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Abstract. We consider nonautonomous periodic systems with nonsmooth potential. Using
a variational approach based on the nonsmooth generalized Mountain Pass Theorem we
establish the existence of a nonconstant solution.
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1. INTRODUCTION

In this paper we study nonlinear periodic systems driven by the one-
dimensional p-Laplacian and having a nonsmooth potential.

Recently nonlinear boundary value problems involving the p-Laplacian, have
been studied by several authors. We mention the works of Dang-Oppenheimer
[4], Del Pino-Manasevich-Murua [5], Fabry-Fayyad [6], Guo [7], Manasevich-
Mawhin [11] and Papageorgiou-Yannakakis [13]. The above works with the
exception of Manasevich-Mawhin and Papageorgiou-Yannakakis deal with the
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scalar problem (i.e. N = 1) and their method is based on degree theory or on
the theory of nonlinear operators of monotone type.

Here we deal with systems involving the one-dimensional p-Laplacian and
with a potential function which is nonsmooth. So the resulting problem is
multivalued (differential inclusion). More precisely the problem under consid-
eration is the following:

{UﬂmV%%Wew@ﬂMammT:MM}

2(0) = z(b), 2/(0) = &' (b), 2 < p < . (1.1)

The potential function j(t,z) is locally Lipschitz in z € RY and 9j(t, z)
denotes the generalized subdifferential in the sense of Clarke [3]. Our approach
is based on the nonsmooth critical point theory of Chang [2] (for extensions
see Kourogenis-Papageorgiou [10]. Problems with nonsmooth locally Lipschitz
potential, are known as hemivariational inequalities and arise in mechanics and
engineering (see Naniewicz-Panagiotopoulos [12]).

Our proof uses the following nonsmooth extension of the so-called Linking
Theorem of Rabinowitz [14], p.28.

Theorem 1.1. If X is a reflexive Banach space, X =Y ®V with dimY < 400,
@ X — R is locally Lipschitz, satisfies the nonsmooth PS-condition and the
following conditions hold

(i) there exist r, a > 0 such that for all v € V with ||v|]| = r we have
p(v) = o;

(ii) there exist e € OB1 NV (By = {z € X : ||z| < 1}) and R > r such
that if Q ={v eV : |lv|| < R} & {Xe: 0 < X < R}, then p|ag < 0 with
0Q being the boundary of Q in'Y & Re,

then ¢ = infl;magcp(fy(u)) where I' = {y € C(Q,X) : v|ag = identity} is a
yel ue

critical value of ¢ with critical point x € X and ¢ > a. Moreover, if ¢ = a,

then x € V.

Proof. Using Proposition 5.9 (p.29) of Rabinowitz (which is still valid in the
present nonsmooth setting), for every v € I' we have
Y Q)NOB, NV #( (where B, ={z € X : ||z|| <r})

=c > Q.
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Next we show that c is a critical value of . Suppose that this is not

true. Using the nonsmooth deformation theorem of Chang [2] and Kourogenis-

(07

Papageorgiou [10], we can find € € (0, §) and £ : X — X a homeomorphism

such that
fz)=xforallz ¢ {uc X :|pu) —c < %} (1.2)
and p(§(z)) < c—ceforallz € X with p(z) < c+e. (1.3)
From the minimax definition of ¢, we can find « € I" such that

max [p(y(u)) 1 u € Q] < c+e. (1.4)

Let g = £ o 7. Evidently from hypothesis (i) and (1.2), we obtain that
g € T'. Then from (1.3) and (1.4) we obtain that ¢ < ¢ — ¢, a contradiction.
Finally if ¢ = «, then clearly x € V. O

2. EXISTENCE THEOREM

In this section we deal with problem (1.1). Our hypotheses on the non-
smooth potential are the following:
H(j): j: T xRN — R is a function such that j(-,0) € L>(T)

(i) for every x € RN t — j(t,z) is measurable;

(ii) for almost all t € T\, x — j(t, z) is locally Lipschitz;

(iii) for every r > 0, there exists 0, € LI(T) (% + % = 1) such that for
almost all t € T, all x € RY with ||z|| < r and all u € 9j(t, z) we
have ||u|| < 6,(t);

(iv) there exist n > p and M > 0 such that for almost all ¢ € T" and
all z € RY with ||z|| > M we have jO(¢, z;x) < nj(t,z) < 0;

(v) for almost all t € T' and all z € RY with ||2|| < 1 we have

1 .
—]ﬁ < J(ta x)

We consider the energy functional ¢ : Wplg? (T,RY) — R defined by
1, b
o) =Sl + [ ittty

It is easy to see that ¢ is locally Lipschitz (see also Chang [2] or Hu-
Papageorgiou [9]).
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Proposition 2.1. If hypotheses H(j) hold, then ¢ satisfies the nonsmooth
PS-condition.

Proof. First we show that for almost all £ € T and all € RY, we have
Jt,z) < ai(t) — az(t)||z]|" with aq, s € LYT) 4. (2.1)

To this end let Ny be the Lebesgue-null set outside of which hypotheses
H(j)(ii) — (v) hold and let t € T\Np, € RN, |[z]| > M. We set ¢(t,\) =
J(t, Ax), A > 1. Evidently v (¢, -) is locally Lipschitz. Moreover, from Theorem
2.3.10, p.45, of Clarke [3], we have that

DU(t, N) € (B (b M), )
=AU (t, \) C (02 (t, Ax), Ax) g
=\ (t,\) < mp(t,\) for almost all A > 1.
Here we have used the fact that ¥(¢,-) being locally Lipschitz it is differen-

tiable for almost all A > 1 and also we have used hypothesis H(j)(iv). Because
Y(t,\) < 0 (see hypothesis H(j)(iv)), we obtain

"ty A
g < i((t:)\)) for almost all A > 1.
Integrating this inequality from A =1 to A = Ag > 1, we obtain
¢(t7 )\0)
In) <1
P0= )

S (t, ho) < N(t,1) (since (£, \) < 0).
So we have proved that for ¢t € T\ Ny, ||z|| > M and A > 1, we have
J(t, Ax) < Nj(t, x).

Using this fact, we obtain

From the Lebourg Mean Value Theorem (see Clarke [3], p.41) we have that
for almost all t € T and all ||z|| = M we have

(8, 2) = 5(£,0)] = [(u(t), 2)a] with u(t) € j(t, pu()2), u(t) € (0,1)
=it 2)] < 13(6,0)] + aar(t)M = B(t) with 8 € LI(T).
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So if we set 31 (t) = max [j(¢, z) : ||z|| = M], evidently 8; < 0 (see hypothesis
H(j)(iv)) and 81 € LY(T). For all t € T\ Ny and all ||| > M we have

2\
Jjt,z) < <|J\4H> B1(t). (2.2)

Also for t € T\ Ny, j(t,-) is bounded on By = {y € RN : ||y|| < M}. Then
from (2.2) and since $; < 0 we obtain (2.1).
Now let {zp}n>1 C W;,}e’ff((T, RY) be a sequence such that

lo(zn)] < My for all n>1 with My >0 and m(z,) — 0.

For every n > 1, let z, € Op(zy) such that m(zy,) = ||z}||. The existence
of such elements follows from the fact that dp(z,) C Wal(T,RN)* is weakly
compact and the norm functional is weakly lower semicontinuous. Also let
A WoR(T,RN) — Wk (T, RN)* be the nonlinear operator defined by

b
(A(z), y) :/0 Iz’ (E)P~2 (2" (£), /' (¢)) et

It is easy to check (see also Hu-Papageorgiou [9]) that A is demicontinuous,

monotone, hence it is maximal monotone. For every n > 1, we have
*
xy = A(zy) + up

with u, € LY(T,RY), u,(t) € 0j(t, z,(t)) a.e. on T (see Clarke [3], Corollary
p.47). From the choice of the sequence {z, }n,>1 € Wy (T, RN) we have that

b
Lol + / ni (b n(8))dt < Min (2.3)

and [(z),zn)| < en||lxn| with e, | 0. (2.4)
Inequality (2.4) becomes
— (A(@n), zn) — (Un; Tn)pg < nlln]

b
= — |l |p — /0 (un(t), 20 (b)) rredt < en|zn]]- (2.5)
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Adding (2.3) and (2.4), we obtain

n b
(I - Dllaifin + / (03 (1 2 (1)) — (un(t), 2 (£))gor) dt < My + £l
p 0
b
(0= Dl + [ (i a(e) = (0 00(8)) e < M-+ 2]
p 0
(2.6)
We have
b
/0 (0 (£ () — 3°(t, 2 (); 2a(1))) dt
- / (0 (t, 20 (£)) — 0t 2 (1) 20 (1)) dit+
{llzn ()| <M}
/ (n3 (1, 2n(£)) — (¢, 2 (£); 2a(8))) d. (2.7)
{llzn ()| >M}

As before by virtue of the Lebourg Mean Value Theorem it follows that
there exists £ > 0 such that

— (T, Tn — 4 s Tn(t); xn . .
& < /WWM} (it 2 () — Ot wn () 2n (D)) b, (2.8)

Also from hypothesis H(j)(iv) it follows that

0< i(t, 2 (1)) — Ot 2 (t); zn (1)) dt. 2.9
< /{ oy (700 = 000 20(0) (2.9)

Using (2.8) and (2.9) in (2.7), we obtain

b
< /0 (03 (t. 20 (8)) — 10t 2a(t); 2n(1))) dt. (2.10)

Using (2.10) in (2.6), we obtain
<Z - 1> 27 |[b < &1+ [|lzn]|) for some & > 0and all n > 1. (2.11)

From (2.11) we shall infer that {z,},>1 C Wp(T,RY) is bounded. To this
end we argue by a contradiction. So suppose that {z, }n>1 C Wpk(T,RY) is
not bounded. By passing to a subsequence if necessary, we may assume that

|lzn]| — +o0. Set y, = ——, n > 1. Due to the reflexivity of Wl}éff(T, RN)

lznll’
and the compact embedding of Wplé’r) (T,RY) into O(T,RY), by passing to a
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suitable subsequence if necessary, we may assume that vy, — ¥y in Wz}éff (T, RY)
and y, — y in C(T,RY). Divide (2.11) by ||z, ||?. We obtain

7 , 1 1
— =1 [ly,llb < & < + )
<p ) lon Tl T

= (77 - 1) [9/IP < 0 (recall that y, = 3’ in LP(T,RN))
p

=1y =0 (since n > p)
=y=cecRY and y, — ¢ in WLE(T,RY).

per

Consider the direct sum decomposition Wpé’ﬂ (T,RY) = RN @ V where V =
{v e Wpéf T,RY) fo t)dt = 0}. So if z € Wplef(T RY), we have z = Z + 2
with Z € RN and Z € V. We have

~ N T . 7,
Tp =Tp + Tp, and Yy, =Y, + Yn with yn:i and P, = ——, n>1
[ [
From the previous considerations, we have
~ Zv\n 1,p N — fn . N
Yn =7 — 0 in W,2(T,R”) and ¥, = -—— —c in R".

[l [l

Suppose that ¢ = 0. Then y, — 0 in Wpléf(T, RY), a contradiction to the
fact that ||y,| = 1 for all n > 1. So ¢ # 0. This means that for all ¢ € T,
|zn(t)|| — +oo. In fact we shall show that this convergence is uniform in
t €T, ie. that rtrél%l |zn (t)|| — 4o0. For this purpose, recall that y, — ¢ in
Wk (T, RY). So given 0 < & < ||¢||, we can find ng > 1 such that for all n > ng
and all ¢ € T" we have

lyn(t) —cll < e
=0 <|lefl =& < llyn(@)]]-

Since by hypothesis ||z,| — 400, given u > 0, we can find ny > 1 such that
for all n > n; we have
[@n ] > p > 0.

Therefore for n > ny = max{ng,n;} and for ¢t € T\, we have

lan(®)] - n0)]
wo = el
= llant)]| > pés > 0.

=yl > [l —e =& >0
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Since p > 0 was arbitrary and & > 0 it follows that Enl%} |zn ()| — 400 as
€

n — +oo. So without any loss of generality we may assume that ||z, (¢)|] > 0
for all t € T and all n > 1. From the choice of the sequence {z},>1 C
W,}ér(T, RY), we have

b .
pM; pj(t, T (t
- 2L <l + pilt:zn(t) ;

BN ENE
le / b pj (ta mn(t))
o PML ey / pit D)y ey
EN R A PR ETT
My /b pas(t) — pas(®)|zn ()]l
LM lyn(OIPd (sce (2.1)).
A ! EROLL

Since n > p and rtnl%l |zn(t)|] — +o0, by passing to the limit as n — oo we
€
reach a contradiction. This proves that {z,}n>1 C W;}éf(T, RY) is bounded.
So we may assume that z,, — z in Wy (T, RY) and z,, — z in C(T,RY). From
the choice of the sequence {z, }n>1 C Wk (T, RY), we have

(a}, 2y — x)| < epl|wy — x| with &, | 0

=(A(zn), Tn — ) + (Un, Tn — T)pg < Enllzn — 2.

Since {zp fn>1 C W}}e’f(T, RY) is bounded (hence it is bounded in C(T,RY)),
by virtue of hypothesis H(j)(iii), we have that {up},>1 C LI(T,RY) is
bounded. So (uy, 2, — x)pq — 0. Therefore

limsup(A(zy,), z, —x) < 0.

n—oo

Because A is maximal monotone, it is generalized pseudomonotone and so
(A(zn), zn) — (A(2),2) = |24, — ||2'[|,. Because o, = 2’ in LP(T,RY) and
the latter is unoformly convex, from the Kadec-Klee property it follows that
2! — 2’ in LP(T,RY) and so finally we have z,, — = in Wy (T, RN). O

Let u € CY(T,RY) be a normalized eigenfunction corresponding to A\; > 0
the first nonzero eigenfunction of (—A,, Wy (T, RN)).

Proposition 2.2. [[u(-)||P"2u(-) € WaZ(T,RY) and fob lu(®)]|P~2u(t)dt = 0.
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Proof. Let £ = ||u|loc- Then for all ¢ € T we have HHu(t)HpQu(t)H < ¢l

hence |lu(-)||P~2u(-) € LP(T,RY). Also the function ¢t — |lu(t)|[P~2u(t) is dif-
ferentiable a.e. on 7" and

4 (1P 2u)) = (IO ) a(®) + L0 ac. on T

Note that
] ()P~ (1) ] <2 (1)

=[lu()|[P~2/(-) € LP(T,RY). (2.12)

Also from the chain rule and since {t € T : u(t) = 0} is Lebesgue-null, we
have

(g0 ate) = o= 2t > LD

[0
= Bt (SO u) ac. on
= | (Ghutone2) wo =Muuu)wﬁ*‘*)pumw L uo)?

(p—2) (p—3)p
< B¢

lu)l— IIU()

(p— 2)(2
< 2p1€p

II()

(p—2) (P=2)P||,,/ (+)]|P
é W& ||U (t)” a.e.on T

= (iuu(-)uﬂ) u() €LP(T,RY). (2.13)

d
From (2.12) and (2.13) it follows that 7 (lu() P~ 2u(-)) € LP(T,RY) and

so we infer that ||u(-)||P~2u(-) € Wz}e’f(T, RY). Also directly from the eigenvalue
equation we have [ [|u(t)|[P~2u(t)dt = 0. O

Remark 2.3. According to this proposition ||u(-)||P~2u(-) € V.

Next we set h(t) = |lu(t)||[P~2u(t) and we introduce the cylinder set

h(t
cR:{xewgg(TRN) 2(t) = +>\”h(/”) ERN,HCIISR,OgAgR}.
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By the Poincare-Wirtinger inequality ||2/||, is an equivalent norm on V.

Proposition 2.4. If hypotheses H(j) hold and R > 0 is large enough, then
¢lacs < 0.

Proof. First we check the lower base (i.e. A = 0) of the cylinder set. In this
case if z € Cp, then z = ¢ € RY and we have

b
o(c) = /0 J(t,c)dt < 0 (see hypothesis H(j)(v)).

For any = € Cr we have

L7
12|
(since ||hl[, < ~||F'||, for some vy > 0)

[} < bllellgs + A < bllelfgn + A (2.14)

Because of (2.1) for z € Cr we have

b
/ J(to(t)dt < & — Ella]] with &, > 0.
0
Thus for z € Cr we can write that
L . AP n
o(x) = |25+ [ @t z@)dt < — + & — &ollzl;)

p 0 b
AP P \P~P) P

< ?+€5_§6(6HCH + APAP)p

Then for x € Cgr located on the lateral boundary ||c|| = R of the cylinder
set and for € Cg on the upper base A = R of the cylinder set we have

RP
o) < . &R + &g for some &7,&5 > 0.
Because n > p, for R > 0 large we have

vlacy < 0.

Next let E={veV:|v|,= =}

pr—1

Proposition 2.5. If hypotheses H(j) hold, then 0 < i%f ®.
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Proof. From the Poincare-Wirtinger inequality we know that for all v € V'
lollBe < &=l
=[lo|Z, < PHV|E =1 for all v € E.

Then by hypothesis H(j)(v) we have that for all v € E and almost all t € T

1
(L, v(t)) > ———.
o) = —
Therefore for all v € E we have
1 1
e(v) = o1 }ﬁb =0

Now we are ready for the existence theorem concerning problem (1.1).

Theorem 2.6. If hypotheses H(j) hold, then problem (1.1) has a nonconstant
solution x € C1(T,RY).

Proof. By virtue of Theorem 1.1 there exists = € Wpléf (T, RN) such that
0 € dp(z) and 0 < p(x).

Evidently z € W]}é%n’ (T, RY) is nonconstant because for every ¢ € RY, o(c) <
0 (see hypothesis H(j)(iv)). We have

A(z) = u with u € LI(T,RY), u(t) € d5(t, z(t)) a.c. on T.

For every v € C5°((0,b), RY) we have

b b
/WﬂMW%ﬂmwmwﬁz/wwwmmﬁ-
0 0

Recalling that ||2/(-)||P~22/(-) € W=b4(T,RY) = W&’p(T, RY)* (see Adams
[1], p.50) we have that

b
mww%me=/wmw@mw=wwm
0

where (-, -)g denotes the duality brackets for the pair
(W, (¢, RY), W=L4(T, RY)). Since C°(T,RY) is dense in Wyl (T, RY), it fol-
lows that
(' @)P~22'(t))" = u(t) € dj(t,2(t)) ae. on T. (2.15)
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Also for every y € Wple’ff(T, RY), using Green’s identity (integration by
parts), we have

(A(2),y) = (2" ®)[P~22"(0), y(0)) g — (II="(0)]P~*2"(0), y(0)) g
b
- [ O 0) 0 g .
Because A(x) = u and using (2.15) we obtain

(" (©)P~22(0), y(0)) g = (Il=" (B)IIP~22" (), y (b)) g

for all y € Wo(T,RY) = 2/(0) = z/(b).

Also remark that because z € Wo(T,RY), we have x(0) = z(b). Fi-
nally since ||2/||P~22/ € Wped(T,RY), we have ||2/(-)|P~22/(-) € C(T,RN).
Because the map y — |[|y[|P~2y is a homeomorphism of RY it follows that
7' € Cper(T,RY) and so z € CL,, (T, RY) and it solves (1.1). O

per
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