-norm TM ) and he also proved the following more
general result:
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Theorem 1.2. ([6]) Let (S, F, T ) be a complete Menger space such that
sup
a<1

T (a, a) = 1. Then every C-contraction f on S has a unique fixed point

which is the limit of the sequence (fnp)n∈N for every p ∈ S.

There are many fixed point theorems concerning probabilistic contractions
of Hicks type in Menger spaces, generalizing Radu’s result. The aim of this
note is to improve two recently appeared in this journal such theorems, be-
longing to Radu.

2. Preliminaries

In this section we briefly recall some facts from probabilistic metric spaces
theory that we will use in the sequel. For more details we refer the reader to
the books [2] and [10].

A triangular norm T (shorter t-norm) is a binary operation on the unit
interval [0, 1], which is associative, commutative, nondecreasing at both places
and T (x, 1) = x for every x ∈ [0, 1]. Basic examples are the t-norms TL

( Lukasiewicz t-norm), TP and TM ,defined by TL(a, b) = max{a + b − 1, 0},
TP (a, b) = ab and TM (a, b) = min{a, b}.

Any continuous, strictly decreasing mapping f : [0, 1] → [0,∞) with f(1) =
0 determines a continuous t-norm Tf by

Tf (a, b) := f (−1)(f(a) + f(b)), ∀a, b ∈ [0, 1]

where f (−1) : [0,∞) → [0, 1], f (−1)(x) = f−1(x, f(0)) is the pseudo-inverse of
f.

A distance distribution function is any mapping F : [0,∞) → [0, 1] which
is nondecreasing, left continuous on (0,∞) and F (0) = 0. The class of all
distribution functions is denoted by ∆+. D+ is the subset of ∆+ containing
all functions F which also satisfy the condition lim

t→∞
F (t) = 1.

If X is a nonempty set, a mapping F from X × X to ∆+ is called a
probabilistic distance on X and F (x, y) is denoted by Fxy.

Definition 2.1. If S is a nonempty set and F is a probabilistic distance on
S with the properties:

(PM0) : Fpq = ε0 ⇔ p = q
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(PM1) : Fpq = Fqp ∀p, q ∈ S

then the pair (S, F ) is called a probabilistic semimetric space ( shortly PSM -
space). A PSM -space that satisfies a certain kind of ”triangle inequality” is
called a probabilistic metric space.

A Menger space is a triple (S, F, T ) where (S, F ) is a PSM space, T is a
t-norm and the following triangle inequality holds:

(PM2M ) Fpr(x + y) ≥ T (Fpq(x), Fqr(y)) ∀p, q, r ∈ S, ∀x, y ≥ 0..

Definition 2.2. ([5]) A PSM -space (S, F ) satisfying the triangle inequal-
ity

(PM2H) ∀ε > 0 ∃δ > 0 : Fpq(δ) > 1− δ, Fqr(δ) > 1− δ ⇒ Fpr(ε) > 1− ε

is called an H-space.
Note that every Menger space (S, F, T ) with T satisfying sup

a<1
T (a, a) = 1 is

an H-space.
If (X, F ) is an H space, then the family

{Uε,λ}ε>0,λ∈(0,1), where Uε,λ = {(x, y) ∈ X ×X : Fxy(ε) > 1− λ}

is a base for a metrizable uniformity on X, called the F -uniformity and de-
noted by UF . The F -uniformity is also generated by the family {Vδ}δ>0

, where
Vδ := Uδ,δ. UF naturally determines a topology TF on X, named the F -
topology: It has as neighborhoods base at x the family {Ux(ε, λ)}ε>0,λ∈(0,1),

where Ux(ε, λ) = {y ∈ X : Fxy(ε) > 1 − λ} or the family {Ux(ε)}ε>0, where
Ux(ε) = {y ∈ X : Fxy(ε) > 1− ε}.

In what follows the probabilistic metric spaces are endowed with the F -
uniformity.

3. Main results

First we recall some results from the quoted paper [9].
In the next definitions M is the family (firstly considered in [7]) of all

functions m : [0,∞) → [0,∞) such that

i) : m(t + s) ≥ m(t) + m(s);

ii) : m(t) = 0 ⇔ t = 0;

iii) : m is continuous
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and Φ is the family of all functions φ : [0,∞) → [0,∞) such that

i) : φ is strictly increasing;

ii) : φ is right continuous;

iii) : lim
n→∞

φn(t) = 0 ∀t > 0.

Definition 3.1. ([9]) A PSM space (X, F ) is called a PM -space of type
M if the following triangle inequality holds:

(PM2µ) Fpq(t) > 1− µ(t), Fqr(s) > 1− µ(s) ⇒ Fpr(t + s) > 1− µ(t + s),

where µ ∈M is given.
Definition 3.2. ([9]) Let (S, F ) be a probabilistic semimetric space. A

mapping A : S → S is called a ϕ-µ C-contraction if, for some ϕ ∈ Φ and µ

∈M,

p, q ∈ S, t > 0, Fpq(t)) > 1− µ(t) ⇒ FApAq(µ(ϕ(t)) > 1− µ(ϕ(t)).

Theorem 3.3. ([9, Theorem 2.1.12]) Let (S, F ) be a complete Menger
space of type M, for which (PM2µ) holds. Then every ϕ-µ C-contraction has
a unique fixed point which can be obtained by the successive approximations.

Theorem 3.4. ([9, Theorem 2.1.15]) Let (S, F, Tf ) be a complete Menger
space. Then every mapping A : S → S which satisfies, for some µ ∈ M and
ϕ ∈ Φ, the condition:

p, q ∈ S, t > 0, f ◦ Fpq(t) < µ(t) ⇒ f ◦ FApAq(ϕ(t)) < µ(ϕ(t))

has a unique fixed point which is the limit of successive approximations.
In Theorem 3.6 below,M1 is the family of all functions m : [0,∞) → [0,∞)

such that

µ1) : µ(t) = 0 ⇔ t = 0;

µ2) : lim
t→0

µ(t) = 0;

µ3) : ∃t > 0 : µ(t) > 1

and Φ1 is the family of all functions ϕ : [0,∞) → [0,∞) such that

ϕ1) : ϕ(t) = 0 ⇔ t = 0;

ϕ2) : lim
n→∞

ϕn(t0) = 0 for some t0 with µ(t0) > 1.
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Notice that M1 includes M, for each m ∈ M is an increasing, continuous
bijection from [0,∞) to [0,∞).

Proposition 3.5. Every PM -space of type M is an H-space.
Proof. Suppose (X, F ) is a PM -space of type M. Let ε > 0 be given and

s > 0 be such that s < ε and µ(s) < ε. Choosing δ = min{s/2, µ(s/2)} we
have δ > 0 and Fpq(δ) > 1 − δ, Fqr(δ) > 1 − δ =⇒ Fpq(s/2) > 1 − µ(s/2),
Fqr(s/2) > 1− µ(s/2) =⇒ Fpr(s) > 1− µ(s) =⇒ Fpr(ε) > 1− ε.

As we have already noted, any Menger space with sup
a<1

T (a, a) = 1 is also

an H-space. Particularly, a Menger space (S, F, Tf ) is an H space.
The following theorem improves Theorem 3.3. and Theorem 3.4.
Theorem 3.6. Let (S, F ) be a complete H space and A : S → S be a

mapping with the property

p, q ∈ S, t > 0, f ◦ Fpq(t) < µ(t) ⇒ f ◦ FApAq(ϕ(t)) < µ(ϕ(t)),

where f : R → R a continuous decreasing bijection with f(1) = 0, and
µ ∈ M1, ϕ ∈ Φ1. Then A has a unique fixed point, which is the limit of
successive approximations.

Proof. Let f−1 : R → R be the inverse of f . We rewrite the contractivity
condition as

p, q ∈ S, t > 0, Fpq(t) > f−1 ◦ µ(t) ⇒ FApAq(ϕ(t)) > f−1 ◦ µ(ϕ(t)).

As in the quoted paper of Radu [6], we will proceed in four steps:
Step 1: A is (uniformly) continuous
Let ε > 0 λ ∈ (0, 1) be given. We can choose t > 0 such that ϕ(t) < ε and

µ ◦ ϕ(t) < f(1− λ) (such a t is ϕm(t0) for some m).
Let ε1 = t and λ1 = 1−f−1(µ(t). Then Fpq(ε1) > 1−λ1 implies FApAq(ε) >

FApAq(ϕ(t)) > f−1 ◦ µ(ϕ(t)) > 1− λ.

Step 2: (xn)n∈N xn = Anx (A0x = x) is a Cauchy sequence for every
x ∈ X.

Fix a t0 such that µ(t0) > f(0) and limn→∞ ϕn(t0) = 0. We will show that,
for every n ∈ N, the following relation (R) holds:

(R) : Fxnxn+m(ϕn(t0)) > f−1 ◦ µ(ϕn(t0)) ∀m ∈ N.

(R) is true for n = 0.
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Next, Fxnxn+m(ϕn(t0)) > f−1 ◦ µ(ϕn(t0)) implies FAxnAxn+m(ϕn+1(t0)) >

f−1 ◦ µ(ϕn+1(t0)) that is,

Fxnxn+m(ϕn(t0)) > f−1 ◦ µ(ϕn(t0)) =⇒

Fxn+1xn+1+m(ϕn+1(t0)) > f−1 ◦ µ(ϕn+1(t0)).

This completes the proof of (R).
Let now ε > 0 be given and n0 ∈ N be such that f−1 ◦ µ(ϕn(t0)) > 1 − ε

and ϕn(t0)) < ε ∀n ≥ n0. Then, for all n ≥ n0 and m ∈ N, Fxnxn+m(ε) > 1−ε,
which shows that (xn) is a Cauchy sequence.

Step 3: A has at most one fixed point
If x, y in S are such that Ax = x, Ay = y then, as above, Fxy(ϕn(t0))) >

f−1 ◦ µ(ϕn(t0)) ∀n ∈ N . On taking n →∞ one obtains Fxy(0+) = 1, which
implies x = y.

Step 4: A has a (unique) fixed point
Since S is complete, there exists p ∈ S such that limn→∞ xn = p. From the

continuity of A it follows that A(Anx) → Ap, that is, Ap = p.

Corollary 3.7. Let (S, F ) be a complete H space and A : S → S be a
mapping with the property that

p, q ∈ S, t > 0, Fpq(t)) > 1− µ(t) ⇒ FApAq(µ(ϕ(t)) > 1− µ(ϕ(t)),

where µ, ϕ : [0,∞) → [0,∞) have the properties: µ1)− µ3), ϕ1)− ϕ2). Then
A has a unique fixed point, which is the limit of successive approximations.

The proof follows from Theorem 3.6, with f(t) = 1− t.
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Bucureşti and Kluwer Academic Publishers, 1989.
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[3] O. Hadžić, E. Pap, R. Mesiar, A fixed point theorem in probabilistic metric spaces and an

application, Journal of Mathematical Analysis and Applications, 202 (1996), 433-449.

[4] T. L. Hicks, Fixed point theory in probabilistic metric spaces, Univ. u Novom Sadu Zb.

Rad. Prirod.-Mat. Fak. Ser. Mat., 13 (1983), 63-72.

[5] T. L. Hicks, P. L. Sharma, Probabilistic metric structures: Topological classification,

Univ.u Novom Sadu Zb. Rad. Prirod.-Mat. Fak. Ser. Mat., 14 (1984), 43-50.

[6] V. Radu, Some Fixed Point Theorems in Probabilistic Metric Spaces, Lecture Notes in

Mathematics, 12333, Springer, Berlin (1987), 25-133.



NOTE ON GENERALIZED C-CONTRACTIONS 309

[7] V. Radu, A family of deterministic metrics on Menger spaces, West University of
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