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1. INTRODUCTION

In this article, we consider the following class of nonlinear partial neutral
functional differential equations with infinite delay

0
aDut = ADu; + F(t,ut), t >0,

o = ¢ € B,

(1)

where A : D(A) C E — FE is a linear operator on a Banach space (E, |.|), B is
the phase space of functions mapping (—oo, 0] into F, which will be specified
later, D is a bounded linear operator from B into F defined by

Dy = ¢(0) — Dy for any ¢ € B,
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Dy is a bounded linear operator from B into E and for each u : (—o0,b] — E,
b> 0, and t € [0, b], u; represents, as usual, the mapping defined from (—oo, 0]
into E by

u (0) = u(t +0) for 6 € (—o0,0].

F is an FE-valued nonlinear continuous mapping on IRy x B.

Throughout this paper, we suppose that (B, ||.||3) is a (semi)normed ab-
stract linear space of functions mapping (—oc,0] into E, and satisfies the
following fundamental axioms which have been first introduced in [23] and
widely discussed in [29].

(A) There exist a positive constant H and functions K(.), M(.) : Rt — IR™,
with K continuous and M locally bounded, such that for any ¢ € IR and
a>0,ifz:(—-00,0+a] - F, z, € B and z(.) is continuous on [o,0 + a,
then for every ¢ in [0, 0 + a] the following conditions hold:

(i) = € B,

(ii) |z ()| < H ||z¢]| 3, which is equivalent to

(i) ()] < H|lolls, for every ¢ € B,

(iii) [|lz¢llp < K(t — o) sup |z (s)| + M (t = o) |25 ] 5-
(

o<s<
A1) For the function z(.) in (A), t — a; is a B-valued continuous function

for t in [0, 0 + a].
(B) The space B is complete.

Example 1. Define for a constant v the following standard space

C, = {d) : (—00,0] — E continuous such that lim e"%¢(0) exists in E} .

60— —o0

It’s known from [29] that Cy with the norm [|¢|, = sup e 09(0)], ¢ € O,
<0

satisfies the azioms (A), (A1) and (B) with H = 1, K(t) = max(1,e™ ) and
M(t)y=e" for allt > 0.

Throughout, we also assume that the operator A satisfies the Hille-Yosida
condition :
(H1) there exist M > 0 and @ € IN such that |w, +oo[ C p(A) and

sup {(A—@)" ||\ —A)™"[|: ne N, \>w} < M. (2)
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Let Ay be the part of the operator A in D(A), which is defined by

D(4o) = {w € D(4) : Az € D(A}},
Aoz = Az, for x € D(Ap).

It is well known that D(Ap) = D(A) and the operator Ay generates a strongly
continuous semigroup (7p(t));»q on D(A).
Recall that ([34]) for all x € D(A) and ¢ > 0, one has f(f To(s)z € D(Aop)

and

(A /0 t To(s):cds> b= Th(t)z. 3)

We also recall that (7p(t)),o coincides on D(Ag) with the derivative of the
locally Lipschitz integrated semigroup (S(t)),>, generated by A on E. Which
is, according to [10] and [31], a family of bounded linear operators on F, that
satisfies
(i) 5(0) =0,
(ii) for any y € E, t — S(t)y is strongly continuous with values in E,
S

(iii) S(s)S(t) = / (S(t+7)—S(r))dr forallt,s >0,

0
and for any 7 > 0 there exists a constant {(7) > 0 such that

IS(t) = S(s)|| <Ur)|t—s| forallt,se[0,7].

This integrated semigroup is exponentially bounded, that is, there exist two
constants M and @ such that ||S(¢)|| < Me! for all t > 0.

As known in Hale [19], Hale and Lunel [24] and the references therein, very
much attention has been given to differential difference equations of neutral
type. The reason was applications on lossless transmission lines. The develop-
ment has concerned the general theory of partial neutral functional differential
equations. The study of the special form (1) has been initiated in the case of
finite delay by Hale in [21] and [22]. The motivation was a model for a contin-
uous circular array of resistively coupled transmission lines with mixed initial
boundary conditions introduced by Wu and Xia ([40], [41]). Based mainly
on the last cited four articles and a detailed discussion in the book by Wu
[39], Adimy and Ezzinbi have published a list of interesting papers ([6], [7], [8]
and [9]) about Eq. (1) but with finite delay. This work (such as [2] and [3])
contributes to the construction of a complete theory about the infinite delay
case. It can be seen as an extension to the case of neutral type of some of our
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earlier results about functional differential equations with infinite delay in [4]
and [12]. Precisely here we address local existence and uniqueness of integral
solutions in the case where F' is Lipschitz continuous with respect to ¢ on the
balls of B. In general, the development may also be seen as a reproduction
to the case of infinite delay of some equivalent results in the above papers by
Adimy and Ezzinbi. The main theorem is proved in section 3.

2. PRELIMINARIES

All the results of this section are proved in [5] in the case of infinite delay
and [9] in the case of finite delay.
Consider the following system

0 .
&Dut = ADu;if t > 0,

u(@) = (0) if 6 € (—o0,0] with ¢ € B.

(4)

Using equality (3), we can see that a necessary condition for u : (—o0,b) — E,
b > 0, to be a solution of Eq. (4) is that it verifies the following integrated one
on (—o0,b)
{ Duy = Ty(t)De, t >0, -
Uo = @,
where
peY: = {@EB:D@E@}.

The following result is only the combination of Lemma 3 in [3] and Propo-
sition 11 in [2] which are proved in a general framework. Precisely, here it
suffices to take h(t) := Ty(t)De.

Proposition 1. Assume that Condition (H1) is satisfied and || Dypl|| K(0) < 1.
Then, for given ¢ € Y there exists a unique function w which is continuous
on [0,T) and solves Eq. (5) on (—oo,T). Moreover, the family of operators
(T(t))e>0 defined on Y by T (t)o = wi(., ) is a Co-semigroup on Y.

We now define a fundamental integral solution Z(¢) associated to Eq. (1).

Consider for given ¢ € E the following equation

{ Dz = S(t)c if t >0,

z(t) =0 ift € (—00,0]. (6)

To our purpose, we make the following condition
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(H2) There exists a continuous nondecreasing function ¢ : [0, +00) — [0, +00],
5(0) = 0 and a family of continuous linear operators W, : B — E, ¢ € [0, 400),
such that

Do — Dol < 0(e) ||lllg, for € € [0,400) and ¢ € B,
where the linear operator D, : B — FE is defined, for ¢ € [0, 400), by

D, =W:or,,
Te(9)(0) = p(0 —¢), for p € B and 6 € (—o0,0].

Notice that Assumption (H2) means that the operator Dy does not depend
very strongly upon ¢(0). It is the infinite delay version of the one introduced
in [8] and [9].

Proposition 2. [5] Assume that Conditions (H1) and (H2) are satisfied such
that K(0) ||Do|| < 1. Then, for given ¢ € E, Eq.(6) has a unique integral
solution z := z(.)c : (—o0,+00) — E. Moreover, the operator Z(t) : E — B
defined by

Z(t)e = z(.)c

satisfies, for any continuous function f : [0,400) — E, the following
properties

(i) For each T > 0, there exists a function a(.) € L>°([0,T],IR") and B € IR
such that || Z(t)|| < a(t)e!? for all t € [0,T];

(i) Z(t)(E) C Y, forallt > 0;

(iii) For all 7 > 0 there exists a constant k(1) > 0 such that

| Z(t)e— Z(s)c|lg < k(1) |t —s||c| forallt,s €[0,7] and c € E.
(iv) For any continuous function f :[0,+00) — E, the functions
tr—>/ (t—s)f dsandtH/St—s)f()ds

are continuously differentiable for all t > 0 and satisfy

jt</0tz(t5)f(s) >_ Jim / T(t — $)Z(h) f(s)ds for all t > 0.

h—0t h
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D(ZS/O Z(t—s)f(s)ds) = hli%h% ; S'(t — s)S(h)f(s)ds
d t
= o ; S(t—s)f(s)ds

For convenience of the reader about the main equation (1), we recall the
following definition.

Definition 1. Let T > 0 and p € B. We consider the following definitions.
We say that a function u := u(.,p) : (—o0,T) — E, 0 < T < 400, is an
integral solution of Eq. (1) if
(i) w is continuous on [0,T),
(ii) / Dusds € D(A) forte[0,T),
0
t t

(iii) Duy = Dy + A/ Dusds +/ F(s,us)ds fortel[0,T),

0 0
(iv) u(t) = p(t), for allt € (—o0,0].

We deduce from [2] and [37] that integral solutions of Eq. (1) are given for
¢ € B such that Dy € D(A) by the following system

Duy = S'(t)Dyp + ;lt/o S(t—s)F(s,us)ds, te€[0,T),
ut) = ¢(t),  te(—o0,0],

We also suppose that B is normed and satisfies one of the following two

(7)

extra axioms.
(C1) If (¢,,),,> is a Cauchy sequence in B and if (¢,,),,~, converges compactly
to ¢ on (—oo:O], then ¢ is in B and ||¢,, — ¢||z — 0, as n — oo.
(D1) For a sequence (¢,,)n>0 in B, if [|¢, ||z — 0, as n — oo, then |p,(0)] — 0,
as n — oo, for each 6 € (—o0,0].

Remark that Axiom (D1) implies that the space B is normed.

Proposition 3. [5] Let B be a normed space which satisfies Aziom (C1) or
Aziom (D1). If there exists an integral solution u := u(.,p) : (—o0,T) —
E, 0<T < +o0, of Eq. (1), then the function [0,T) >t — u; € B satisfies

up = ’T(t)cp—l—;i/ Z(t — s)F(s,us)ds (8)

= T(¢ cp+hlir(r)1 h/Tt—s VF(s,us)ds.
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Conversely, if there exists a function v € C([0,T),B) such that

v(t) =T (t)e+ jt/o Z(t —s)F(s,v(s))ds, t €[0,T) (9)

then v(t) = u; for allt € [0,T), where
ult) = v(t)(0), te€l0,7)
() t € (—o0,0]
and u(.) is an integral solution of Eq.(1).

Remark 1. The prove of the above proposition needs computing integrals in
B from integrals in E. That’s why we suppose that B is normed and satisfies
one of the two extra azioms (C1) or (D1). See [32], [2] or [5] for more details.

3. LOCAL EXISTENCE AND UNIQUENESS OF SOLUTIONS

To obtain our main result on local existence and uniqueness of integral
solutions to Eq. (1), we add an extra condition

(H3) F : [0,400[ x B is Lipschitz continuous with respect to ¢ on the balls
of B, i.e., for each r > 0 there exists a constant co(r) > 0 such that if ¢ > 0,
¢1,92 € Band [l¢1]g, leallg < 7 then

[F'(t, 1) = F(t, @2)| < co(r) 1 = all5 -

Theorem 4. Let B be a normed space which satisfies Axiom (C1) or Aziom
(D1). Assume that (H1), (H2) and (H3) hold. Let ¢ € B such that Dy €
D(A). Then, there exists a maximal interval of existence (—o0,by,), by, > 0,
and a unique mild solution u(.,y) of Eq. (1), defined on (—o0,b,) and either
b, = 400 or
lim sup |u(t, )| = +o0.
t—bg,

Proof. Note that (H3) implies that for each r» > 0 there exists co(r) > 0 such
that

|F(t,0)| <reo(r) + |F(t,0)] fort >0, € B and |plz <

Let b > 0. Suppose that ¢ € B, Dy € D(A), r = |l¢||z + 1 and

c1 =reo(r) + sup |F(¢,0)].
t€(0,b]
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Consider the following set

0<s<b

Q, = {v € C([0,0],B): sup |v(s) —¢llg < 1},

where C ([0, b] , B) is endowed with the uniform convergence topology. We can
easily see that €, is a closed set of C ([0,b],B) . Consider the mapping

H:Q¢—>C([O,b],8),

defined for v € Q, and t € [0,b] by

H)(t) =T(t)p+ 2 / (t — 5)F(s,0(s))ds,

=T(t)p+ hhm / T(t—s)Z(h)F(s,v(s))ds.
—0t
Next we show that
H(Q,) C Q.

One can remark, as in the proof of Proposition 2.2 of [31], that

lim sup — ||Z( )| < 4o0.
hHO'*
Then we can set

k= tim sup |20 (10)
h—>0Jr

We have for suitable constants M and w

1 (v) (t) = #llis < 1T (D = ¢lls +M€”t/0 6_”5% 1Z(R)[[ [ (s, v(s))| ds.

We can assume here without loss of generality that w > 0. Thus we obtain the

estimate
t
1H () (t) — lls < IT(0) — ol + Mke" /0 |F (s, v(s))] ds.

Since |Jv(s) — ¢||z < 1, for s € [0,b] and 7 = ||¢|| g+ 1, we have that |[v(s)|/z <
r, for s € [0,b]. Then

[F'(s,v(s))] < co(r) [(s)llg + [F(s,0)] < e
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Consider b > 0 sufficiently small such that

SUP {||T go—ﬁﬂ”s—i-ﬂke“’scls} < 1.
0<s<

Then, we deduce that for ¢ € [0, b]
1H (v) () = ¢llg < IT ()¢ = llg + Mke ert < 1.

Hence
H(Q,) C Q.
On the other hand, let u,v € Q, and t € [0,b]. We can easily see that

1H (u) () = H (v) (8)]| 5 < MkePco (r) bllu = vlleo..5)
Note that » > 1. Then, by definition of ¢1, ¢o(r) < ¢1. Consequently

Mke“bey(r)b < sup {17 (s)p — ¢llg+ Mke**c1s} < 1.
0<s<bh

We conclude that there exists a unique function v € €2, such that H(v) = v.
Then, Eq. (1) has one and only one integral solution u : (—oo,b) — E defined
by
t)(0 te |0,
uy— [ 00, e
So(t)v te (_007 0] .
Let (=00, b,) be the maximal interval of existence of u. Assume that b, < +o00

and

lim sup |[u(t, )|z < +oo.

t—by
Then, from Axiom (A — iii), we can see that there exists a constant r > 0 such
that |lu(., ¢)||z < r for all t € [0,b,). Consider ¢,t+ h € [0,b,) and h > 0,

1 t+h
uprn =T+ h)p + III(I)I p T(t+h—38)Z(d)F(s,us)ds
d— 0
h
=T({t+h)p + lim — (/ Tt)T (h—s)Z(d)F(s,us)ds
. d—o+ d 0
t+

+ T(t+h—s)Z(d)F(s, us)ds>
h

and

ug = T (t) cp—f—dllrg d/’Tt—s VF(s,us)ds.
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Since

t+h t
T(t+h—38)Z(d)F(s,us)ds = / T(t—s)Z(d)F(s+ h,usip)ds,
h 0

we have
Uppp —ur = T(t+h)e—T(t)p

h
+ lim é (T(t)/ T (h—s)Z(d)F(s,us)ds (11)

/ T(t—s)Z(d)(F(s+ h,usyp) — F(s,ug)) ds) )

From (iv) in Proposition 2, we know that

1 (" d [P
Jim & [ T =9 Z@F (s u)as - dh/o Z(h— $)F(s, us)ds.

Then (10) becomes
Ut+p — Ut = T(t + h)gp T( )
+ lim, 7 / T(h— $)Z(d)F(s, us)ds

+ lim / T(t—s)Z(d)(F(s+ h,usyn) — F(s,us)) ds.

d—0+ d

To estimate the above two limits

HT(t) /0 " T(h — $)Z(d)F(s,us)ds

< Meth) || z(d)| h (rco(r) + sup |F(s,0)]> .

h
< Mo ttHh) / | Z(@)|] | (s, us)| ds,
0

B

s€[0,b,)

Notice that sup [F(s,0)] < oo since b, < co. Hence
s€[0,by)

< Me*be khes,

dlir(g{r dT /T — 8)Z(d)F(s,us)ds

B

where

ey :=rco(r)+ sup |F(s,0)|.
Se[ovbﬂﬂ)
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Let us make the following decomposition
/Ot T(t — $)Z(d) (F(s+ h,tsyn) — F(s,us)) ds
= [T 9@ Fs i)~ Fls 4 huas (13
+ /Ot T(t — s)Z(d) (F(s + h,us) — F(s,us)) ds.

Then, the first integral is estimated as

/0 T(t—9)Z(d) (F(s+ h,usyn) — F(s+ h,us)) ds

B
t

< [ M 2@l ) s - willsds (4)
0

t
< Tt | Z(d)]| o (r) / ltash — tallg ds,
0

and the second integral is estimated as

/0 T(t—9)Z(d)(F(s+ h,us) — F(s,us)) ds

< [ 3 2@ 1G5+ o) = Pl s
t
< T | Z)] [ (s + b — Fs,u) ds.
0
Set
t
f(t,h) = / [F (s + h,us) — F(s, us)| ds.
0

Then

lim é /0 T(t = )2(d) (F(s + hy tspn) — F(s, us)) ds

t
< Wbt (o) [ oo = walds + 7(0.1))
0

B

Thus we infer
lwern —utllg < Me*% | T (h)p — ¢llz + Me“bekhes
t
+Me“bekeo(r) / |ustn — us|gds + Me“Pekf(t, h).
0
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By Gronwall’s lemma, it follows that

”Ut+h‘—‘UtHB

< Me“be (| T(h)g — ¢l + khea + kf(t, h)) exp (Me“P keo(r)t)
< Me“be (| T (h)p — ¢l + khez + kf (by, h)) exp (Me“*2keo(r)by,) -

The bounded convergence theorem by Lebesgue implies that

li by, h) = 0.
h{)%f(%v) 0

Therefore,

}llli% ||Ut+h(., QO) - ut('7 SO)HB =0

uniformly for ¢t € [0, b,) . Consequently, Axiom (A — ii) implies that

Lim Ju(t + R, ) —u(t, ¢)| = 0.

Using the same reasoning, one can show a similar result for h < 0. We deduce

that u is uniformly continuous on [0, b,), and th%l lu(t, @)
—0p

exists. This implies

that the solution u(.,¢) can be extended to the right in b,, which contradicts

the maximality of (—oo,by,). This completes the proof of Theorem 4.
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