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Abstract. Let X be a Banach space, {S(s) | s > 0} a Co-semigroup of contractions on X

and v a positive measure. We study the solvability of the nonlinear equation

wec(ab;X), F (t,u(t),/t St — s)d(uy)(s)> — f(t), t€lab].
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1. INTRODUCTION

Let (X,]| - ||) be a Banach space and C([a,b]; X) the Banach space of all
continuous vector-valued functions defined on [a,b] endowed with the supre-
mum norm || - ||c. Consider £(X) the Banach space of all continuous linear
operators on X and {S(s) | s > 0} a Cy-semigroup of contractions on X which
is continuous from (0,00) to £(X) in the uniform operator topology. Denote
by M,y the o-algebra of the Lebesgue measurable sets which are contained
in [a,b]. Consider v a positive measure which is defined on M, . Suppose
that v is different from the null measure and also that v({s}) = 0 for each
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s € [a,b]. If u € C([a,b]; X) then uv is the measure defined by u as density
and by v as base. We are looking for u € C([a,b]; X') such that

t
F (t,u(t),/ S(t— 5)d(uu)(s)> = f(t), tela,b. (1)

We assume that F : [a,b] x X? — X is a continuous nonlinear function and
also that f € C([a,b]; X). Consider ¢ € [a,b]. As we shall see in the next part,
t

the integral / S(t — s)d(uv)(s) is a kind of the Riemann-Stieltjes integral on

[a,t]. In fact,amaking the notation g, (s) = uv([a, s]), s € [a,b] we see that g,
is a vector-valued function of bounded variation and further, our integral is a
particular case of the Riemann-Stieltjes integral of an operator-valued function
with respect to a vector-valued function of bounded variation (see [6], p.206
and [7], p.3184). More precisely

t t
[ st =syatu)s) = [ (- 9)dgu(s).
t
where / S(t — s)dgy(s) is the Riemann-Stieltjes integral on [a,t] of the

operator-glalued function s € [a,t] — S(t — s) € L(X) with respect to the
function ¢, € BV ([a,b]; X) (see [6], p.206 and [7], p.3184). We denoted by
BV ([a,b]; X) the set of all vector-valued functions of bounded variation on
[a, b].

The study of equation (1) has been suggested to us by the following Cauchy
problem which can be found in [6], p.269:

du = {Au}dt + dh,,,

u(a) = €.
The above Cauchy problem is equivalent by the next equation
t
u(t) =St~ a)e + [ S(t = dh(s) 3)

In the context of (2) and (3), A: D(A) C X — X is the infinitesimal generator
of the Cp-semigroup of contractions {S(s) | s > 0}, £ € D(A) and h,, = H(u)
where H : C([a,b]; X) — BV([a,b]; X).
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We adapt some steps of the technique proposed by Adriana Buica in [2]. So,
using the theory of nearness between two operators and the Banach Fixed
Point Theorem we obtain an existence and uniqueness result for equation (1).

2. PRELIMINARIES

Consider t € (a,b] and u € C([a,b]; X). Let P|a, t] be the set of all partitions
of the interval [a,t]. Consider P € Pla,t] and let us denote P :a =ty < t; <

- <ty =t. We also denote by A(P) the norm of the partition P. We recall
that A(P) = max{t; —t;—1 | i« = 1,2,...,n}. Consider ©; € [t;—1, t],i =
1,2,...,n. The measure defined by u as density and by v as base is a measure
of bounded variation and its variation on [a, b] satisfies

n

Var(uv, [a,b]) = sup Z Juv([ti-1, t:]) || =

PePlab] ;1
= sp 3| / $)di(s)] < v({a, b)) ulle-
PEP ll b] i=1 ti—1

If gu(s) = wv([a,s]), s € [a,b], we easily prove that g, € BV ([a,b],X) N
C([a,b]; X). Indeed the variation of g, on [a,b] is given by

Var(gm[a b sup Zng z gu i— 1)”—
PePab i—1

= sup uv([ti—1,t = Var(uv, a, b
PePab;H | (uv, [a, b]).

The assumptions regarding the measure v yield that g, € C([a,b]; X). Next,
using the properties of a Cp-semigroup of contractions, the continuity of the
function s € [a,t] — S(t — s)u(s) € X follows.
The integral / t S(t — s)d(uv)(s) is a kind of Riemann-Stieltjes integral and
it is defined in the following way
t
/ S(t—s)d(uv)(s): hm ZS (t — 1) (uv([tiz1,ti])).
a

lo i=1
PEP[a,t]
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The limit on the right-hand side exists in the norm topology of X because the
semigroup {S(s) | s > 0} is continuous from (0,00) to £(X) in the uniform
operator topology (see [6], p.208, Theorem 9.1.1 and [7], p.3186, Theorem 2.1).
We notice that

/atS(t—s /St—sdgu s).

Therefore, taking into account that g, € C([a, b]; X) and using Corollary 9.2.1
from [6], p.213 or Corollary 3.1 from [7], p.3190, it follows that the integral
t

/ S(t — s)d(uv)(s) defines a continuous function as function of ¢ € [a, b].

Proposition 2.1. The following equality holds

/Sts ) /Sts du(s).

Proof. First let us remind that

n

/a S(t — s)u(s)dv(s) = A(?lDil)mi 0 ; viti—1,4])S(t — 1) (u(r)).  (4)
P € Pla,t]

Consider P € Pla,t], P:a=ty <ty <---<t,=tand 7 € [t;_1,t], i =
1,2,--- ,n. There are obvious the following equalities
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= Z/ i [S(t —m)u(s) — S(t — s)u(s)]dv(s)+
i=17ti—1

—i—/ S(t — s)u(s)dv(s)

We shall prove that

hm Z [S(t — m)u(s) — S(t — s)u(s)]dv(s) = 0.
J'O i=1 Yti-1
77 E P[a t]

Consider € > 0. We easily obtain
1S(t = mi)uls) = St = s)u(s)[| < [|S( — 7)uls) = St —7i)u(m)|+
St = 7)ulr) = St = s)u(s)]| < (6)

< lu(s) = u(m)l| + 15t = mi)u(ri) — St = s)u(s)]l

From the uniform continuity of the function s € [a,t] — u(s) € X we find
81 > 0 such that for P € Pla,t] with A(P) < 1 and s € [t;_1,t;] we get

llu(s) —u(m)| < i=1,2,...,n. (7)

2v([a,b])’
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From the uniform continuity of the function s € [a,t] — S(t — s)u(s) € X we
find d2 > 0 such that for P € Pla,t] with A\(P) < 2 and s € [t;—1,t;] we get

|S(t — 1i)u(r;) — St — s)u(s)| < i=1,2,...,n. (8)

£
2v([a, b])’
Let us denote 6 = min{di,d2}. Taking into account (6), (7) and (8) we can
see that for each P € Pla,t] such that A(P) < § we get

| 2/ [S(t = mi)u(s) — S(t = s)u(s)]dv(s)| <
i=1 g

ti—1

n t;
< Z/ |S(t — m)u(s) — S(t — s)u(s)||dv(s) <e.
i=1 7 ti-1
This completes the proof. [J

3. THE MAIN RESULT

We prove the main result of the paper, Theorem 3.1, which is an existence
and uniqueness result for equation (1).
Consider

t

e 7T :C([a,b]; X) — C([a,b]; X), Tu(t)= / S(t — s)u(s)dv(s);

o Cr([a,b X) = {Tu | u e C(la,b); X)}.
We prove that Cr([a, b]; X) is a Banach space and that T is a continuous linear
operator and a bijective map between C([a, b]; X) and Cr([a, b]; X).
Proposition 3.1. The mapping T : C([a,b]; X) — C([a, b]; X)

t
Tu(t) = / S(t — s)u(s)dv(s)

s an injective continuous linear operator.

Proof. Since || Tullc < v([a,b])|ullc for every u € C([a,b]; X) we conclude that
T is continuous. Consider u € C([a,b]; X) and suppose that Tu(t) = 0 for
every t € [a,b]. This means

/ S(t— s)u(s)dv(s) =0, tE€[a,b].
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We shall prove that u is the null function. To this aim, consider ¢t € (a, b] and
€ > 0 such that ¢ — e > a. We have

S(e) N St —e— s)u(s)dv(s) =0,

a

hence
t—e

S(t — s)u(s)dv(s) = 0.
Now, consider the function h(s) = S(t — s)u(s), s € [a,t]. It is easy to see

that .
/ h(s)dv(s) =0, foreverye >0 suchthatt—e > a.
t

—&

Therefore, 0 € ﬂ conv h([t — e,t]), where conv h([t—e, t]) is the closed convex

e>0
hull of the set h([t — €,t]). We shall prove that

() eonw h([t — e, t]) = {h(t)}.
e>0
It is clear that
h(t) € ﬂ conv h([t — e,1t]).
e>0
Suppose that there exists y € X, y # h(t) such that

y € () eonw h([t —e.1]).
e>0

By setting €9 = ||h(t) — y|| we obviously have that 9 > 0. Using the fact
that h is a continuous function we can choose § > 0 such that t —§ > a and
for s € [a,t],| s —t|< ¢ it is true the inequality ||h(s) — h(t)] < %0. Since
y € conu h([t — 4,t]), it follows that there exists a sequence (yy) such that
Yn € conv h[t—0d,t],n € N and y = lim y,,. Hence, there exists ng € N such that
for n > ny it is true the inequality ||y, — y|| < %0. From y,, € conv h([t—4,1t])
it results that there exist the sets {y, | i =1,2,...,p} C h([t —6,t]), {a |
i=1,2,...,p} C[0,1] such that oy + as+ -+, =1 and

Yno = Q1Yp, + Q2yZ 4+ oyl

Further, consider t}, € [t — §,t] such that y,, = h(t}, ), i = 1,2,...,p. This
means

ynO = alh(tio) + a2h(t310) + e + aph(tgo)
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From the continuity of h, the following inequalities hold
; €0 .
Ih(t,) = (o)l < 2, i=1,2,...p.
We also see that

17(t) = Yno | =
= [la1(h(t) = hltp,)) + a2(h(t) = h(t5,)) + - + ap(h(t) = h(th)] <

< an|lt) = h(thy) | + aall(t) = h(E2 )]+ + apl[(t) — h(th,)]| < =L

no 4
Therefore
€0 €0 €0
12 =yl < 15 = Yool + lgme —yl < F+F=F. (10)

But ||h(t) — y|| = €0 and this contradicts (10). The consequence is h(t) = 0 so
S(t—t)u(t) = 0 and further u(¢) = 0. Taking into account that ¢t was arbitrary
it results that u(¢) = 0 for every t € (a,b] and from the continuity of u we
obtain v = 0. O

Corollary 3.1. Cr([a,b]; X) = {Tu | u € C([a,b]; X)} is a Banach space and
the mapping

t
T :C(la,b); X) — Cr([a,b]; X), Tu(t) = / S(t — s)u(s)dv(s)
s a bijective comtinuous linear operator.

Proof. Since T is continuous it results that T has closed graph, hence
Cr([a,b]; X) is a closed subspace of C([a,b]; X). Therefore, Cr([a,b]; X) is a
Banach space. From a corollary of the Open Mapping Theorem we conclude
that 7=t € L(Cr([a,b]; X),C([a,b]; X)), where L(Cr([a,b]; X),C([a,b]; X)) is
the Banach space of all continuous linear operators between Cr([a, b]; X) and
C([a,b]; X). O

Consider m > 0 such that mlullc < ||[Tu|lc for all u € C([a, b]; X).
For w € C([a, b]; X) we define the mapping

Au: C[a, b X) = €100 X), Au(u)(t) = F(t,w(t), Tu(t)), ¢ € [a,b].
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Theorem 3.1. Suppose that
(i) For every (w,u) € C*([a,b]; X) we have Ay (u) € Cr([a,b]; X);
(11) There exist o« > 0 and B € (0,1) such that for all u,v,w € C([a,b]; X) we
have
|ITu — Tv — a(Apu — Ayv)|ec < B)|Tu — Tvlc;
(i1i) For every wi, w2, u € C([a,b]; X)

[Awyu = Awyulle < flwr — walle.

If m > ﬁ then equation (1) has a unique solution.

Proof. Consider w € C([a,b]; X). We shall prove that the mapping
Ay : C([a,b]; X) — Cr([a,b]; X),  Ay(u)(t) = F(t,w(t),Tu(t)), tEe a,b,

is bijective. If u,v € C([a,b]; X) and Ayu = Ayv it results |Tu — Tollc <
Bl Tu—Tv||¢, so Tu = Tv and this means u = v. Let us denote B =T — aA,,.
We have the inequality ||Bu— Bv|l¢ < 5||Tu—T"||¢c. From the hypothesis (ii),
the continuity of A,, follows. Consider g € Cr([a,b]; X). We shall see that the
equation A,u = g has a solution u € C([a, b]; X). Let ug be in C([a, b]; X). We
define the sequence (uy,), un € C([a,b]; X),n € N as follows

Tup+1 = Tuy — aAyu, + g, neN. (11)
For every n € N* we obtain the following inequalities

[Tunt1 = Tunlle = [[Bun — Bun—1]lc <

< B Tup — Tup—1llc < -+ < B™|Tur — Tupl|c

and further, for p € N* it follows
1-p» 1
1— ,8 ||TU1 — T’LL()”C < ﬁanTul — TUOHC-

Hence (T'uy,) is a Cauchy sequence in the Banach space Cr([a, b]; X'). Therefore

||Tun+p — Tupllc < "

there exists y € Cr([a, b]; X) such that T'u,, — y. But T is a bijective mapping,
so, there exists u € C([a,b]; X) such that Tu = y. Taking into account that
u =Ty and that T~! € L(Cr([a,b]; X),C([a,b]; X)) it results that wu, — u.
Passing to the limit in (11) we obtain A, (u) = g.

Now, consider the operator

U:C([a,b]; X) — Cr(la,b]; X), Uw = Tuy,
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where u,, is the solution of the equation A, (u) = f.
Consider also the operator
Q:C([a,b]; X) — C([a,b]; X), Q=T"'U.
We prove that ) has a unique fixed point. Indeed, if wy, w2 € C([a, b]; X) then

_ _ 1
HT 1Uw1 - T 1UU}2HC < *HTUUH - Tu’lUQHC <
m

1 «
= Em”Awluwl — A Uy [lc =
1 «
= Em”A’muwz — A Uy lle < qllwr —w2c,
where ¢ = ﬁ. Hence, there exists wg € C([a,b]; X) such that wy =

T~ U (wp). But this means that wy = wuy, and further F(t,wo(t), Twy(t)) =
f(t), t € [a,b], and the proof is complete. [J
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