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1. INTRODUCTION

Motivated by the well-known works of Horvath [1,2], there have appeared
many generalizations of the concept of convex subset of a topological vector
space. The most general one seems to be that of generalized convex space
or G-convex space introduced by Park and Kim [3] which extends many of
topological spaces having generalized convexity structures. In [3] and in other
earlier papers [4,5,6,7] a generalized convez space or a G-convex space (X, D;T")
consists of a topological space X, a nonempty subset D of X and a map
I': (D) — X with nonempty values such that:

(1) for each A, B € (D), A C B implies I'(A) C T'(B); and
(2) for each A € (D) with the cardinality |A| = n + 1, there exists a
continuous function ®4 : A, — T'(A) such that J € (A) implies
(I)A(AJ) - F(J).
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Here (D) denotes the set of all nonempty finite subsets of D, A, any n-
dimensional simplex with vertices {e; }’]?:0 and Ay the face of A, corresponding
to J € (D); that is if A = {20,21,...,2,} and J = {z;,,...,2;, } C A then
Ay = co{eiy, €iys- .., €6p )

Recently, [8,9,10] in the definition of generalized convex space (G-convex
space) the set D is not necessarily subset of X and the isotonic condition (1)
is dropped. More precisely, a generalized convex space is a triplet (X, D;T'),
where X is a topological space, D is a nonempty set and ' : (D) — X is
a set-valued mapping satisfying condition (2), above. This will be also the
meaning of generalized convex space in our paper.

When D C X the G-convex space will be denoted by (X D D;T'). In this
case a set K C Y is called G-convez if for any A € (KN D), I'(A) C K. When
D = X, the G-convex space will be denoted by (X;T).

The main example of G-convex space corresponds to the case when X = D
is a convex subset of a topological vector space and for each A € (X), I'(A) is
the convex hull of A. For other major examples of G-convex see [11,12].

Let (X, D;T') be a G-convex space, Y a nonempty set and 7' : X — Y,
S : D — Y two mappings. We say that S is a generalized G-KKM mapping
w.r.t. T if for each A € (D), T(I'(A)) C S(A). The previous concept has been
introduced by the first author in [13]. In the classical (convex) case it reduces
to that of generalized KKM mapping (w.r.t. T') introduced by Park [14] and
systematically studied by Chang and Yen [15], and when D = X it coincides
with the corresponding notion in [16, Definition 1].

For a mapping T': X — Y (X, Y arbitrary sets) we define T, 7" : Y —o X
by

T (y) ={r e X :yeTx},

T*(y) = X\T"(y) ={z € X : y ¢ T(x)}.
If (X,D;T') is a G-convex space, Y a nonempty set and R : Y — D is a
mapping, then the mapping I'-R : Y —o X is defined by

(T-R)(y) = U{T'(A) : A € (R(y))}-

2. MAIN RESULTS

The following theorem extends to G-convex spaces Proposition 3.1 in [17].
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Theorem 1. Let (X, D;T") be a G-convez space, Y be a nonempty set and
T:X —oY,S5:D —Y be two mappings. Then the following conditions are
equivalent:

(i) S is a generalized G-KKM mapping w.r.t. T.
(ii) (T'-S*)(y) € T*(y) for each y € Y.
(iii) T'-(S* o T) has no fixed point.

Proof. (i)<(ii). Suppose that S is a generalized G-KKM mapping w.r.t. 7.
We now suppose that there exists y € Y such that (I'-S*)(y) ¢ T*(y). Then
there exists A € (S*(y)) and = € T'(A) such that x ¢ T*(y). This implies
that y ¢ S(A) and y € T(x). Hence T(I'(A)) ¢ S(A), which contradicts the
assumption that S is a generalized G-KKM mapping w.r.t. T.

Conversely, suppose that S is not a generalized G-KKM mapping w.r.t.
T. In doing so, we adopt the contrapositive approach. So, let there be a
set A € (D) such that T(I'(A)) ¢ S(A). Then there exists a © € I'(4A) and
y € T'(z) such that y ¢ S(A), that is A C S*(y); hence x € (I'-S*)(y). From
y € T(z) it follows that x ¢ T™(y), which implies (I'-S*)(y) ¢ T*(y). The
obtained contradiction completes the proof.

(iii)<(i). Suppose that z € (I'-(S* o T'))(x). Then there exists y € T'(x)
and A € (S*(y)) such that z € I'(A). Since A C S*(y), y ¢ S(A). On the
other hand we have y € T'(z) C T(I'(A)). Thus

y € T(I'(A))\ S(A)

hence S is not a generalized G-KKM mapping w.r.t. 7.

Conversely, suppose that S is not a generalized G-KKM mapping w.r.t. 7.
Then there exist A € (D), x € I'(A) and y € T'(z) \ S(A). Since y ¢ S(A), we
have A C S*(y) and consequently

z e (A) C (I-57)(y) < (F-57)(T(x)),
hence x is a fixed pint for I'-(S* o T'). O

Let (X, D;T') be a G-convex space and Y be a topological space. a mapping
T:X —Y is said to have the G-KKM property [15] if for any closed-valued
mapping S : D — Y generalized G-KKM w.r.t. T, the family {S(z)},cp has
the finite intersection property.



6 MIRCEA BALAJ, DANIEL ERZSE

From Theorem 1 we obtain a new proof for the following coincidence theo-
rem due to Park [18]:

Theorem 2. Let (X, D;I") be a G-convex space, Y a topological space,
G:D—oY F:X—-oYandT: X — Y. Suppose that
(i) T has the KKM property;
(ii) G has open values;
(iii) for eachy € T(X), (' — G7)(y) C F~(y);
(iv) T(X) C G(B) for some B € (D).
Then F and T have a coincidence point xg € X, that is F(xo) NT(xg) # 0.

Proof. Define a mapping S : D — Y by

S(z) =T(X)\ G(z) for each z € D.

Then S has a closed values and

N2eBS(2) = Nee(T(X)\ G(2)) = T(X) \ UepG(2) C T(X)\ T(X) = 0.

Therefore {S(z)}.ep does not have the finite intersection property. Since T’
has the KKM property, it follows that .S is not a generalized G-KKM mapping
w.r.t. T. By equivalence (i)« (iii) in Theorem 1, there is a g € X such that
xg € (I-(S* o T"))(zp). Consequently there exist yp € T'(xp) and A € (S*(yo))
such that z¢ € I'(A4). Since A C S*(yo) we infer successively

Yo & S(A) = yo € NzeaG(z) = A C G (yo).

By (iii) we get zg € T'(A) C F~(yo), whence yg € F(xg). Thus we have
yo € F(xo) NT(zp), which completes the proof. O

Remarks.1. Note that condition (iv) in Theorem 2 is satisfied if the fol-
lowing holds:

(iv’) T is compact and T'(X) C G(D).
2. Instead of condition (iii) in Theorem 2, the following suffices:

(i’) T(X)NG(z) is open in T'(X) for each z € D.

3. Theorem 2 generalizes Theorem 4 in [15].

Corollary 3. Let (X, D;T) be a compact G-convex space and G : D —o X,
F: X — X be two mappings such that:

(i) G has open values;



FIXED POINTS, COINCIDENCE POINTS 7

(ii) for each y € X, G~ (y) is nonempty and (I'-G™)(y) C F~(y).
Then F' has a fixed point.

Proof. For each z € X let T'(z) = {z}. According to Corollary in [5], T" has the
KKM property. Since for each y € X G~ is nonempty, we have X = U,cpG(2),
hence {G(z)}.ep is an open cover of the compact X. Consequently there exists
a set B € (D) such that

T(X) = X = U.enG() = G(B)

hence condition (iv) in Theorem 2 is fulfilled. By Theorem 2, there exists
xo € X such that F(zg) NT(xg) # 0, that is, xg € F(xo). O

From Theorem 1 we also immediately obtain the following matching theo-

rem:

Theorem 4. Let (X, D;T") be a G-convez space, Y be a nonempty set and
T:X —oY,R:D—Y betwo mappings. If I — (R~' o T) has a fized point
then there exists A € (D) such that T(T'(A)) N N,eaR(z) # 0.

Proof. Let S = R°ie., S: D —oY is the mapping defined by
S(z) =Y\ R(x)

Then S*(y) = R~ (y). By hypothesis I' — (S* o T') has a fixed point, hence by
equivalence (i)<(iii) in Theorem 1 there exists A € (D) such that T(I'(A)) ¢
S(A), that is, T(I'(A)) N NyeaR(2) # 0. O

A G-convex space (Y, T') is called an LG-space (or a locally G-convex space)
(see [10]) if (Y,U) is a uniform space and if there exists a basis {V;}ier for the
uniformity U such that for each i € I, {y € Y : K NV;[y] # 0} is G-convex
whenever K C Y is G-convex, where V;(y) ={y' € Y : (y,9/) € V;}.

In proving our last result we need two lemmas. The first one is a particular

case of assertion (i) in Theorem 1 in [19].

Lemma 5. Let (X, D;T") be a compact G-convez space, X be a topological
space and S 1Y — X be a mapping such that:
(i) for each y €Y, S(y) is G-convex;
(ii) Y = UzepIntS—(z).
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Then S has a continuous selection, i.e., there is a continuous function p :

Y — X such that p(y) € S(y) for eachy € Y.
The second lemma is Theorem 2 in [10].

Lemma 6. Let (Y;T') be a compact LG-space and T :' Y — Y be a upper
semicontinuous mapping with closed G-conver values. Then T has a fized

point.

Theorem 7. Let (X D D;T'1) be a G-convex space, (Y;T'2) be a compact
LG-space andT : X — Y, R: D — Y be two mappings such that:

(i) T is upper semicontinuous with closed G-convex values;
(ii) for each y € Y, G~(y) is G-conver;
(ili) Y = UsepIntR(z).
Then there exists A € (D) such that T(T'1(A)) N N,epR(2) # 0.

Proof. By (ii) and (iii), using Lemmas 5, R~ has a continuous selection p.
Since T op: Y —o Y is upper semicontinuous mapping with closed G-convex
values, by Lemma 6, there exists yo € Y such that yg € (Top)(yo). Clearly yq is
a fixed point for To R~ and by Theorem 4 we obtain the desired conclusion. [
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