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Abstract. In this paper we introduce a generalized point method for solving variational

inequality problems with monotone operators in a Hilbert space. It differs from the classical

proximal point method (as discussed by Rockafellar for the problem of finding zeroes of

monotone operators) in the use of generalized distances, called Bregman distances, instead

of the Euclidian one. These distances play not only a regularization role but a penalization

one, forcing the sequence generated by the method to remain in the interior of the feasible

set so that the method becomes an interior point one.
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1. Introduction

The proximal point algorithm (PPA) for the problem of finding zeroes of
an operator T in a Hilbert space generates a sequence

{
xk

}
⊂ H in the

following way: it starts with any x0 ∈ H and, given xk, xk+1 is taken so that
0 ∈ Tk

(
xk+1

)
where Tk(x) = T (x) + λk(x− xk) and λk(0, λ) for some λ > 0.

Let H be a Hilbert space with inner product (·, ·) and let T : H → 2H

be maximal monotone operator. Given a closed and convex set K ⊂ H, the
variational inequality problem V IP (T,K) consists of finding x ∈ K such that
there exists u ∈ Tx satisfying
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(u, x− x) ≥ 0 for all x ∈ K.

It is well known that V IP (T,K) is equivalent to finding a zero of the op-
erator L = T + Nk, whereNk is the normal operator associated to the set K.
Therefore, PPA can be used to solve V IP (T,K). In the both iteration, xk+1

must be a zero of Tk + Nk with Tk as above. Equivalently, xk+1 must be a
solution of V IP (Tk,K). So, PPA solves the variational inequality problem by
solving a sequence of variational inequality problems with the operators Tk.

Although the operators Tk are better conditioned in principle that T (for
example V IP (Tk,K) has a unique solution when V IP (T,K) has solutions),
the subproblems are structurally as hard to solve as the original problem.
In [5] Burachik proposed a generalized proximal point algorithm (GPPA) for
V IP (T,K) (where K has a nonempty interior) which generates subproblems
which are structurally simpler than the original problem.

In GPPA, it starts with a strictly convex function g : K → R whose
gradient 5g diverges at the boundary ∂K of K, and with the operators

Tk(x) = T (x) + λk

(
∇g(x)−∇g

(
xk

))
.

Strict convexity of g and divergence of ∇g at ∂K guarantee uniqueness and
existence of a zero of Tk, which belongs to the interior

◦
K of K. Such a zero

is automatically a solution of V IP (Tk,K), but in that method GPPA it can
just take xk+1 as the zero of Tk without any explicit consideration of the
constraint set K, which has been embedded into g (which is in fact an interior
penalty function tailored for the set K). In fact, we end up with genuinely
unconstrained subproblems.

Another way of looking at PPA and GPPA is the following: for PPA,
the factor x − xk in the definition of Tk is the gradient of sk(x) =

∥∥x− xk
∥∥2

so that, when Tx = ∂f(x) for some convex f , Tkx = ∂fk(x) with fk(x) =
f(x) + λk

∥∥x− xk
∥∥2 and V IP (T,K) reduces to min fk(x) subject to x ∈ K.

In the case of GPPA, it considers Dg : K×
◦
K→ R, defined as Dg(x, y) =

g(x) − g(y) − (∇g(y), x− y). If it defines now sk(x) = Dg

(
x, xk

)
, it gets,

from the definition of Dg, ∂sk(x) = ∇g(x) − ∇g
(
xk

)
so that we again have

Tk(x) = Tx + λk∂sk(x), and in the optimization case (Tx = ∂f(x)) a zero of
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Tk is just a minimizer of

fk(x) = f(x) + λkDg(x, xk).

Such a minimizer is unique and belongs to
◦
K due to the properties of g. In this

situation, g is said to be a Bregman function and Dg the Bregman distance
associated with g.

The B-functions that generalize Bregman functions has been introduced by
Kiwiel and has been used in [8], where a more general approach was developed.
In this paper two further assumptions on the function g (continuity in the
boundary of K and differentiability in the interior of K) are removed.

Using the papers [5] and [8] we demonstrate that the results (for the vari-
ational inequalities) by [5] can also be obtained with functions g as those
considered in [8] (it is a conjecture enunciated by Burachik [5]). Our main
converge result is the following: Under appropriate assumptions the general
algorithm generates a sequence that converges to x∗ ∈ S if and only if S 6= ∅
(by S an arbitrary B-function, we obtain first a partial convergence result,
meaning that the sequence is bounded, the distance between consecutive iter-
ates goes to zero, and every weak cluster point of the sequence is a solution
of the problem, and then a full weak convergence result (weak convergence of
the whole sequence to a solution of the problem) under a strong hypothesis
on B-function.

2. GB-functions

We first recall some useful concepts. The indicator function of K is denoted
by ik (ik(x) = 0 if x ∈ K, ∞ otherwise), and its support function by

i∗k(·) = sup
x∈K

(·, x).

For any proper convex function h : H → R, we consider its difference functions
(see [8])

Db
h(x, y) = h(x)− h(y)− i∗∂h(y)(x− y) for all x, y ∈ D(h), (1)

D]
h(x, y) = h(x)− h(y) + i∗∂h(y)(y − x) for all x, y ∈ D(h), (2)
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where ∂h represents the subdifferential of h. Its derivative in any direction d

at a point x where h is finite is denoted by

h′(x; d) = lim
t→0

[h(x + td)− h(x)]
t

In [9] was established that

h′(x; d) ≥ i∗∂h(y)(d) = sup{(g, d)|g ∈ ∂h(x)}.

From the definition of the support function and (2), we obtain

0 ≤ Db
h(x, y) ≤ h(x)− h(y)− (γ, x− y) ≤ D]

h(x, y), (3)

for all x, y ∈ D(h), γ ∈ ∂h(y). Db
h and D]

h generalize the usual Bregman
functions from [2], defined by,

Dh(x, y) = h(x)− h(y)− (∇h(y), x− y)) for all x ∈ D(h), y ∈ D(∇h), (4)

since

Dh(x, y) = Db
h(x, y) = D]

h(x, y) for all x ∈ D(h), y ∈ D(∇h). (5)

Db
h(x, y) and D]

h(x, y) are used like distances, because for x ∈ D(h), y ∈ D(∂h),

0 ≤ Db
h(x, y) ≤ D]

h(x, y), and

Db
h(x, y) = 0 ⇔ D]

h(x, y) = 0 ⇔ x = y

by strictly convexity.
We shall introduce a new concept starting from the concept of B-function

(see Kiwiel [8]).

Definition 1. A closed proper convex function h : H → R is called GB-
function (generalized Bregman function) if it satisfies the following conditions:

(B1) h is strictly convex on D(h);
(B2) h is lower semi-continuous on D(h);
(B3) For every α ∈ R and x ∈ D(h), the set

Lb
h(x, α) =

{
y ∈ D(∂h)| Db

h(x, y) ≤ α
}
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is bounded;
(B4) For every α ∈ R and x ∈ D(h), if

{
yk

}
⊂ Lb

h(x, α) is a bounded
sequence such that yk ⇀ y, then limk→∞ D]

h(y, yk) = 0.

(B5) If
{
xk

}
⊂ D(h) is bounded sequence,

{
yk

}
⊂ D(∂h) is such that

yk ⇀ y, and limk→∞ Db
h(xk, yk) = 0, then xk ⇀ y.

Definition 2. A GB-function h is said to be zone coercive if, in addition
to B1-B5 the following condition holds:

(B6) For every y ∈ H, there exists an x ∈ K such that y ∈ ∂h(x).
These definitions allow us to state and to study an algorithm for solving

VIP-(1). Before that we shall enumerate some results which are useful in our
analysis.

3. Pseudo-monotonicity and regularity

Our convergence theorems require a condition on the operator T , namely
pseudo-monotonicity, which we will discuss next.

Definition 3. (Browder [4]). Let H be a Hilbert space and T : H → 2H

such that D(T ) is closed and convex. T is said to be pseudo-monotone if and
only if it satisfies the following condition:

For any sequence
{
xk

}
⊂ D(T ), converging weakly to an element x0 ∈

D(T ), and any sequence
{
wk

}
⊂ H, with wk ∈ Txk for all k, such that

lim sup
k→∞

(
wk, xk − x0

)
≤ 0,

there exists an element w0 ∈ Tx0, for each y ∈ D(T ), such that(
w0, x0 − y

)
≤ lim inf

k→∞

(
wk, xk − y

)
.�

The next proposition lists several conditions which ensure the pseudo-
monotonicity.

Definition 4. A maximal monotone operator T : H → 2H is said to be
regular if and only if for all u ∈ R(T ) and for all x ∈ D(T ) it follows that

sup
(y,v)∈G(T )

(v − u, x− y) < ∞.
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4. Statement of the algorithm

Let K be a closed and convex subset of a Hilbert space H, h : K →
R a strictly convex lower semi-continuous function and {λk} a sequence of
positive real numbers bounded above by some λ > 0. We define the generalized
proximal point algorithm GPPA by:

(I) Initialization. x0 ∈ K and γ0 ∈ ∂h
(
x0

)
(II) Iterative step. Given xk and γk ∈ ∂h

(
xk

)
, let xk+1 ∈ H be such that

T
(
xk+1

)
+ λk

(
∂h

(
xk+1

)
− γk

)
3 0,

where γk ∈ ∂h
(
xk

)
.

As a consequence, we have to solve the problem:
Find xk+1 ∈ K such that there exist uk ∈ Txk+1 and γk+1 ∈ ∂h

(
xk+1

)
satisfying (called generalized rule)

(GR) λkγ
k = uk + λkγ

k+1.

Note that the existence of xk+1 satisfying (II) is not immediate at all and
will be ensured only under some assumption on T and h. This issue is the
content of the next section.

Existence result. For proving that the sequence given by (I)-(II) is well
defined and contained in K, we will present the following result. We recall
that an operator A is strictly monotone if and only if

(u− v, x− y) > 0

for all x, y ∈ H, x 6= y and u ∈ Ax, v ∈ Ay.
We are now in the position to establish the following
Theorem 5. Let

{
xk

}
be the sequence given by (10)-(11) and T : H → 2H

a maximal monotone operator. Suppose that the following conditions hold :
(i) D(T )

⋂
D(∂h) 6= ∅,

(ii) h is zone coercive (i.e., it satisfies (B6))
Then

{
xk

}
is well defined and contained in K.

We continue with a convergence result of the sequence generated by (I)-(II).

Theorem 6. Let T : H → 2H be a maximal monotone operator. Consider
V IP (T,K) where K is a closed convex subset of H. Let h : K → R be a
GB-function, i.e., it satisfies B1-B5, and suppose that the following conditions
hold:
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(i) D(T )
⋂

D(∂h) 6= ∅,
(ii) V IP (T,K) has solutions (S is the set of solutions of V IP (T,K)),
(iii) T is pseudo-monotone,
(iv) λk ∈ (0, λ] for some λ > 0,
(v) H is zone coercive, i.e., satisfies (B6).
Then the sequence {xk} generated by (10)-(11) satisfies the following :
(a) The sequence

{
Dk

h

(
z, xk

)}
, where

Dk
h

(
z, xk

)
:= h(z)− h

(
xk

)
−

(
γk, z − xk

)
, γk ∈ ∂h

(
xk

)
is nonincreasing for all z ∈ S,

(b)
{
xk

}
is bounded and has weak cluster points,

(c) limk→∞ Dk
h

(
xk, xk+1

)
= 0,

(d) If x is a weak cluster point of
{
xk

}
, then there exists u ∈ Tx such that

(u, z − x) = 0, where z ∈ S.

The convergence of
{
xk

}
to a solution of V IP (T,K) is obtained, if we shall

add some conditions.
Definition 7. (Burachik [5]). The operator T : H → 2H is paramonotone

in a convex set C if it is monotone and (z− z′, w−w′) = 0 with z, z′ ∈ C,w ∈
Tz, w′ ∈ Tz′ implies w ∈ Tz′, w′ ∈ Tz.

Corollary 8. Suppose that all the conditions of Theorem 11 hold. Assume
furthermore that T is paramonotone in K. Then the sequence

{
xk

}
generated

by (10)-(11) is bounded, limk→∞ Dk
h

(
xk+1, xk

)
= 0, and all weak cluster points

of
{
xk

}
are solutions of V IP (T,K).

We close this section showing that the existence of solutions of V IP (T,K)
is a necessary condition for convergence of the sequence

{
xk

}
generated by

(I)-(II). In fact, we will show that if the solution set S of V IP (T,K) is empty,
then

{
xk

}
is unbounded. We need a preparatory result.

Lemma 9. Under the hypotheses of Corollary 8, let
{
xk

}
be the sequence

generated by (I)-(II). If S = ∅ then
{
xk

}
is unbounded.

We summarize our results in the following theorem.
Theorem 10. Assume that the hypotheses of Theorem 11 hold. Let

{
xk

}
be the sequence generated by (10)-(11). Then

(i) If S 6= ∅, then the weak cluster points of
{
xk

}
belongs to S.

(ii) If S = ∅, then
{
xk

}
is unbounded.
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