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Generally, if a mapping defined on a complete metric space with values into
itself admits a fixed point, then the fixed point is obtained by the successive
approximations method. We will use other method closed that used by Darbo
in [3], to prove a fixed point theorem due to Ciric. Our method has the
advantage that it permits the localization of the fixed point into a certain
closed ball.

For a set Y in a metric space (X, d) we shall denote by 6 (Y) and Y the
diameter of Y and its closure, respectively. The closed ball with radius r and
the center x will be denoted by B (z, 7).

The following lemma will play a crucial role:

Lemma 1. Let (X,d) be a complete metric space, Y a nonempty closed

bounded subset of X and f:Y — Y a mapping. Put Yy :=Y,Y: = f(Yo),...,

Y, = f(Yao1),... If 6(Y) — 0 for n — oo, then f has a unique fized point.
Proof. Let us observe that each set Y, is nonempty, closed and Y,, D Y, 1.

Since X is complete and lim § (Y;,) = 0, it follows that the set [ Y, consists
n— o0 n>0
of a single point. Let it this be xg. Since zg € Y,, for each n > 0 it follows

that f(zg) € Y, for each n > 1. By Y7 C Yy we infer f(zg) € Y, hence
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f(zo) € N Yn. Thus f(z9) = zp. The uniqueness of the fixed point can be
n>0
easily established by way of contradiction.

Using the previous lemma we give a new proof for the following well-known
fixed point theorem due to Ciri¢ [1]:

Theorem 2. Let (X,d) be a complete metric space, f: X — X a mapping
satisfying the condition

d(f(z), f(y) <o (z,y)d(z,y)+az(z,y)d(z, f(z)+as (v,y)d(y, f (y)) +

+ay (I’y) d(ﬂ?,f (y)) + o5 (SU,y) d(y7f ('T)) ) (1)

for all x,y € X, where a;; : X x X — [0,00), i =1,5 and Za,(my)<af0r

each z,y € X and some a € [0,1). Then f has a unique ﬁxed point.

Proof. Let a € X arbitrarily chosen. Supposing that we are unlucky, that

is f(a) # a,letusput k =d(a, f (a)) and r = (2+a)k Clearly for all z,y € X

we have

[2 +ag (%,y) +as (1’,1/) +ay ((IJ,y) + a5 (.%',y)]k <

< 2[1 — o1 (l’,y) — Qa2 (:Ev y) — a3 (IL‘?y) — 0y (l’,y) — Q5 (:‘Ca y)]T (2)
We shall prove that
f (E(a, r)) C B(a,r). (3)

For this purpose we use a symmetric form of (1) which is obtained evaluating

also d (f (y), f (x)) and adding

AF@), 1) < oG y)da, ) + 2EDLTEED g 0 4 aty, )1+

ay (z,y) —;—045 (z,9) [d(z, f(y)+d(y, f(2))] (4)

Consider an element = € B (a,r) and estimate d (a, f ()) taking into account

(4) and (2). For sake of simplicity we denote by «; := «; (a,2), i =1,5.
d(a, f (z)) < d(a, f(a)) +d(f(a), f(2)) <

d(a, f (a)) + ond (a,2) + *25%% [d (a, f (a)) + d(z,a) + d (a, f ()] +
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+24£05 [d (q, f(z) + d (z,a) + d (a, f (2))].

Hence
1 ag + a3 o4+ as
d<a’7 f (x)> S 1 _ (1/2—5043 _ 044—50[5 [(1 2 + 2 ) d(a7f (a)> +
Qg+« a4+«
tlog+ 228 L D) (g, 2)] =
2 2
1
= (24 as+as+ag+as)k+
2—0&2—0&3—0&4—0&5
—i—(2a1+a2+a3+a4+a5)d(a,x)]§
< 2(1—a1—042—ag—a4—a5)r+(2a1+a2+a3+a4+a5)r

2—0&1—0&2—043—044—045
= T

Thus, (3) is proved. Taking Yy = B(a,7),Y, = f(Yp_1),n > 1, from (1)
we get §(Y;,) < ad (Y,—1) and, since a € [0,1), § (Y;,) — 0, for n — oo. By
Proposition 1 the restriction f Blar) has a fixed point. The uniqueness of the

fixed point follows easily from (1).

Remark 1. Under the hypothesis of Theorem 2 the following inequality

2
5(X) < S sup{d(a, f (@) @ € X}
holds.
Indeed, if x¢ is the fixed point of f let us observe that zo € () B (x,75),

rzeX

where r, = 2(21‘*;0;)(1(36, f(x)). Then

A(2,) < d (@, 70) + d(n0,9) < T sup {d(z, f (2) - 0 € X}

-«
for any z,y € X. Consequently, if the metric space X is unbounded, then
sup{d(z, f(z)):z € X} = o0.

Remark 2. The radius of the ball B (a,r) where the fixed point must be

sought is:

e 7 = 1-d(a, f (a)) for the Banach’s contraction principle (a1 = o €
[0,1), e = a3 = ag = a5 = 0);

o r = {124 (a, f(a)) for the Kannan’s fixed point theorem [5] (g =
as=a5;=0,ap=az3 =« € [0,%));
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e T

1555 5d (a, f(a)) for the Ciri¢-Reich-Rus fixed point theorem [6]

a,ap=a3=0,4=0a5=0,a+25€]0,1)).

2(21t‘2) (a, f (a)) for the Hardy and Rogers fixed point theorem [4]

5
(a1, ag, g, @, iy are positive constants such that o := ) «a; € [0,1).
i=1

aq

r
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