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1. PRELIMINARIES

In this section we recall some definitions and results that will be used in in
the sequel. The other notions concerning theory of fixed points in probabilistic
metric spaces are classical ones and follow the books [2], [8].

Definition 1.1. ([1]) We say that a t-norm T is of HadZié-type, if the
family {7} of its iterates is equicontinuous at = = 1, that is

Vee (0,1)30€(0,1) : a>1—-0=T"(x) >1—¢eVn>1.

We will denote by H the class of all t-norms of Hadzi¢-type. There is a nice
characterization of continuous ¢ norms 7" of the class H ([6]):

i) If there exists a strictly increasing sequence (by)nen in [0,1] such that
limy, 00 by = 1 and T'(by,b,) = by, Yn € N, then T is of Hadzié-type.

i1) If T is continuous and T € H, then there exists a sequence (by) as in
Definition 1.2. ([2]) If T is a t-norm and (z1, z2,...,xy) € [0,1]" (n > 1)
T z; is defined recurrently by TllzlxZ =z and T2 z; = T(Tzi_llxi_, Tn)Vn >
2. T x; is defined as limy, oo T | ;.
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In this paper, the case when lim, .o T°,7p4; = 1, with z; of the form
1 — ¢'(n), where ¢ is a map from (0,1) to (0,1)and the series Y o0, ¢©™(n) is
convergent for every n € (0,1)) will be considered.

It is worth noting that if the series Y o> | ¢™(n) is convergent and T' € H,
then lim, o 772, (1 — ¢™(n)) = 1.

If p(t) = kt where k € (0,1) is given, then, obviously, > ~°, ¢™(d) is
convergent for each § € (0,1). The condition lim, .o T2° (1 — ¢™(d)) = 1
for all 06 € (0,1) is satisfied for example by Sugeno-Weber family, defined
by T{W = max(0, Hy%;\”\w), A € (—1,00) and by the Lukasiewics T-norm
Tr(a,b) = max{a + b — 1,0}. Note that all members of the family Ty,
A € (—1,0) are weaker than T, ( see [2]).

2. MAIN RESULTS

The following theorem has been proved in [4] as an answer to an open
problem of Radu ([7]):
Theorem 2.1. ([4, Th. 3.11.]) Let (X,F,T) be a complete generalized

Menger with supT(a,a) =1 and f: X — X be a mapping with the property
a<l

Fraypo (@(t)) > B(Fey(t)), Yo,y € X, Vt >0

where a : [0,00) — [0,00) is (strictly) increasing, a(s) < s Vs € (0,1), 5 :
[0,1] — [0,1] is (strictly) increasing, B(u) > u,Yu € (0,1), and the mapping
¢ :[0,1] = [0,1], p(s) := max{a(s),1 — B(1—s)} satisfies D, ¢"(s) < oo for
all s < 1. If limy,— 0o T2, (1 — " Ti(s)) = 1 for all s € (0,1) and there exists
x € X such that me(m)(l) > 0, then f has a fixed point.

As we noted in [4, Remark 3.12.], the conditions a(s) < s Vs € (0,1) and
B(u) > u,Vu € (0,1) can be replaced with lims\ o a(t) = 0 and lim; ~ B(t) = 1.

We are going to prove (see Theorem 2.6. below ) that actually even these
last conditions can be dropped. Furthermore, the monotonicity of a plays no

role and also, as easily can be seen, the condition sup 7'(a,a) = 1 follows from
a<l

limy, 00 2% (1 — " Ti(s)) = 1.
Lemma 2.2. If Fy)p)(alt)) = B(Fuy(t)), Yo,y € X,Vt > 0 and 8 is
strictly increasing, then f satisfies the contractivity condition

r,y€e X, te (0,1), ny(t) >1—1t = Ff(x)f(y)((pt) >1— go(t)
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with ¢(s) := max{a(s),1 — 5(1 —s)}.

Proof. Fyy(t) > 1 -t = B(Fyy(t)) > B(1 —t) = Fyu)s(alt) >
81— 1),

Since ¢(s) > a(s) and B(1 —s) > 1 — p(s) for all s € (0,1), from
Fria)py)(a(t)) = B(Fry(t)) it follows that Fpi ry) (¢(t)) > 1—p(t). Therefore,
Fuy(t) > 1t = Fy5 (2(8) > 1— ().

Definition 2.3. Let & be the class of all mappings ¢ : (0,1) — (0,1). If
F' is a probabilistic distance on X and ¢ € ®, we say that the mapping f
: X — X is a p-H contraction if

(p-H): m,y € X, t €(0,1), Fiuy(t) > 1 —t = Fppa)py)((t)) > 1—p(t).

Lemma. 2.4. If there exists n € (0,1) such that lim,_.o ¢™(n) = 0, then
every @-H contraction is (uniformly) continuous that is, for every e > 0 and
5 € (0,1) there exist € > 0 and § € (0,1) such that Fpy(e) > 1 -6 =
Fryo(e) >1-0.

Proof. Let ¢ > 0 and 6 € (0,1) be given. There is kg € N such that
©F (1) < min{e, §} for all k > ko. Choosing & = &6 = ©* (1)) we have F, (') >
1—6 = Fruypo)(0(e) > 1= ¢(8) = Fiuy ) (e) > 1-06.

Theorem 2.5. Let (X, F,T) be a complete generalized Menger space and
@ € ® such that the series Y ;° ¢"(A\) is convergent for every X € (0,1). If
limy, 0o T2, (1 — ¢™(0)) = 1 for all 6 € (0,1) then every -H contraction f
on X with the property that Fxf(x)(l) > 0 for some x € X has a fized point.

Proof. Let (X, F,T) and =z, f be as in the statement of the theorem.

Let us prove that there exists § € (0,1) such that F, () () > 1—46. Indeed,
if we suppose that Fy,¢(,) (6) < 1—4 for all § € (0,1) then, by the left continuity
of Fyf(), we deduce that Fj(,)(1) = 0, which is a contradiction. From this
inequality and (¢-H) it follows by induction that

Fpn () prt1(2) (" (6)) > 1 — ¢"(8),¥n € N.

Next, we will prove that the sequence (f"(x))nen is a Cauchy sequence,
that is

Ve > OV € (O, 1)E|n0(: ’I’Lo(E-Z, )\)) : an(x)fn-&-m(x)(f‘:) >1-— /\,\V/’I’L > ng,Vm € N.
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Let ¢ > 0and A € (0,1) be given. Since the series >~ ; ¢" () is convergent,
there exists ny(= ni(g)) such that > o7 ¢"(d) < e.

n=ni
Then, for n > n; and m € N, we have

an(x)fn-km(x) (5) Z an(m)fn-km (z) ( Z QOZ (5)) Z
1=n1

ntm—1
> Fpngypnim( Y ¢'(6) = T wngi
i=n
where z; := Ffj(x)fj+1(x)(@j(5)) >1—¢I(6)Vj>n.

Let na(= n2(N)) be such that T/, (1 — " T71(§)) > 1 — X for all m.

Then, for n > ng := max{ni,na} and all m € N, Fpniy)pnim(g)(e) >
T (1 - mHm1(8)) = T (1 — g H1(6)) > 1— A,

Thus we proved that (f™(z))nen is a Cauchy sequence. By the completeness
of (X, F,T) and the continuity of f it follows that (f"(x)),en converges to a
fixed point of f.

From Theorem 2.5. and Lemma 2.2. we obtain the following theorem,
which better answers the open problem of Radu:

Theorem 2.6. Let (X,F,T) be a complete generalized Menger and f :
X — X be a mapping with the property

Ff(a:)f(y)(a(t)) > ﬁ(ny(t))7 Vl‘,y € X,Vt>0

where « is a mapping from [0,00) to [0,00), [ :[0,1] — [0,1] s strictly
increasing and the mapping ¢ : [0,1] — [0, 1], ¢(s) := max{a(s),1 —F(1—s)}
satisfies Y., @"(s) < oo for all s < 1. If limp_eo T2% (1 — " Ti(s)) = 1 for
all s € (0,1) and there exists x € X such that Fyp)(1) > 0, then f has a
fized point.

As it has been noted in the preliminary part, if the series > {° ¢"(d) is
convergent for every § € (0,1) and 7' is a t-norm of Hadzié-type, then
limy, 0o T2, (1 —"™(6)) = 1 for all 6 € (0, 1). Therefore, the following theorem
holds:

Corollary 2.7. Let (X,F,T) be a complete generalized Menger and f :
X — X be a mapping with the property

Fraypy(a(t)) = B(Fry(t)), Yo,y € X, ¥t >0
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where « is a mapping from [0,00) to [0,00), B :[0,1] — [0,1] is a strictly
increasing mapping and ¢ : [0,1] — [0,1], ¢(s) := max{a(s),1 — B(1 — s)}
satisfiesy - ¢"(s) < oo for all s € (0,1). If T € H and there exists v € X
such that Fyr,)(1) >0, then f has a fized point.
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