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Abstract. In this paper we consider the Darboux-Ionescu Problem for a third order hyper-

bolic inclusion with modified argument of the form

Uzyz € F(%Z/J;“(f(xvyaZ)»Q(I,yyz)vh(%yaz)))-

An existence theorem for a local solution of this problem is proved and some properties of
the set of its solutions are established.
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1. INTRODUCTION

In his PhD Thesis (1927) [17], D.V. Ionescu studied - for the first time in
the mathematical literature - boundary value problems of Darboux, Cauchy,
Picard and Goursat types for second order partial differential equations with
modified argument.

More recently, a series of authors studied the same problems for second
order hyperbolic equations of various forms and Darboux Problem for third
order hyperbolic equations with modified argument [9] - [11].

This paper was presented at International Conference on Nonlinear Operators, Differential
Equations and Applications held in Cluj-Napoca (Romania) from August 24 to August 27,
2004.
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In this paper we consider the Darboux-Ionescu Problem for the third order
hyperbolic inclusion with modified argument
OBu(x,y, 2)
D e F h
8xayaz 6 ("B7y7 Z?“(f(x7y7 Z)7g($7y7 Z)7 (:I/‘7y7 Z)))7 (1‘1)
(x,y,2) € D =10,a] x [0,b] x [0,¢], ueQCR"

with initial values
u(z,y,0) = ¢(z,y), (z,y) € D1=[0,a] x[0,0],
u(0,y,2) =¢(y,2), (y,2) € Da=10,b] x[0,d], (1.2)
u(x,0,z) = x(z,2), (z,2) € D3 =1[0,a] x [0,d],

where @, 1, x are absolutely continuous in Carathéodory’s sense [1, §565 -
§570], ¢ € C*(D1;R™), ¢ € C*(D9;R™), x € C*(D3;R™) (see Definition 2.7
for C* (A;R"), A C R?) and they satisfy the conditions

u(@,0,0) = ¢(x,0) = x(2,0) = v'(x), = €[0,al,

)
) =
w(0,9,0) = ¢(0,y) = ¥(y,0) = v*(y), ye[0,0], (1.3)
u(0,0,2) = ¥(0,2) = x(0,2) = v*(2), z€[0,¢],
u(0,0,0) = v*(0) = v*(0) = v*(0) = v°,

where F : D x Q — 28" is a multifunction with compact, convex and non-
empty values, 2 C R™ is an open subset and f € C(D;[0,al]), g € C(D;][0,0]),
h € C(D;]0,c]).

Under suitable assumptions, we prove an existence theorem for a local so-
lution of the Darboux-Ionescu Problem (1.1)-(1.2) and that the set of its solu-
tions is compact in the Banach space C(Dg; R™), Do = [0, z0] X [0, yo] x [0, 20] C
D; moreover, as a function of the initial values, this set defines an upper-
semicontinuous multifunction.

In [28] we consider the Darboux-Ionescu Problem for second order hyper-
bolic inclusion with modified argument

22 X
W € F(z,y,2(g9(x,y),h(z,y)), (z,y)€D=I[0,a]x]0,b],

z2(2,0)=0(z), z€0,a, 2z(0,y)=7(), ye0,],
where F : D x Q — 28" is a multifunction with compact, convex and non-
empty values, € is an open subset of R", g € C' (D;[0,a]), h € C(D;][0,0]),
o€ AC ([0,a];R™), 7 € AC ([0,b] ; R™), o (0) = 7 (0).
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In [29] we consider the Darboux Problem for third order inclusion with
unmodified argument
O3 (z,y,2)

0xdydz
with initial values (1.2) and the conditions (1.3).

In both papers [28], [29] the existence of local solutions of the problems there

€ F(x,y,2,u), (v,,2) € D=[0,a]x[0,b]x[0,c], ueQCR"

considered is proved and some properties of the solution set are established.

This study was suggested by several papers which deal with the Darboux
Problem for third order hyperbolic equations [4], [5], [8], [13]-[15], [18], [22],
[24], [26], [27] and with the Darboux-Ionescu Problem for third order hyper-
bolic equations with modified argument [9]-[11] and the Darboux problem for
second and third order hyperbolic inclusions [25], [28], [29].

2. PRELIMINARIES

The definitions and Theorem 2.1 in this section are taken from [1], [6]-[8],
[19]-[21], [23].

Definition 2.1. Let X and Y be two non-empty sets. A multifunction
® : X — 2Y is a function from X into the family of all non-empty subsets of
Y.

To each z € X, a subset ®(z) of Y is associated by the multifunction ®.
The set Uxexfb(x) is the range of ®.

Definition 2.2. Let us consider ® : X — 2Y.
a) If A C X, the image of A by @ is ®(A) = U
b) If B C Y, the counterimage of B by ® is

P(z);

z€EA

& (B)={x € X | ®(x)N B # 0};
¢) The graph of ®, denoted graph®, is the set
graph ® = {(z,y) € X xY |y € ®(z)}.

Definition 2.3. Let us now take ® : X — 2X. An element z € X with the
property x € ®(x) is called a fized point of the multifunction ®.

Definition 2.4. A single-valued function ¢ : X — Y is said to be a
selection of @ : X — 2Y if p(z) € ®(x) for all z € X.
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Definition 2.5. Let X and Y be two topological spaces. The multifunction
P : X — 2Y is upper-semicontinuous if, for any closed subset BCY, ®~(B) is
closed in X.

Definition 2.6. If (X,F) is a measurable space and Y is a topological
space, the multifunction ® : X — 2Y is measurable if ®~(B) € F for every
closed subset B C Y, F being the o-algebra of the measurable sets of X, i.e.
&~ (B) is measurable.

Theorem 2.1. [23]. Let X and Y be two metric spaces, ¥ compact and
® : X — 2¥ a multifunction with the property that ®(x) is a closed subset of

Y for any x € X. The following assertions are equivalent:

(i) the multifunction ® is upper-semicontinuous;
(i) the graph of @ is a closed subset of X x Y;
(iii) any would be the sequences (z,)nen and (yn)nen, from z, — x, y, €

D(x), yn — vy, it follows y € O(x).

Definition 2.7. [6], [7]. The function u : A — R", A C R?, is absolutely
continuous in Carathéodory’s sense [1, §565 - §570] if u(z,y) is continuous on
A, absolutely continuous in x (for any y), absolutely continuous in y (for any
x), uz(x,y) is (possibly after a suitable definition on a two-dimentional set
of zero measure) absolutely continuous in y (for any z) and wu,, is Lebesgue
integrable on A.

We denote the class of absolutely continuous functions in Carathéodory’s
sense by C*(A;R"™) [6], [7].

Definition 2.8. [1], [8]. The function u : D — R", D C R3, is absolutely
continuous in Carathéodory’s sense if u(z,y, z) is continuous on D, is abso-
lutely continuous in each variable (for any pair of the other two variables),
and similarly - ug(z,y,2), uy(z,y,2), u(x,y,2), uzy(x,y,2), uy(x,y,2),
Uzz (2,9, 2), and gy, is Lebesgue integrable.

We denote the class of absolutely continuous functions in Carathéodory’s
sense by C*(D;R"™), [8].

3. RESuLTS

In a similar way as in [2], [25], [28], [29], we define the notion of a lo-
cal solution for the Darboux-Tonescu Problem (1.1)+(1.2) and we prove an
existence theorem for a local solution of this problem, together with some
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properties of the set of its solutions, namely that this is a compact subset in
the Banach space C(Dg; R™) and, as a function of initial values, it defines an
upper-semicontinuous multifunction.
Let the following hypotheses be satisfied:
(Hy) F: D xQ — 28" is a multifunction with compact, convex, non-empty
values in R", D = [0,a] x [0,b] x [0,¢] C R? and Q C R™ is an open

subset.
(Hy) For any (z,y,z) € D, the mapping v — F(x,y,2,u) is upper-

semicontinuous on ).
(H3) For any u € € the mapping (x,y,2) — F(x,y,z,u) is Lebesgue-

measurable on 2.
(Hy) f€C(D;[0,a]), g € C(D;[0,b]), h € C(D;[0,]), 0 < fz,y,2) <z <

a, 0 <g(x,y,2) <y <b,0< h(z, y,z)<z<c.
(Hs) There exists a function k : D — Ry, k€ LY(D;R,) such that

||C|| S k:(x7 y7 Z)? \V/C E F(x’ y’ Z? u)’ \V/((L‘, y’ Z) E D? \v/u E Q’

where || . || is the Euclidian norm on R".
(Hg) The functions ¢ € C*(D1;R™), ¢ € C*(D9;R™), x € C*(D3;R™) are

absolutely continuous in Carathéodory’s sense and satisfy conditions
(1.3), ¢z, y) € Q for (z,) € Dy, ¥y, 2) € Q for (3, 2) € Dy, x(x,2) €
Q for (z,2) € Ds.

Remark 1. The function « : D — R", defined by
a(z,y, z) =z, y) + ¥y, 2) + x(2, 2) — @(x,0) — (0, y) — ¥(0,2) +(0,0) =

= ¢(z,y) + ¥(y, 2) + x(2,2) —v'(x) = v*(y) =’ (z) + 7, (3.1)
is absolutely continuous in Carathéodory’s sense on D, a € C*(D;R"™), [1,5565
- §570).

Denote by M C €2 the convex compact set in which the function o : D —
R™, defined by (3.1), takes its values for all (z,y,2) € Dy, a (Do) C M C Q.

Remark 2. Since hypothesis (Hs) ensures that the function k is integrable,
a point (zo, Yo, 20) € |0,a] x]0,b] x ]0,¢|] can be found so that

Zo (Yo =0
/// (r,s,t)dr ds dt < d(M,Cq),

where d(M, Cq) is the distance from M to Co = R"™ — Q.
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Definition 3.1. The Darbouz-Ionescu Problem for the third order hyper-
bolic inclusion with modified argument (1.1) consists in determining a solution
of this inclusion which satisfies the initial conditions (1.2).

Definition 3.2. A local solution of Darboux-Ionescu Problem (1.1)+(1.2)
is defined as a function U : Dy — Q, U € C*(Dy; R™), absolutely continuous in
Carathéodory’s sense [1], which satisfies (1.1) for a.e. (x,y,2) € Dy, and also
initial conditions (1.2) for all (z,y) € [0, zo] X [0, yol, all (y, 2) € [0, yo] x [0, z0],
all (z,z) € [0, zo] x [0, zo].

Theorem 3.1. Let the hypotheses (H;) - (Hg) be satisfied. Then:

(i) there exists at least a local solution U of the Darboux-Ionescu Problem

(1.1)+(1.2);
(ii) the set S, of the local solutions U is compact in the Banach space

o CDosRY; . _—
(iii) the multifunction o — S, is upper-semicontinuous on C*(Dp;R"™),

taking values in C'(Dg; R™).

Proof. (i) Let C*(Dp;R™) be the set of absolutely continuous functions
in Carathéodory’s sense defined on Dy with values in R™ [1]. We denote by
Uy the set of functions U : Dy — R™, U € C*(Dy;R™), which satisfy the
inequality

3
HW ‘ < k(z,y,2), forae. (z,y,z) € Dy, (3.2)
where || . || is the Euclidian norm on R™ and also conditions (1.2). The nota-

tion Uy is suitable because a(x,y,2) € M for (z,y, z) € Dy. We remark that
the absolute continuity in Carathéodory’s sense of the function U assures the

BU
M for a.e. ($ay72) € D07 [1’ §565 - §570}

existence of the derivative
0xdydz

We have Uy C C*(Do; R™).

Lemma. For any U € Uy, it follows that U(x,y, z) € Q.

U (z,y, 2)

Indeed, integrating 20D n Dy, where
x0y0z

Dmyzz{(r,s,t)\OSTSJJ, OSSSQ, OStSZ}, (x7y7z) GDO,
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and using conditions (1.2), we obtain

U(z,y,z) =U(z,y,0) + U(z,0,2) — U(x,0,0) + U(0,y, z)—

~U(0,y,0) — U(0,0,z) + U(0,0,0) /// 83;§s;t drds dt =
= o(z,y) +¥(y,2) + x(x, 2) — (,0) — — (0, 2)+

93U (r, s, 1)
+1(0,0) + /// B oedt ) ar dsdt = (z,y) + ¢(y, ) + x(z, 2)—

t)
—ol(z) —v3(y) — ) + 00 +/// 87"(;; drdsdt =

U(r,s,t)
a(z,y,z /// arasat d ds dt.

From the Remark 2 it results that

(3.3)

rst
[U(z,y,2) — a(z,y, 2

rst
< < 3.4
/// 87“838 Hd ds dt /// (r,s,t)drdsdt (3.4)
o Yo =0
S/// k(r,s,t)drdsdt < d(M,Cq).
o Jo Jo

Hence, it follows
d(U(z,y,2),a(x,y,2)) =||U(x,y, 2) — a(x,y, 2)|| < d(M,Cq), (3.5)

and, from «(z,y,z) € M for (x,y,z) € Dy, we conclude that U(z,y, z) € Q.
The set of functions Uy is conver and compact in C(Dp; R™). The convexity

d ds dtH <

of Uy results by the definition of this set, and its compactness from the Arzela-
Ascoli theorem, using hypothesis (Hg) and Remarks 1-2.

We denote by G the set of the triples (a, U, V) € C*(Do; R™) x Ups X Upp
with the property that U and V satisfy the membership relation

3
Tt € Pl s U2 90002 ) (36)

for a.e. (z,y,z) € Dp. From the definition of Uy, it follows that U,V € Ups
implies that U, V satisfy conditions (1.2) for (z,y,z) € Dy.

We prove that, for each @ € C*(Dg;R™) such that «o(z,y,z) € M for
(z,y,2) € Dy, the set of the pairs (U, V') for which (a, U, V') € G is non-empty,
and that the set G is closed.
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Indeed, let us take U € Up;. By Theorem 1 of [2], there exists a p-
measurable (under the Lebesgue measure p) multifunction T'y @ Dy — 28"
with compact and non-empty values in R” such that

Ly(z,y,2) C F(z,y,2,U(f(2,y,2),9(z,y,2), h(z,y,2))), (3.7)

Y(z,y,z) € Dy.
Then, by Theorem 2 or Theorem 3 [3], there exists a measurable selec-
tion By of 'y, i.e. a measurable single-valued function By : Dy — R™ with

ﬂU(«T,y,Z) € PU(xaya Z) for (.’L’,y,Z) 6-DO-
Let the function V : Dy — R"” be defined by

V(z,y,2) = a(z,y,2) + /O:E/Oy/oz Bu(r,s,t)drdsdt. (3.8)

Then, the set of those pairs (U, V) such that («,U,V) € G is non-empty

because

ﬁU(x,y,z) € FU(x7y7Z) - F(a:,y,z, U(f(l',y,Z),g(%’,y,Z), h(w,y,z))), (39)

for a.e. (z,y,2) € Dy,

PV (x,y,2)
axﬁyaz = ,BU(.T,y,Z) € FU(.%,Z/, Z) - (310)

C F(z,y,2,U(f(%,y, 2),9(z,y,2), h(z,y,2))),

for a.e. (z,y,2) € Dy,

by the hypothesis (Hs) for ¢ = By (z,y, 2), and

OV (2,y, 2)
0x0y0z

‘ — Bu(@.y. D) < k(@ 2), (.y.2) €Do,  (3.11)

V(m,y,O) = cp(x,y), (l’,y) € [071‘0} X [07y0]7
V(anv Z) = w(ya Z)? (y7 Z) € [Oa yO] X [07 20]7 (312)
V(z,0,2) = x(z,2), (z,2) € [0,z0] x [0, 2o].

For the proof that G is closed, we consider a sequence {(ay,, Upn, Vi) }nen of
elements in G, convergent to (a, U, V') in the space C*(Dp; R™) x C(Dp; R™) x
LY(Dg; R™). We must check that (o, U, V) € G, what implies, by the definition
of set G, that conditions (1.2) and (3.10) are satisfied by U and V.
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BV(x,y, 2)

Th g d M\ D T
€ e { 0x0y0z

the Dunford-Pettis Criterion [12]. Indeed, the hypotheses of the Criterion are

satisfied, because we have:

O3V, (1, 8,t) .
O Vn (1, 8,1) < _
)/// ordsot drdet—///k’(T»Sat)drdsdt K, K>0isa
D 8

constante,

O3V, (1, 8,t)

- A= < ” 4
) /// rosor || st = ///’f(ﬁsvt)drdsdt < e if p(4) <
A A

J (), from the absolute continuity of Lebesgue integral,

} is relatively weakly compact in L'(Dg; R™) by
neN

3) For every £ > 0 compact set C' C Dy exists such that

83V (r,s,t)
<e.
///’ 5901 Hdrdsdts
Do—C'
83Vn(m‘,y,z)

It follows that { } is weakly convergent to a function W &€
neN

0xdy0z
LY(Dg;R™). For each (z,y,2) € Do, using equalities of the form (3.12) for
Vy, (z,y, z), equalities that are of type (1.2) for (z,y,2) € Dy, we have

Viz,y,z) =w— hmV (x,y,2

BV, (r,s,t)
=w— hm [an x,Y, 2 /// 5050t d dsdt| = (3.13)
a(z,y, 2 ///Wrstdrdsdt
PVu(z,y,2)

From the weak convergence 920y0- - W(x,y,z2), (z,y,2) € Dy,

using the Corollary of Mazur’s Theorem [16], it follows that there exists a
BU,  PBPUp
0x0ydz’ 0xdydz"

strongly convergent to W in L'(Dg; R"). Then, we can extract a subsequence

sequence of convex combinations { X}, },en of the set {

from the sequence {X, }nen, which converges a.e. to W : X,,, — W for a.e.
(l’, Y, Z) € DO-
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Since F(z,y,z,U) is convex and compact for all (z,y,2z) € D and for all
U € Q, we obtain from the previous results and from Lemma 2 [2] that

W(x,y,z (]conv(LJ8 ‘8/:589;5; ) C

(3.14)
c ﬂconv(UF(x,y, 5, Unlf (2., 2), 9(.9, 2), h(z zm) c

=1
C F(x,y,z,U(f(z,y,2),9(x,y, 2), h(z,y, 2))),

for a.e. (z,y,z) € Dy, from which it follows that G is closed.
Indeed, (3.14) shows that

W(:'U’ y? Z) E F(x7 y’ Z? U(f(x’ y? Z)? g(aj7 y? Z)’ h(l‘, y’ z)))

PV (z,y, 2)
0x0Yy0z

n=l

for a.e. (x,y,z) € Dy, and we obtain = W(z,y,z) from (3.13);

then, using (3.3) and (3.14) we have

PV (z,y,z)

€ F(z,y,2,U(f(x,y,2),9(2,y,2), h(z,y, 2)))
(3.15)
for a.e. (x,y,z) € Dy, and also (3.12), hence V satisfies the initial conditions
(1.2) for (z,y,z) € Dy.
Let us take v € C*(Dg; R™) with a(z,y,2) € M for (x,y, z) € Dy. To each
U € Uy we associate the set ®(U) C Uy as follows:

BV (z,y,z)
0x0y0z (3.16)
€ F(z,y,2,U(f(z,y,2),9(x,y,2), h(z,y,2)))

for a.e. (z,y,2) € Dy.

We thus define a multifunction ® : Uy — 24M. The set ®(U) is con-
vex, compact and non-empty. It can be seen that ®(U) is convex since
F(z,y,2,U(f(x,y,%2),9(x,y,2),h(x,y, 2))) is convex by the hypothesis (H;).
We have ®(U) C Uy but Uy is compact. The multifunction ® has a closed

VedlU)sVely,

graph, because graph ® is the set G for each fixed o and G is closed. It follows
that ®(U) is compact in C(Dg; R™) since it is a closed subset of the compact
set Upr. The set ®(U) is non-empty since there exists V, defined by (3.8),
with the property V € ®(U).
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The multifunction ® : Uy — 2YM having a closed graph, is upper-
semicontinuous by Theorem 2.1. & : Uy, — 2Un i defined on Uy which
is a convex, compact and non-empty set; it is also upper-semicontinuous and
its set-values ®(U) are convex, closed and non-empty in Uy;. From Kakutani-
Ky Fan fixed point Theorem [12], [23] it follows that the multifunction ® has
at least a fixed point, that is at least an element U € Uy, there exists such that
U € ®(U). But, in view of definition of ® (U) given in (3.16), the membership
(3.6) holds what implies the expresion (3.8) of function V. It follows from
U,V € Uy that U and V satisfy (1.2). Since U € ®(U) we have V = U;
but V' is of the form (3.8), therefore this fixed point U is a solution of the
Darboux-Ionescu Problem (1.1)+(1.2).

(ii) We denote by S, the set of solutions to problem (1.1)+(1.2), a notation
showing that any solution U depends on the function « defined by (3.1). The
set S, contains at least an element. The set S, is compact, non-empty in the
Banach space C'(Dp; R™), being the set of the fixed points of multifunction ®.

iii) The graph H of the multifunction o — Sy, defined on C*(Dg; R") with
values in 2™ S, C ®(Uyy) C 24M | is closed in C*(Do; R™) xUy; since H is the
image of the compact set H; of the triples (a, U, V) € G with U = V through
the projection mapping (a, U, V) — (a,U). The mapping S, is — in general
— a multifunction because several solutions of the problem (1.1)+(1.2) can
exist, which are fixed points of mapping ® corresponding to the same function
«. Because the mapping o — S, has a closed graph H by Theorem 2.1, it
follows that o — S, is upper-semicontinuous on C*(Dy; R™), what completes
the proof.
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