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1. INTRODUCTION

Let (M, d) be a complete metric space; and f : M — RU{oc}, some function
with the properties

f is proper (Dom(f) # (), bounded below (f, = inf[f(M)] > —o0) (101)

fislscover M (f(x) <liminf f(x,), whenever z,, — x). (102)

A basic variational statement involving these data is the 1974 one in Ekeland
[7] [referred to as Ekeland’s variational principle (EVP); cf. Section 2]. It found
some useful applications to control and optimization, generalized differential
calculus and critical point theory; see the 1979 paper by Ekeland [8] for a
survey of these. So, it cannot be surprising that, soon after its formulation,
many extensions of it were obtained. Among these, the 1997 one obtained by
Zhong [18] [and referred to as Zhong’s variational principle (ZVP)] is of interest
for us. Nevertheless, the argument used there is rather involved. It is our aim
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to show (in Section 3) that a simplification of it is possible; precisely, that
ZVP is deductible from EVP (hence equivalent with EVP). Further aspects
will be discussed elsewhere.

2. EVP (THE RELATIVE FORM)

Let (M,d) be a complete metric space; and ¢ : M — Ry U {oo}, some
function with

1 is proper and lsc on M (cf. Section 1). (201)

Denote by (<) the relation (over M)

(z,ye M) z <yiff d(z,y) +¥(y) < ¥(x). (202)

It is not hard to see that (<) is (i) a quasi-order (reflexive and transitive) on
M, and (ii) an order (antisymmetric quasi-order) on Dom(%)). Let also (<)

stand for the associated strict order
(r,ye M) z<yiff e <yand xz #y.
Call the point z € M, (<)-mazimal if
weM, z<w=z=w (le: z <z is false, for each x € M). (203)

Note that, by (201) above, any point with this property is necessarily in
Dom(v). Concerning the maximal elements of the structure (M, <), the fol-

lowing result is available.

Theorem 1. Let the precised conditions be admitted. Then, for each u €
M, there exists v = v(u) in Dom(v) with

d(u,v) <(u) —1(v)  (wherefrom u <wv, p(u)>1P(v)) (204)
d(v,z) > P(v) —Y(x), Ve € M\ {v} (hence v is (<)-mazimal). (205)

Some remarks are in order. A first proof of Theorem 1 was given in 1974
by Ekeland [7]. For this reason, it will be referred to as Ekeland’s variational
principle (EVP). On the other hand, this result is logically equivalent with
the 1975 Caristi-Kirk fixed point theorem [5]. Hence, the transfinite induction
reasoning used by the quoted authors is also working in our setting; see also
Wong [17]. A sequential type argument (which, in fact, yields an ordering
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principle that extends Theorem 1) was given in the 1976 paper by Brezis and

Browder [3]; for various extensions of it we refer to Altman [1], Turinici [15]

or Kang and Park [9]. A proof of Theorem 1 involving the chains of the

structure (M, <) may be found in Turinici [14]; and its sequential translation

has been developed in Dancs, Hegedus and Medvegyev [6]. Some pseudometric

extensions of these facts were proposed in Tataru [13]; see also Valyi [16].
Note that Theorem 1 is just the original Ekeland’s principle, via

Y(z) = (Ne)(f(x) — f«), © € M (where f, is as in (101)). (206)

Moreover the very formulation of (204)4(205) in terms of (<) makes our
statement be viewed as a version of Zorn’s maximality principle (cf. Moore
[10, ch 4, Sect 4]) for the class of quasi-orders introduced via (202). Further

aspects may be found in Brunner [4].

3. MAIN RESULT
Let b: Ry — R4 be some normal function; i.e.

b is decreasing and strictly positive on R (301)

B(oo) = 00, where B(t) = /Ot b(t)dr, t>0. (302)

Some basic facts involving the couple (b, B) are being collected in

Lemma 1. The following are true

sb(t+s) < B(t+s) — B(t) < sb(t), Vt,s € Ry (303)
B and B~ are order homeomorphisms of R (304)
T [B(r +t) — B(7)] is decreasing on Ry, VYt >0 (305)
B is sub-additive and B™! is super-additive. (306)

Now, let (M, d) be a complete metric space; and f : M — RU {oo}, some
function taken as in (101)4(102). Further, take a couple (g, \) of strictly

positive numbers; and a function I' : M — Ry with
IT(z) — T(y)| < d(z,y), for all x,y € M  (nonexpansiveness). (307)
Let ¥ = 9(f;¢,A;T') be the function from M to R U {co} given as

Y(x) = B~H BT (2) + (Ae)(f(z) — fu)) = T(z), € M; (308)
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or equivalently (in the implicit way)
f(@) = fe + (e/NBI(2) + ¢(x)) = B(L'(x))], =€ M. (309)
By the assumptions upon f, it is clear that « fulfils (201); and, moreover,
f(z) =0 iff (x) =00  (hence Dom(f) = Dom(3))).
The following property will be useful for us:

Lemma 2. Under these conventions,

(e/Mb(I'(2)d(z,y) + f(y) < f(x) = d(z,y) + P(y) < (). (310)

In particular, when
I'(z) =d(a,z), v € M, forsomeae€ M, (311)

this result covers the one due to Park and Bae [11].

We are now in position to state the main result of this exposition.

Theorem 2. Let e, A > 0 be as before and u € Dom(f) be arbitrary fized.
There exists then a point v = v(e, A\;u) € Dom(f) with

Ju) = f(v), d(u,v) < $(u) — (o) (where ¢ is that of (308))  (312)
(e/Nb(T(W)d(v, z) > f(v) — f(z), forall xe M\ {v}. (313)
In particular, when (e, \;u) fulfil (for some p > 0)
Fw) < fote, AN<B@(u)+p) — BI(w), (314)
the above evaluation (312) gives

f(u) = f(v), d(u,v) <p  (hence |T(u) —T(v)| <p). (315)

Proof. Denote for simplicity
M, ={x e M; f(x) < f(u)} (where u € M is the above one).

By the Isc property (102), M, is closed (hence complete) and nonempty (since
u € M,). Let again 1 stand for the restriction to M, of the function v :
M — R4 U{oo} (introduced via (308)). By the remarks above, Theorem 1 is
applicable to (M,,d) and 1. So, for the starting point u € M,, there exists
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v =v(e, A\ju) € M, fulfiling (204)+(205). The former of these is just (312).
Moreover, if our data are like in (314) then (cf. (308))

d(u,v) < 9(u) = BB () + (Ae)(f(u) = f2)] = T(u) <
B~H(B(I(u)) +A) = T(u) < p;

and so, (315) follows. On the other hand, the latter of these gives at once
(313) if we take Lemma 2 into account. This ends the argument. ]

Now, Theorem 2 includes Theorem 1, to which it reduces when b = 1 (hence
1 is that of (206)). The reciprocal inclusion also holds, by the argument above.

Summing up,
Theorem 1 <= Theorem 2  (from a logical viewpoint). (316)

In particular, this is valid for I' taken as in (311) and b(.) = 1/(1+h(.)) (when
Theorem 2 becomes ZVP). Hence, the ”functional” extension of EVP assured
by ZVP has a technical significance only (related to (313)). This, however,
may be sometimes useful for concrete applications; a result of this type may
be found in Zhong [18]. Note that Theorem 2 cannot be deduced in the way
described by Bao and Khanh [2]; because the v-localizing evaluation (312)
is not accessible there. Further, by the remarks in Section 2, Theorem 2 is
also reductible to the Brezis-Browder ordering principle [3]. A direct proof
of this may be deduced under the lines in Ray and Walker [12]. Note finally
that Theorem 2 is the best result we can have under the normality setting
(301)4(302); we shall discuss this fact elsewhere.
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