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which a general contraction principle for probabilistic contractions holds.
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1. INTRODUCTION

In Chapter 20 of [9], V. Radu presented three open problems in fixed point
theory of probabilistic metric spaces. Let us introduce them.

Definition 1.1. ([11]) Let X be a nonempty set and F' probabilistic dis-
tance on X. We say that the mapping f : X — X is a probabilistic contraction
(or B-contraction) if there exists k € (0,1) such that

Fr(a)f) (k) > Fpy(t), Vo, y € X,Vt > 0.

Definition 1.2. ([8]) Let X be a nonempty set and F' probabilistic distance
on X. We say that the mapping f : X — X is a probabilistic strict contraction
(or strict B-contraction) if there exists k € (0,1) such that

Fay (1)
Fa)p) (kt) = a8 + (1 — Foy (1)

Theorem 1.3. ([8]) Let (X, F,T) be a complete generalized Menger space
with T > Ty, and f : X — X be a strict B-contraction such that Fyf(u) >0
for some x € X and uw > 0. Then f has a fized point.

The mappings from the above definitions satisfy contraction relations of the

Ve, y € X,Vt > 0.

form
(PCCMB) : Ff(m)f(y)(a(t)) > 5(ny(t)),Vx,y e X,Vt >0
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where « : [0,00) — [0,00) and 3 : [0, 1] — [0, 1] have the properties:

al) « is increasing

a2) a(t) <t,Vt >0

a3) lim, o a"(t) = 0,Vt >0

1) B is increasng

62) Bu) > u,¥u € 0,1]

7) the mapping 7 : [0,1] — [0, 1], v(s) := max{a(s),1 — 5(1 —s)} is contin-
uous and verifies ) A"(s) < 0o ,Vs < 1.

Theorem 2.3 leads to the following general contraction principle:

Theorem 1.4. ([9]) (Contraction Principle) Let (X, F,T) be a complete
generalized Menger space with T(a,b) > Tr(a,b) :== Max(a + b — 1,0) and
consider (for o and B as above) a (PCaf3)-contraction A : X — X such that
Frax(u) >0 for some x € X and some u > 0. Then A has a fized point.

In this context, the following questions (Radu [9]) are quite natural:

Problem 1. Determine the class of triangular norms for which the Theorem
2.3. 1s still true.

Problem 15. Determine the class of triangular norms T for which the
Contraction Principle 2.4. holds on every complete generalized Menger space
(X,FT).

Problem 16. Find appropriate conditions on o, and = in general case,
when the t-norm T is replaced by an arbitrary Archimedean one.

In this paper we answer the first two of these questions.

2. PRELIMINARIES

In this section we recall some classical notions from the probabilistic metric
spaces theory. For more details concerning this problematic we refer the reader
to the books [2], [10].

Definition 2.1. ([10]) A mapping 7" : [0,1] x [0,1] — [0,1] = I is called a
t-norm (shortly t-norm) if it satisfies the following conditions:

N1) T(a,b)=T(b,a) Va,bel
N2) a<e,b<d = T(a,b) <T(cAd)

N3) T(a,1)=a, Ya € I.
N4) T(a,T(b,c)) =T(T(a,b),c) Va,b,cel.
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Among the important examples of t-norms we mention 17, : I x I — I,
Tr(a,b) = Max{a + b — 1,0} (Lukasiewicz t-norm), Tp(a,b) = ab and
Tr(a,b) = Min{a,b}.

Definition 2.2. ([1], [2]) We say that the t-norm T is of HadZi¢-type and
we write T' € H if the family {T"},ecn of its iterates defined, for each z in
[0,1], by

T%z) =1 and "M (2) = T(T™(x), x),¥n > 0
is equicontinuous at x = 1, that is,

Ve € (0,1)30 € (0,1) such that x >1 -0 = T"(z) > 1 —¢, Vn > 1.

If T'is a t-norm and (zp)n>1 is a given sequence of numbers in [0, 1], one
can define recurrently T} x; by Tilzlxi = zjand T} z; = T(T?;llzpi.,xn)
Vn > 2.

T2, x; is defined ([2]) by limy,—oo T)2; z; and T2° x; by T2°, xy4i. More
about this important notion of countable extension of t-norms and many ex-
amples of such t-norms can be found in [2].

Definition 2.3. ([10]) The class of (generalized) distribution functions,
denoted by Ay, is the class of all functions F' : [0,00) — [0,1] with the
properties:

a) F(0)=0;

b) F' is nondecreasing;

c) F is left continuous on (0, c0).

D is the subset of A} containing the functions F’ which also satisfy the
condition lim F(z) = 1.

T—00

A special element of D is the function g, defined by

= Lo it e=0
R S T T

If X is a nonempty set, a mapping F' : X x X — A, is called a probabilistic
distance and F(z,y) is usually denoted by F,.

Definition 2.4. ([3], [10]) If X is a nonempty set, F' is a probabilistic
distance and T is a t-norm, the triple (X, F,T) is called a generalized Menger
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space if the following axioms are satisfied:

(PMO) : Fpyy=¢ciffz=y
(PM1) : Fyy=F,, Yo,y X
(PM2yr) = Fpy(t+s) > T(Fp(t), Fay(s)), Vo,y,z € X,Vt,s > 0.

Proposition 2.5. ([10]) Let (X, F,T) be a generalized Menger space. If

supT'(a,a) = 1 then the family U := {Uc x}c>0,0¢(0,1) Where
a<l

Usr={(z,y) € X x X : Fyy(e) > 1 - A}

is a base for a metrizable uniformity on X, called the F-uniformity.

The F-uniformity naturally determines a metrizable topology on X, called
the (e-\) topology or the F-topology : a subset O of X is F-open iff for every
p € O there exists € > 0, A € (0,1) such that Ny(e,\) = {g € X : Fpq(e) >
1-A}CO.

In the following all topological notions refer to the F-topology.

3. MAIN RESULTS

Answer to Problem 14.

We will show that for the class of triangular norms 1" with T continuous in
(a,1) for every a € (0,1), Theorem 1.3. remains true.

Theorem 3.1. Fvery strict B-contraction in a complete generalized Menger
space (X, F,T) with T continuous in (a,1) for every a € (0,1) has a fized point
iff Fifa)(t) >0 for somex € X and somet > 0.

Actually, we will consider a more general class of contractions, introduced
by us in [4] and Theorem 3.1. will be obtained as a corollary of Theorem 3.5.
below.

In the following by ® we will denote the class of all mappings ¢ : (0,1) —
(0,1) with the properties:

i) @ is an increasing bijection;

i) p(A) < AVA € (0,1).

Obviously, every such a comparison mapping is continuous and if ¢ € ®
then lim,, . ¢"(A) =0 VX € (0,1).

Definition 3.2. ([6]) Let X be a nonempty set and F' be a probabilistic
distance on X. Let also ¢ € ® and k € (0,1) be given. A mapping f :
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X — X iscalled a (¢-k )-B contraction if the following contractivity condition
holds:

r,y € X,e>0,\€ (0,1),ny(€) >1- = Ff(x)f(y)(kﬁ) >1— QD(/\)

Proposition 3.3. ([6]) For a given k € (0,1), the mapping ¢ defined on
(0,1) by p(N) = % is in the class ® and every strict k-B contraction is
a (p-k)-B contraction.

In the proof of Theorem 3.5., which is a slight modification of our proof [6,
Theorem 3.11.] we will use the following

Lemma 3.4. Let (X,U) be a separated sequentially complete uniform space
and B be a base for the uniformity U. If f : X — X is a mapping with the
property that for every U € B there exists K € B such that

(v,y) eUo K = (fz, fy) e U
and there exists x € X such that
YU € B3n=n(U,z) €N : (f"(z), " (z) €U

then f has a fixed point.

For the proof of the lemma see e.g. [7].

A mapping with the contractivity condition from the above lemma is called
B-contraction.

Theorem 3.5. Let (S, F,T) be a sequentially complete generalized Menger
space with T continuous in (a,1) for every a € (0,1) and f : S — S be a
(¢-k)-B contraction. If there evist p € S and § > 0 such that F,,(5) > 0,
then f has a fixed point.

Proof. Let (S,F,T), f:S— S,pe S andd > 0 be as in the statement
of the theorem.

We will show that all the conditions of Lemma 3.4. are fulfilled.

a) f is a Up-contraction

Indeed, let U = U, » € Ur be given. Then there exists €1 > 0 such that
et+er=7g.

Since 1 —p~1(A\) < 1—X=T(1 — A, 1), by the continuity of T in (1 — A, 1)
we deduce that there exists A\; € (0,1) such that:

TA=X\1—=X)>1—9 N

1

where ¢~ is the inverse of ¢.
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If we consider the set K = U, ), then the following implications hold:
(p,g) e UoK = 3Ir e X : (p,r) € U, (r,q) € K = Fy(e) > 1— A,
Frq<61) >1—-X =

Fogle+e1) 2T =XN1=X)>1—¢0 1 (A) = Fp($) >1— 9 1N,

From the definition of (¢-k)-B contraction we deduce that Fy,)zq)(e) >
1— A, that is (p,q) e Uo K = (f(p), f(q)) € U.

VU € Up In € N = (f*(p), " (p)) € U.

Indeed, let U = U\ € Uy be given. Since Fy,r(,)(6) > 0, we can find
61 > 0 such that Fj,r,)(6) > 1 — 01 and then Fyr(py) prr15)(K76) > 1 — ¢"(01)
for all » € N. By choosing n such that k"9 < ¢ and ¢"(d;1) < A we obtain
Firpypreipy(€) > 1= A Le. (f"(p), f"(p)) € U.

The theorem (and Theorem 3.1. as well) is proved.

In order to answer to the other question, we begin by recalling some results
from [5].

Definition 3.6. ([5]) Let ¢ be a mapping from (0,1) to (0,1) and T be a
t-norm. We say that T is @-convergent if

s+1

V8 € (0,1)VA € (0,1)3s (=s(6,\) ) € N Ty (1 — " (8)) > 1 — A\, Vn > 1.

Proposition 3.7. If limy, oo T2 (1 — ¢"T(8)) = 1 V5 € (0,1) then T is
p-convergent.

Proof. If § € (0,1), A € (0, 1) are given, from lim, o7 (1 —¢"(5)) =1
it follows that there exists sy € N such that

T2 (1= ¢"(8)) > 1= A, Vs > sp.

Since the sequence (T, (1—¢™*¥(8)))n>1 is nonincreasing, we have T/, (1—
0 (8)) > T2 (1 — ¢T4(8)) > 1 — A Vs > s0,Vn > 1, wherefrom it follows
that T' is ¢-convergent.

In [2, page 39] it is proved that for T' > T, the following implication holds:

o0
M oo T2 Ty = 1 = Y (1 —xp) < 00.

n=1

Using this result we can obtain the following
Example 3.8. Let ¢(t) = kt for all ¢ in (0,1). Then the ¢-norm 77, is
p-convergent.



ON SOME OPEN PROBLEMS OF RADU 171

Definition 3.9. ([4, Definition 2.1]) Let ® be the class of all mappings
v :(0,1) — (0,1). If X is a nonempty set, F' is a probabilistic distance on X
and @ € ¢, we say that the self-mapping f of X is a o-H contraction if

(QO—H) LT,y € X, te (0, 1), ny(t) >1—t—= Ff(w)f(y)(got) >1-— (p(t).

Theorem 3.10. ([5, Theorem 2.3. and Remark 2.3.]) Let (X,F,T) be a
complete generalized Menger space and ¢ € ® be such that o(t) < t Vt €
(0,1) and the series > ;° ¢"(\) is convergent for every X € (0,1). If T is -
convergent then every w-H contraction f on X with the property Fxf(x)(l) >
0 for some x € X has a fived point.

An answer to Problem 15.

Theorem 3.11. Let (X, F,T) be a complete generalized Menger space with
SuI1) T(a,a) =1 and f: X — X be a mapping with the property
a<

Ff(:c)f(y)(a(t)) > /B(me(t))7 V.’E,y € X,Vt>0

where a : [0,00) — [0,00) is increasing, a(s) < s Vs € (0,1), 5:[0,1] — [0, 1]
is increasing, B(u) > u,Vu € (0,1) and the mapping ¢ : [0,1] — [0, 1], ¢(s) :=
max{a(s), 1 —3(1 —s)} satisfies Y, ¢"(s) < 0o ,Vs < 1. If T is ¢-convergent
and Fyppy(1) > 0 for some x € X, then f has a fized point.

Proof. We will show that the contractions considered in Problem 15. are
actually @-H contractions and all the other conditions of Theorem 3.10. are
satisfied.

We have: Fpy(t) > 1 —t = B(Fyy(t)) > B(1 —t) = Fruype(alt)) >
B(1—t). Since ¢(s) > a(s) and B(1—s) > 1—p(s) forall s € (0,1), we deduce
that Fy(z) ) (0(t)) > 1—p(t). Therefore, Fpy(t) > 1 —t = Fpp) 1) (0(t)) >
1— ().

Moreover, from a(s) < s and ((s) > s for all s € (0,1) it follows ¢p(s) <
5,Vs € (0,1).

Remark 3.12. In the proof of Theorem 3.10. from [5] the condition p(t) <
t Vt € (0,1) is used only for the proof of continuity of f. As a matter of fact,
this condition can be replaced with lims\ o ¢(t) = 0 so, in the statement
of Theorem 8.11. we can replace the condition: "a(s) < s Vs € (0,1) and
B(u) > u,Yu € (0,1) 7 with "limy\ o a(t) = 0 and lim; ~ 3(t) = 17.
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In the following we will show that there exist ¢t-norms 7', different from

Ty, and mappings ¢ such that ¢(s) < s, > ¢"(s) <oo,¥s < 1 and T is

(p-convergent.

Lemma 3.13. (]2, Prop. 1.70.]) Let (xn)nen be a sequence in [0,1] such

that lim, .o v, = 1. If T' is a t-norm of HadZic-type, then limy, oo T2 Tnii =

1.

From the above lemma and Proposition 3.7. it follows that if p(t) = kt,Vt €
(0,1) (for a given k € (0,1)) and T € H then Y {° ¢"(t) is convergent for every
t €(0,1) and T is p-convergent.
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