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Abstract. In this paper, we present two semilocal convergence theorems for Newton-like
approximations which improve and extend a fundamental result obtained by Yamamoto [15]
in 1987.

In the first part of this paper, we obtain an improvement of Yamamoto’s result. In fact we
consider the case in which the involved operators satisfy Lipschitz hypotheses and we prove
a convergence result for Newton-like approximations under weaker assumptions.

In the second part of this paper, we extend the previous result to the more general case
studied recently by Argyros in [3] in which the involved operators satisfy generalized Holder
hypotheses. We conclude with a comparison between our result and the result obtained by
Argyros in [3] and we show that, even if the two theorems are not in general comparable, in
some interesting cases it is more convenient to apply our theorem.
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1. INTRODUCTION

Let X and Y be Banach spaces and let f : D C X — Y be an operator
which is Fréchet differentiable in an open convex set Dy C D. Many iterative
methods for solving the equation

flz) =0 (1)
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can be written in the form
Tn+l1l = Tn — A(xn)_lf(xn)v n >0 (2)

where 29 € Dy of D and A(z) denotes an invertible bounded linear operator
which may be considered as an approximation to f'(z).

In 1968, Rheinboldt [14] established a convergence theorem for Newton-like
approximations (2) which includes the classical theorem of Kantorovich [10]
for the Newton’s method as a special case (A(z) = f'(z)).

In the years 1970-71, Dennis [6], [7] generalized Rheinboldt’s result and later
Miel [11], [12] improved their error bounds. Furthemore, in 1984 Moret [13]
gave a sharper error bound than Miel’s, but under a rather strong assumptions
on A(z).

In 1987, Yamamoto established a fundamental convergence theorem for (2)
under Lipschitz conditions on the operators A and f’ and improved the pre-
vious results of Rheinboldt, Dennis, Miel and Moret.

Later, Newton-like methods have been studied extensively under various hy-
potheses to generate a sequence converging to a solution of (1) (see, for exam-
ple, [5], [4],[1], [2], [3])-

In this paper, we consider Newton-like approximations under Lipschtiz as-
sumptions on the operators A and f’ and we present an improvement of Ya-
mamoto’s result.

Moreover, we extend the previous result to the case recently studied by Argy-
ros in [3] in which the derivative of the operator satisfies a generalized Holder
condition. Our theorem and the theorem obtained by Argyros in [3] are not
in general comparable, but we show that in some interesting cases it is more
convenient to apply our theorem.

The demonstrative technique applied in the following results is the same tech-
nique applied in [8], in which we improved a convergence theorem of Newton-
Kantorovich approximations for nonlinear operators with derivative Holder

continuous.

2. CONVERGENCE OF THE NEWTON-LIKE APPROXIMATIONS UNDER
YAMAMOTO’S HYPOTHESES

In this section, we consider Newton-like approximations under Lipschitz
hypotheses and we improve a result established by Yamamoto in [15].
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Let X and Y be Banach spaces, B(zg, R) the closed ball in X centered in
xo with radius R. Let f : B(zo,R) — Y be a nonlinear operator Fréchet
differentiable at interior points of B(zg, R) and let A(x) be an element of
L(X,Y) for any interior point x of B(xg, R).

In [15] Yamamoto prove the following

Theorem 2.1. Suppose that A(xg) is invertible and that there exist some
nonegative constants K, M, L,l,m with [ +m < 1 such that the operators A

and f' satisfy the following assumptions
[A(z0) " (f'(2) = F'W)llexyy < Kllw —yll, Va.y €B (z0,R),  (3)
| A(z0) " (Alz) — Alwo)llecxy) < Llle — ol +1, Vo €B (z0,R),  (4)
[A(z0) ™ (f'(x) — A@))lle(xy) < Mllz — zoll +m, Vz €B (z0,R). (5)

If we denote with a := ||A(xo) ' A(z0)||, and o := rnax{l, L}‘(M}, we as-

sume that
N2
pai < L=t=m)”
Set
Lr? Kr?
d)(r)::%—(l—l)r—i—a, qbg(?")::JQr —(1=l—m)r+a,

the scalar sequence t,, defined by recurrence formula

bo(tn)
to=0, tha1=1,— ) =
0 ) +1 (b,(tn) n

is monotonically converging to the smaller root t. of the scalar equation
oo (t) = 0.

The Newton-like approximations (2) are well defined for all n, belong to
B(zg,ts) and converge to a solution x, of the equation (1) and the follow-
ing error bounds hold

Hmn_xn—lHStn_tn—la VHEN, (6)

l|Zn — x| < ti —tn, VneN. (7)
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In our theorem, we replace the parameter o with a more convenient param-
eter a.

To define the fundamental parameter o, we need to introduce the real func-

tions )
K
op(r) = p 2T —1=l—-m)r+a (B=>1),
Kt+2(M+ L
h(t) = t+2(M+ L)
K(t+2)
Then the parameter o can be defined in the following way
. (1—1—m)?
a:=mnl<g<—": su h(t) < , 8
{ SO s b <6 )
with
tmaz := mMax — ¢5/($)
s€lrirg)  s'(s)
and

_(I=1-m)—+/(1—-1-m)?—-2apK
rg = K
is the smaller zero of ¢g.

We remark that ¢5(r) admits at least a positive zero if and only if
)2
g dzt=mr
20K
We obtain the following improvement of Yamamoto’s result [15]:

Theorem 2.2. Suppose that A(xzo) is invertible and that there exist some
nonegative constants K, M, L, l,m with | + m < 1 such that the operators A
and f' satisfy the assumptions (3),(4) and (5).

If a is defined by (8), the scalar sequence (ry,)nen defined by recurrence formula

¢o¢ (Tn)

_ S n>0

ro =0, Tn4+l = Tn

18 momnotonically converging to rq.
The Newton-like approximations (2) are well defined for all n, belong to
B(xg,74) and converge to a solution . of the equation (1) and the follow-

ing error bounds hold
Hxn_gjnlegrn_rn*la \V/TLGN, (9)

l|zn —zs]| < 7o — 710, VREN, (10)
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Proof. We begin to remark that r, satisfies the condition Lr, +1 < 1.
In fact, from the inequality

M+ L
>

L

(11)
it follows
1—-1—m < 1-—1
aK L
where 7,,,;, denotes the minimum point of ¢,,.

Ta < Tmin =

Since o > 1, the sequence 1, is converging increasingly to r,. In fact
¢a(r1) > 0 and

aoKK < aoKK <1
1-0D1—-1-m) ~ (1—-1-—m)?
implies
a <1—l—m
T = =T .
1 11 ok min

Consequently 1o < 71 < 7q.
Suppose now that 71 <719 <--- <71, <714

Then
” — ¢a(rn)
T R
since ry, < r, implies —(bo,‘ (n) >0
@' (rn)

From (11) it follows
—¢'(rp)=1—1—Lrp,>1—l—m—Lrp,>1—1—m—aKr, = —¢,(ra)

and consequently

ba (Tn) < Pa (T'n)

Tn+l = Tn — (ﬁ,(rn) S Tn ¢&(Tn) .

Now we consider the Newton method for the equation 1, (r) = 0 with initial

point r,.

ba (Tn)

Since r,, < r, the first iteration r,, —

is less than or equal to r, as well.

P (rn)
Now we prove (9) for induction on n; we have
a
|21 —2o|| <a < mzrﬁ

oz = 1| = [|A(z0) ™" f(2)]] < [|A(21) ™ Alzo) ]| A(z0) ™ f(a1)l-
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From the hypothesis (4), it follows
| A(z0) "1 (A(z1) — A(z0))|| < L1 — 20]| + 1 < L +1 < Lrg +1< 1

and from the Banach’s lemma, it follows that A(x;) is an invertible operator
such that

1
A(z) " A <— .
1AG) ™ AGo)llerrx) < 775

Then we have

JA(z0) ™' (f(21) — f(20) — A(20)) (21 — 20|

1
_ < -
||$2 le_ 1—(L7“1—|—l)

= 1—(L1r1+l) (HA(QEO)_l(f(l’l) — f(@0)) = f'(z0)) (21 — z0))l
I Az0)" (' (z0) — Alzo)) (a1 xom)
= % (/0 [A(z0) ™ (f' (ter+(1—t)zo)— f'(20))|| dt ||331—580||+m|331—$0||>

1 1
<—— | K [ tdt|lz1 —xo|* +m|lz1 —
_1—(Lr1+l)</o oy — ol P 4+ man 0||>

1 K|\:U1—:E0||2+ I 1 < 1 Kr%_'_
= mi|r1 —x mr
1— (Lr +1) 2 O =y e )\ 2 !

1 ( aKr? ~ $alr1)
(Lri+0)\ 2 ¢'(r1)
We suppose that the zj, are well defined and that (9) holds for all £ < n. Then

we have

Sl —|—mr1>: =r9g—r1.

|21 — @] < [|A(2n) " Alzo)|| [[A(zo) ™ f (a0
As above, from the Banach’s Lemma it follows
1
A(z,) A < -
H (x ) (-TO)H_ 1—(L7‘n+l)

then we have

1

_ < -
a1 =2all < T =

<\|A(wo)1(f(wn) = F@n) — @) (@n — za))

HA(x0>71(f(xn) —f(@n—1) = Al@n-1))(@n—Tn-1)]|

1
[ —
—1—(Lrp,+1)

HIA(zo) T (f (@n-1) = Alzn-1)) (@0 — :cnl))||>
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< /IHA(ﬂf )T St t (L=t zp—1)— f (zn-1))| dt ||zn—2p-1]]
=71_ (L’l“n —{—l) 0 0 n n—1 n—1 n n—1

+HIA(z0) ™! (f (@n—1) — A(wn-1))l] [lan — xn—lH)

< M(;W(K/Oltdtllwn—mn1||2+(M||xn1—fco||+m)||93n—fcn1|)
T1- (Llrn +1) (KH% —2:cn_1||2 + (Mllzn-1 = zol| + m)lJen — xn_lH>
1 (Llrn +1) (K(m —2rn_1)2 + (M1 +m)(rn — rn1)>
T 1- (Llrn +1) (K(Tn _2%1)2 + (M + L)rp—1(rn = rn-1)
+(m+10)(rp —rn-1) — (Lrp_1 + 1) (ry — rn1)>
= 1_(L1Tn+l) Pr1(Tr — Tn_1) (I;(r:nl — 1) + (M + L))

+(m+1)(rp — 1) — (Lrp_1 + 1) (ry — Tn—1)]

By the definition of the parameter «, we have

Kt K
I MA+L< %(t—i—Q) Vit € [0, tmaq)

2
and for ¢ := =1, we obtain

1

_ < -
lznr = el < =7 =

akK r
7 Tn—l(rn - rn—l) (T - + 1)

+(m+0D)(rp —rp—1) — (Lrp—1 + 1) (rp — rn—1)

= 1—(L1rn—|—l) (Og((ri_TZ—l)+(m+l)(rn—Tn1)—(L7“n1+l)(rn—rn1))
= 771 Tn)— T —¢/(r Tn—T = 7¢a(7"n) =Tpy1—T
= ¢/(Tn) <¢a( n) ¢a( nfl) ¢( nfl)( n n1)> ¢/(Tn) n+1 n -
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Consequently the sequence z, is a Cauchy sequence converging to a solution
x4 of the equation (1). Moreover, x, € B(x,7,) and for n — +oo we obtain
the estimate (10).
O
M+ L . .
Remark. In the case ' < 1, we obtain an improvement of the Ya-

mamoto’s result.

Kt+2(M+ L
In fact since @ = max +2AM+ L) < 1 = o our hypothesis aK <
0<t<tmax K(t+2)
1—1—m) 1—1—m)?
(2m) is weaker of Yamamoto’s hypothesis K < &

3. CONVERGENCE OF THE NEWTON-LIKE APPROXIMATIONS UNDER
GENERALIZED HOLDER CONDITIONS

In this section, we consider the more general case in which the operators
A and f’ satisfy generalized Holder assumptions and therefore we extend the
theorem proved in the previous section.

In [3] Argyros consider this case but Yamamoto’s result is not a particular
case of his theorem.
We recall the result proved by Argyros.

Theorem 3.1. [3] Suppose that A(xg) is invertible and that the operators A
and f' satisfy the following conditions

1AG0) (f'(x) = FW)llccey) < wrlllz —ul), Yo,y €B (xo,R),  (12)
[1A(z0) " (A(z) — A(w0))l|cexy) < wallle — zol), Vo €B (z0, R),  (13)

1A(zo) ™ (f'(2) = A@@))llexy) S wlllz = =oll), Vo €B (w0, R),  (14)
with wy,wa,w : [0, 4+00[— [0, +oo[ increasing functions and w¢(0) = 0.
If, as in Section 2, we denote with a = ||A(zo) L A((x0)||, we suppose that the

function
W(r) = /Or (Oiggtwjr(s) +walt — s))dt —(1-w(r)r+a,

admits a zero ry in [0, R] and that ¥(R) < 0.
Set

o(r) = /OTwA(t)dt —-r+a,
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the scalar sequence (sy) defined by
s0 =0, Spy1 =5p —

1s momnotonically converging to 7.
The Newton-like approximations (2) are well defined for all n, belong to
B(xo,7r«) and converge to a solution x. of the equation (1) and the follow-

ing error bounds hold for allm € N:
Hfzn - !Tn—1|| < Sp— Sp—1, (15)
|zn — || < 7s = 50, (16)

We remark that the theorem established by Yamamoto in [15] is not a
particular case of the theorem proved by Argyros.
In fact, if
wi(t) = Kt, wa(t) ==Lt +1, w(t) == Mt+m, (17)
set 7 := max{K, L}, we have
sup wy(s) +wa(t—s)= sup (K —L)s+ Lt+1l=7t+1
0<s<t 0<s<t
and the function v defined by
T+2M

P(r) = 5 r2—(1—1l—m)r+a

is not in general comparable with the function ¢, defined in Section 2.

In our theorem, we define a function ¢, which coincides with ¢, in the par-
ticular case in which the conditions (17) hold and is more convenient of the
function % in some interesting applications.

To define ¢, we need to introduce the scalar functions ¢g

os(r) = B /Orwf(s)ds (1= wal0) —w(0)r+a, B>1.

If we suppose that the function ¢z admits at least a zero and we denote with

rg the smaller zero of ¢g, we define the parameter o

a::min{ﬂzl cpg(u) >0; r <u<rgand

v—Uu

sup { Jo "wr(s)ds + (w(u) — w(0) + wa(u) —wa(0))(v — u)
f; we(s)ds

<5,
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V’U,UI UV—Uu= 7()05(“)77‘1 S u S Tﬁ}} )
and the fundamental function ¢,

valr) =« / we(s)ds — (1 —wa(0) —w(0))r +a.
0
We obtain the following

Theorem 3.2. Suppose that A(xg) is invertible and that the operators A and
1’ satisfy the conditions (12), (13) and (14).

Suppose that the function g, admits a zero rq in [0, R] such that po(R) <0
and wa(rq) < 1.

Then the scalar sequence (ry,) defined by

®alrn)
@' (rn)

ro =0, Thy1=7p— , n>0,

1s monotonically converging to rq.
The Newton-like approximations (2) are well defined for all n, belong to
B(xg,74) and converge to a solution . of the equation (1) and the follow-

ing error bounds hold
l|zn — xp_1|| <Tp —rn—1, YNEN, (18)
l|zn — || <rqg—1n, VneN, (19)
Proof. The monotone convergence of the sequence r, follows as in Section
2.

From the Banach’s lemma, it follows that A(z) is an invertible operator for
all point x € B(xg, R) such that wx(||x — z¢||) < 1 and that

1
A(z) ! Az < .
[A(z) ™" A(zo)lzev,x) < 1 —wa(||lz — zo|])

We prove (18) for induction on n; we have

a

2 — a1]] = A1)~ F ()] < (A1)~ Alzo) ||| ACzo) ™ F )]
! 1 A(0) ™ (F (1) — F(zo) — Alxo)) (a1 — 20|

~ 1—wa(llz1 = 2oll)
1

<
~ 1 —wa(llzr = o)

=T1;

(I!A(wo)_l (1) - F(zo) — F(20)) (@1 — 20|
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lA(z0) ™ (' (z0) — Alxo)) (a1 — 900)“)

1
<
~ 1 —wa(llzr — zoll)

1
(/0 1 A(zo) ™ (' (b1 + (1 —t)z0) — f (x0))|| dt ||z1 — o]

+[A(ao) " (f(w0) = Alzo))|| |21 — on)

1
~ 1 —wa((lr1 — 2ol

[|z1—o]]
B l—wA(\1x1—$0H)</0 wy(t) dt +C‘J(O)||ZU1—:L"0||>

1 1
< HM(/O wj(t) dt —i—w(O)rl)

1 " __Soa(rl) — o — 1
< I—WA(TI)<O[/0 wy(t)dt —|—w(0)7‘1> =T 9 —T1.

We suppose that the xj are well defined and that (18) holds for all k£ < n.

Then we have

1
)(/0 wf<t||x1—xo\|>dtr|m—xo|\+w<o>r|x1—xon>

llzns1 = zall = [[A(za) = f (@)l
< [|A(zn) " Al@o) [ [|A(z0) " (f(2n) = flzn-1) = A(2n-1))(@n — Tn-1)]]

. (/ 1A(20)™ (F'(t2nt (L—t)—1)—F' (En1))H]] dt [0 ) |
0

<
1= wa(llen = @ol])

+HIA(z0) ™ (f'(@n-1) = A(zn-1))Il |l — $n1||>

1

~1-wa(llzn = 2ol])

1 [|on—2n—1]|
] (/0 wy(t) dt +w(||zn—1 — 2ol|)l|Zn — Tn-1l|

1
(/ wf(t”xn_xn—l”) dt ||$n_$n—1||+W(||xn—1_x0||)|‘xn—xn—l |D
0

1= wa(llzn — @ol|

1 Tn—Tn_1
< HM(/O wy(t)dt +w(rn1)(rnrnl)>

1
< -
T 1—wa(ry)

</0’"n—rn_1 wp(t)dt + (w(rn-1) = w(0) + wa(rn-1)
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—wA(0))(rn — rn—1) + (W(0) + wa(0))(rn, — rp—1) — wA(Tn—1)(rn — Tnl))
By the definition of the parameter «, we have
/v—u wy(s)ds + (w(u) —w(0) + wa(u) —wa(0))(v —u) < a/v we(s)ds
0 u
_ Pa(u)

¢'(u)
Then for uw = r,_1, v = ry,, we obtain

1 Tn Tn—1
< 1—WA(7“n)<a/o wy(t)dt —a/o wy(t)dt

forallr <u<v<ry v—u=

Hxn-i-l - an <

+(w(0) +wa(0))(rn = rn-1) = wa(rn-1)(rn — rn—1)>

- 1:A(7~n)(¢0¢(rn) — pa(rn—1) + (1 —wa(rn-1))(rn — rp—1))
B _<z>'<1m(%<rn> = @alram1) = ¢ (ra-1)(ra = 1u-1))
= _90@<Tn) 7
4,0/(7“n) n+ n -

Consequently the sequence z,, is a Cauchy sequence converging to a solution

x4 of the equation (1). Moreover, =, € B(xg, ) and the estimate (19) holds.
O

Remark

As we shown above, the functions 1 and ¢, are not comparable. In the

particular case in which the conditions (17) hold, the function ¢, coincides

with the function ¢, which is less or equal to the function ¢,.

In general also the functions ¢ and p, are not comparable except for the some

particular cases.

A very interesting case is the one in which A(z) = f/(z) with f’ Holder

continuous.

We have wy(t) = Kt?, (0<6<1),

sup s% + (t —s)? = 217049,
0<s<t
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and
T1+6
©“al(r) :a(0)1+9 —r+a
where the parameter /() introduced in [8] is defined by
= mi >1: <
a(0) = min{3 > 15w (0) < ). (20)
where
¢’ 0 4+ (1 +0)t
t(B) == ’ g 9(t) = %
(14+0)(B(1+6)—06% I+ —1
In fact
, v—u) + (14 0)(v—u)
a(@)—mm{ﬂZl: sup{( )v1+9—(u1+9) <p
¢p(w)
: — = — < <
Vo,u: v—u qﬁ’(u)rl_u_rﬁ}
1+6
(5—1) +(1+9)(g—1)
=min{ [/ >1: sup 70 <pB
() -
Vo,u: v—u= —(25((5))7“1 <u< rﬁ}}.
Set
v—u
t:= ,
u
we proved in [8] that
0<t<tp)

from which we obtain (20).
Finally, from the inequality

() <217 forall0 < 0 < 1

(see [8] and [9] for the proof), it follows that ¢, < 9.

We conclude with an example of a particular case in which we can apply
Theorem 3.2 while Theorem 3.1 is not applicable.
Set wy(t) :=wal(t) := w(t) := Kt, we have

3
T,ZJ(T):§KT2*T+CL,
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v+ 3u
a < max
ri<u<v<r, U+ u

=2

and consequently we obtain

1
Then, if 5 <aK <

wa(r) < Kr’—r+4a< P(r).

1
T the function ¢, admits at least a positive zero while

Y(r) > 0 for all r > 0.
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