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Abstract. In this paper we study compactness of the fixed point set for Caristi type
operators by means of regular -global-inf function technique given by Angrisani and Clavelli
in [1]. The results which are obtained will be applied to Ekeland’s variational principle and
Takahashi’s minimization theorem.
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1. PRELIMINARIES

Let (X, d) be a metric space and f: X — X an operator. In this paper we
study the compactness of the fixed points set of f:

Fr={zeX:f(x)=ua}.

At least two methods are used to prove the non-emptiness of the set F.
Firstly is the study of the convergence to a fixed point of f of the successive
approximations sequence (f" (z)),,cy, Where z € X.

In connection with this method Rus has defined in [8] and [10] the notions of
weakly Picard and c— weakly Picard operators, respectively, as follows:

Definition 1.1. an operator f : X — X is called:

i) weakly Picard operator (w.P.o) iff the sequence (f" (x)), oy converges
for all z € X and the limit, denoted by f*° (), is a fized point of f. Moreover,
if f has a unique fized point, denoted by x*, then f will be called Picard operator
(P.o).
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ii) c— weakly Picard operator (c— w.P.o) iff f is a w.P.o and there exists
c > 0 such that

d(x, [ (z)) <cd(z, f(x)), foralze X.

Example 1.2. Let (X, d) be a complete metric space. If f is an a— contraction
on X into itself (i.e. there exists a € [0,1) such thatd (f (z), f (v)) < ad (z,y),
for all z,y € X ) then, from Banach’s fized point theorem, we have that f is a
P.o and an ﬁ— w.P.o. If f is a closed orbitally a— contraction on X into
itself (i.e. there ezists a € [0,1) such that d (f (z), f?(z)) < ad(z, f (z)), for

all z € X) then f is not a P.o but it is an ﬁf w.P.o.

Example 1.3. The operators

_ . ) 0, ifx€0,1]
f‘ [0,00) [O¢OO)7 f(l‘)—{ n, foe (n,n+1] ) wherenEN\{O}
and
‘R _J 0, ifzeq
g:R R’g(x)_{l,ifxeﬂ%\@

are P.o but none of them is c— w.P.o for any ¢ > 0.

Another method to find the fixed points of f : X — X is the study of the
zeros for the function

F:(X,d) —[0,00), F(x)=d(z, f(x)).

In connection with this method Angrisani and Clavelli in [1] proved the non-
emptiness and compactness of the global minimum points set of a regular-
global-inf function (Theorem 1.5 below).

On (X,d), for a function F': X — R and for a bounded subset A C X we will
consider:

the global minimum points of F

M [F] := {xeX:F(m): ian(y)},
yeX
the p— level set

L,:={x € X :F(z) <p},where p € R,
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the Kuratowski’s measure of non-compactness

ag (A4) :—inf{5>0:Ag U A, diam (A;) < g, Vi—l,n},

1=1,n
and

D(xz,A) :=inf{d(z,a):a € A} ,for any z € X,
diam (A) :=sup{d(a,b) : a,b € A}.

Definition 1.4. (see [1]) Let (X,d) be a metric space. A function F : X — R
is called regular-global-inf (r.g.i) in x € X iff

F(xz)> inf F (y) = 3p > inf F (y) such that D (x, L,) > 0.
yeX yeX

We will say that F' is r.g.i on X iff it is r.g.i in every element of X.
Relating to the compactness of the set M [F] we have the following theorem:

Theorem 1.5. (see [1]) Let (X, d) be a complete metric space and F : X — R
be a r.g.1 function on X. If N hIfIl ak (Lp) = 0 then M [F] is a nonempty
p\, in

yEXF(y)

and compact set.

In this paper we will study compactness of the set F'y in case of fixed point
theorem due to Caristi. Also, using some results from [3], we will give similarly
results in case of Ekeland’s variational principle and Takahashi’s minimization
theorem.

2. MAIN RESULTS
In 1976 Caristi (see [2]) obtained the following generalization of Banach’s

fixed point theorem:

Theorem 2.1. Let (X,d) be a complete metric space and ¢ : X — R a lower
semi-continuous function bounded from below. Let f : X — X be an operator
such that

d(z, f(z) <) —¢(f (@), foralzeX. (1)
Then Fy # 0.
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We will say that f € C[p] iff the operator f : X — X fulfils the relation
(1). Can we say that an operator f € C[y] is w.P.o. or ¢c— w.P.o ? This
problem is studied under supplementary conditions imposed to ¢ and f in the
following

Proposition 2.2. (see [9], [11])Let (X,d) be a complete metric space, ¢ :
X — [0,00) a function, f: X — X a continuous operator and f € C [¢] .
Then:

(i) f is a w.P.o.

(i) If there exists ¢ > 0 such that

o(x)<c-d(z, f(x)), foralaze X (2)
then fis c— w.P.o.

Generally, even if the hypotheses of Proposition 2.2 holds, we not obtain
the compactness of the set F; as show the following

Example 2.3. Let (X,d) be a complete metric space. For the continuous
function po : X — [0,00),¢0(x) = 0,Yz € X and the operator 1x : X —
X,1x (x) = z,Vo € X we have that 1x € C [po] and the condition (2) holds
for any ¢ > 0 but the set F1, = X is not necessarily compact.

Under supplementary conditions we will obtain the compactness of the set
F; but first we present a general result which characterize the compactness of
Fy.

Lemma 2.4. Let (X, d) be a complete metric space and f : X — X a contin-
uous operator such that

inf d(z, f (x)) = 0. (3)

zeX

Then the following assertion are equivalent:
(i) Fy is nonempty and compact.
(7i) there exists po > 0 such that the level set

Ly, ={zxe X :d(z, f(x)) <po}

s nonempty and compact.
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Proof. 7 (i) = (ii)” Since Lo = Fy we consider pg = 0 and (ii) holds.
7(ii) = (i)” If po = 0 then Fy = Lg is a nonempty and compact set.
In the case py > 0 we consider

F:X >R, F(z)=d(x, f(z)), Vx € X.
From (3) we obtain that in)f(F () =0.
Te

From the continuity of f the function F is also continuous and then, for all
p > 0, we have that

Ly={z€X:F(z) <p}=F1[0,p] is closed. (4)

Since Ly, C Ly, for any p < pg we obtain (using ( 4 ) and the compactness of
L,, ) the compactness of Ly, for any p < py. Hence li{‘%a Kk (Lp) =0.
P

Now we suppose that F' is not r.g.i on X. The will exists x € X such that
F(x)>0and D (w,L;) = 0, for any n € N. Using (4) we have

1
xGLl,VnEN@F(m)§E,Vn6N<:>F(;U):0.

Contradiction with assumption F' () > 0. Hence F'is r.g.i on X.
Applying Theorem 1.5 the set M [F] = Fy is nonempty and compact. O

We observe that the continuity of the operator f in the Lemma 2.4 can
be change by closedeness of the graph of f and in this case we will have the
following

Lemma 2.5. Let (X,d) be a complete metric space and f : X — X an
operator. Then the following assertion hold:

(1) If Fy is nonempty and compact then there exists pg > 0 such that the level
set Ly, :={zx € X :d(z, f(x)) <po} is nonempty and compact.

(i) If ;Q&d (z,f(z)) =0, f has a closed graph and there exists py > 0 such
that the level set Ly, == {z € X : d(x, f (z)) < po} is nonempty and compact

then Fy is compact, too.

We will use Lemma 2.4 to prove the compactness of F; in the case of a
Caristi type operator, f € C [p] because in the continuity conditions on f we
have also that f is a w.P.o.

Theorem 2.6. Let (X,d) be a complete metric space, ¢ : X — [0,00) a lower
semi-continuous function and f € C' || a continuous operator. The following
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statements are equivalent:
i) Fy is a nonempty compact set;
ii) there exists pg > 0 such that

Ly ={z e X :d(z, f(2)) <po}
18 a monempty compact set.

Proof. For any x € X the sequence (¢ (f" (2))),cy is monotone decreasing
and bounded below by 0, hence it converges and

d (f” (x), fn+1 (l‘)) <o (f"(2) — ¢ (fn+1 ($)) n—-oo

Hence in)f(d (x, f (z)) = 0. We apply Lemma 2.4.
xe
O

If the operator f is not continuous then we can obtain a sufficient conditions
for compactness of the set Fy if we consider that the condition (2) hold, as

follows:

Theorem 2.7. Let (X,d) be a complete metric space, ¢ : X — [0,00) a
lower semi-continuous function and f € C[p] an operator (not necessarily
continuous) such that the condition (2) holds. If ¢ is an open operator then
Fy is a nonempty compact set.

Proof. We consider F': X — R, F'(z) = ¢ (z),Vz € X.
From the lower continuity of ¢ we infer that F'is r.g.i on X.
From f € C[p] we obtain that the sequence (f" (z)),cy converges for all
x € X and then, from (2) we have that
P (f"(2)) < e d(f"(2), [ (2)) = 0= inf F(y) = 0.
ye

From f € C'[g] we have that

4(f" (@), /" (@) < ¢ (" () < ¢ (@) < p, Va € L,
So, for all € Ly, the orbit Oy (z) := {z, f (z), f* (2),...} C L.
For any = € L, and any k,q > 1 we have d (fk (x), fFt+a (;1:)) < p(z) <pand
d(w, f*1(x)) < d(x, f () +d (f (x), [ (2)) < 2p.
Hence diamOy (x) < 2p.
Denoting by B (z,r) the open ball with center z € X and radius r > 0 we have
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that L, = ¢~'[0,p] = [0,p] = ¢ [Ly] = ¢ [ EUL Oy (SU)] = EUL (05 (2)) €

U ¢ (B (z,3p)) which is an open covered of [0, p]. Will exists z1,z2, ..., Ty €
z€Lyp

L, such that [0,p] C ¢ (B (x,3p)) = w( U B(wqu)) = L, C

; m =1,m

=1,
U B (i, 3p) = ak (L) < diamB (z, 3p) < 6p.

i=1m
Hence limag (L,) = 0.
P\O
Applying Theorem 1.5, the set M [F] = {zx € X : ¢ (x) = 0} is nonempty and
compact.
Let x € M [F]. We have

feClol=d(x f(z) <¢(x)=0=z € Fy.
Let € Fy. By (2) we have
0<y¢(x)<c-d(z,f(x))=0=x€ M|[F].

Hence M [F| = Fy and so Fy is a nonempty and compact set. U

3. APPLICATIONS

3.1. Ekeland’s variational principle and Takahashi’s minimization
theorem cases. It is known (see [3]) that Caristi’s fixed point theorem (The-
orem 2.1) is equivalent with Ekeland’s variational principle and Takahashi’s
minimization theorem (Theorem 3.1 and 3.2 from below). Using Theorems
2.6 and 2.7 we will obtain in this section compactness results in this cases.

Theorem 3.1. (Variational Principle of Ekeland) Let (X,d) be a complete
metric space and ¢ : X — R a lower semi-continuous function bounded from
below. Then, for any real number ¢ with € > 0, the set

pelp) i ={zeX:p(2)< infe () te, ¢ (z) <@ (y)+ed(z,y),Vy € X\{z}}
18 nonempty.

Theorem 3.2. (Minimization Theorem of Takahashi) Let (X, d) be a complete
metric space and ¢ : X — R a lower semi-continuous function bounded from
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below. If the condition
Ve € X with ¢ (x) > in)f(cp (y) = 32’ € X\{z} with p(z') + d(z,2") < ¢(z)
ye
(5)

holds then M [p] is a nonempty set.

In [3] are studied different relations between the sets ¢ [¢], M [p] and Fy,
where f € C'[p]. We summarize some of them in

Proposition 3.3. Let (X,d) be a complete metric space, ¢ : X — R a lower
semi-continuous function bounded from below and f : X — X an operator.
We have that:

(i) f € Clpl = M[p] C ¢c [¢] C Fy, for e € (0,1].

(i) If condition (5) holds then there exists € > 0 such that ¢- [p] C M [p].

(i1i) If condition (5) holds, then, denoting by o = sup{¢e[¢] C M [p]} €
e>0

[0, 0], we have
g0 >0 and f € Clp] = M [¢] = ¢ [p] C Fy, for 0 < e < min{l,e,}.

We can obtain compactness results for the sets ¢. [¢] and M [¢] using The-
orems 2.6, 2.7 proving first that these sets are equal with F'.

Proposition 3.4. Let (X,d) be a complete metric space, ¢ : X — [0,00) a
lower semi-continuous function and f € C'[p].

(i) If condition (2) holds then Fy = ¢. [¢], for any € € (0,1].

(ii) If conditions (2) and (5) hold then Fy = M [¢].

Proof. (i) For any x € Fy, from (2), we have that ¢ (z) = 0 hence z € ¢, [¢],

for any € > 0. Hence, from Proposition (3.3, i) we obtain the equality between

¢e [¢] and FY, for € € (0, 1].

(ii) We use Proposition (3.3, iii). O
We study now the compactness of the sets ¢ [p] and M [p] using again

Propositions 3.3 and 3.4.

Theorem 3.5. Let (X,d) be a complete metric space, ¢ : X — [0,00) a lower
semi-continuous function and f € C [] such that condition (2) holds. If
() f is a continuous function and exists pg > 0 such that

{reX:d(z f(x) <po}
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1S a monempty compact set

or

(6) ¢ is an open map

then

(i) ¢ [¢] is a compact set for any e € (0,1].

(i1) If the condition(5) holds and eg > 0 then M [p] is a compact set.

Proof. (i),(ii) From Proposition 3.4 we have that
¢e [p] = FY, for all € € (0,1] and
be [@] = M [¢] = Fy, for all 0 < e < min{1,e0}.

Using now (a)) and Theorem 2.6 or (§) and Theorem 2.7 we obtain the com-
pactness of the sets ¢ ], M [¢] . O
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