Seminar on Fized Point Theory Cluj-Napoca, Volume 3, 2002, 297-304
http://www.math.ubbcluj.ro/~nodeacj/journal.htm

ON SOME FUNCTIONAL-INTEGRAL EQUATIONS WITH
LINEAR MODIFICATION OF THE ARGUMENT

VIORICA MURESAN

Department of Mathematics
Technical University of Cluj-Napoca
G. Baritiu 25, 3400 Cluj-Napoca, Romania

e-mail: vmuresan@math.utcluj.ro

Abstract. The purpose of this paper is to study the following functional-integral equation with
linear modification of the argument:

x(t) = g(t, h(z)(t), z(t), 2(0)) +/(; K(t,s,z(0s))ds, te€]0,b], 6 €]0,1],

by the weakly Picard operators technique (see [4]-[6], [10]).
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1. INTRODUCTION

Let (X, || - ||) be a Banach space and h : C(]0,b],X) — C([0,8], X), g € C([0,b] x
X3 X) and K € C([0,b] x [0,b] x X, X).
We consider the following functional-integral equation

(L)) () :g(t,h(x)(t),:c(t),x(O))+/0 K(t,s,2(0s))ds, te[0,0], 60,1

By using the weakly Picard operators technique, we give a result about the solutions
set and we study the data dependence of solutions set.

2. SOME RESULTS ABOUT WEAKLY PICARD OPERATORS

Ioan A. Rus introduced the Picard operators class (PO) and the weakly Picard
operators class (WPO) for the operators defined on a metric space and he gave basic
notations, definitions and many results in this field in many papers ([3]-[7], [9], [10]).

In what follows we shall consider some of these results that are useful in our paper.

Let (X, d) be a metric space and A : X — X be an operator. We denote

P(X):={Y Cc X|Y # 0};

Fyu:={x € X| A(z) = z} - the fixed point set of A4;

I(A):={Y e P(X)| AY) CY};

At .= Ao A", A'=1x, A'=A4, neN.
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Definition 2.1. (Rus [5]) The operator A is a Picard operator (PO) if there exists
z* € X such that:

() Fa = {2}

(ii) the sequence (A™(xg))nen converges to x* for all zp € X.

Definition 2.2. (Rus [4], [10]) The operator A is a weakly Picard operator (WPO)
if the sequence (A™(z))nen converges, for all z € X, and the limit (which may depend
on x) is a fixed point of A.

Definition 2.3. (Rus [4], [10]) If A is WPO then we consider the operator A%,
A% : X — X, defined by

A®(z) = nlgr;o A" ().

Remark 2.1. A®(X) = Fj4.

Definition 2.4. (Rus [10]) If A is a WPO and F4 = {z*} then by definition the
operator A is a PO.

Remark 2.2. If A is a PO then

Fan = Fy = {1‘*}, for all n € N*,
Remark 2.3. If A is a WPO then
Fyn = F4 # 0, for all n € N*.

Remark 2.4. Some examples of PO and WPO and properties of PO and WPO
have been given in the papers [3]-[10].

Definition 2.5. (Rus [10]) The operator A is a c-WPO if there exists ¢ > 0 such
that

d(xz, A*(z)) < cd(z, A(x)), for any = € X.

Example 2.1. If (X,d) is a complete metric space and the operator A : X — X
is an a-contraction, then A is a c-WPO with ¢ = (1 —a)™L.
Example 2.2. Let (X, d) be a complete metric space and A : X — X. We suppose

that there exists a € [0, 1] such that
d(A*(x), A(z)) < ad(z, A(z)), for any = € X.

Then A is a c-WPO with ¢ = (1 —a)~L.

We have

Theorem 2.1. (Rus [9]) Let (X, d) be a metric space and A : X — X an operator.
The operator A is WPO (¢c-WPO) if and only if there exists a partition of X,

X:UX,\

AEA

such that
(a) Xx € I(A), A€ A;
(b) Alx, : Xn» — X is a Picard (c-Picard) operator for all X € A.
Remark 2.5. It is clear that
(i) cardFa = cardA;
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(ii) if Ay C A, then

card (FAO < U X,\>> = cardA;.
AEA,

Theorem 2.2. (Rus [9]) Let (X,d) be a metric space and A; : X — X, i=1,2.
We suppose that

(i) the operator A; is ¢; — WPO, i =1,2;

(i) there exists n > 0 such that

d(A1(z), As(z)) <n  for any z € X.

Then
H(AT(X), A3 (X)) < nmax(cy, c2).
Here H stands for Hausdorff-Pompeiu functional.

Let (X, d, <) be an ordered metric space and A : X — X an operator.

We have

Lemma 2.1. (Carl and Heikkild [1]) We suppose that

(i) A is WPO;

(ii) A is monotone increasing.

Then the operator A is monotone increasing.

Lemma 2.2. (Abstract Gronwall Lemma, Rus [4], [6]) We suppose that

(i) A is PO and Fa = {%};

(i) A is monotone increasing.

Then

(a) < A(x) implies x < x%.

(b) x > A(z) implies © > x%.

Lemma 2.3. (Rus [10]) We suppose that

(i) A is WPO;

(i) A is monotone increasing;

(iii) x,y € X such that x <y, z < A(x) and y > A(y).

Then

(0) & < A%(x) < A%(y) < y;

(b) A®(z) is the minimal fized point of A in [x,y] and A (y) is the mazimal fized
point of A in [z,y].

Let (X, d, <) be an ordered metric spaceand A: X - X B: X - X, C: X - X
three operators.

We have

Lemma 2.4. (Carl and Heikkila [1]) We suppose that

(i) A< B<C;

(ii) A, B,C are WPO;

(i) B is monotone increasing.

Then x <y < z implies

A%(z) < BX(y) < C%(2).
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Remark 2.6. If A, B,C are as in the Lemma 2.4 and B is PO and Fg = {z5}
then
A (z) < 2 < C°(z) for any = € X.

3. FUNCTIONAL-DIFFERENTIAL EQUATION WITH LINEAR MODIFICATION OF THE
ARGUMENT

Let (X, | -||) a Banach space and the space C([0,b], X) endowed with the Bielecki
norm || - ||, defined by

|||~ ;= max [|x(t)|le”™, T >0.
t€[0,b]
We consider the functional-integral equation (1.1) and we suppose that the follow-
ing conditions are satisfies
(c1) there exists [ > 0 such that

[(x)(t) = h(y) (O] < U|z(t) — y(t)]
for all z,y € C(]0,b],X) and all t € [0, b];
(c2) there exist I > 0, I3 > 0 such that
lg(t, ur, v1,w) = g(t, uz, v2, w)|| < lflur — uz|| + lafjvr — v,
for all t € [0,b], u;,v;,we X, i=1,2;
(c3) there exists I3 > 0 such that
HK(t7 8711,) - K(t7 S,U)H < li”“ - DH,
for all ¢,s € [0,b] and u,v € X;
(cq) Wl 412 < 1,
(¢5) 9(0,h(x)(0), z(0), z(0)) = x(0) for any 2 € C([0,d], X).
We have
Theorem 3.1. We suppose that the conditions (c1) — (¢5) are satisfied. If S C

C(I,X), I C[0,b] is the solution set of the equation (1.1) then cardS = cardX.
Proof. Let A: C([0,b], X) — C(]0,b],X) be defined by

t
(3.1) A(z)(t) == g(t, h(z)(t),z(t),z(0)) —|—/ K(t,s,xz(0s))ds.
0
Let A € X and
Xy :={z € C([0,0], X)] =(0) = A}.
Then
(o0, %) = |J X
rex
is a partition of C([0,b], X). From (c5) we have that X, € I(A). Let
A)\ = A|XA : X)\ — X,\.
From (c¢1) — (e3) it follows that

l
I45(0) = Al < (12 + 5 ) o = ol
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for all z,y € C([0,b],X), A€ X, 7> 0.

l
Because of the condition (c4) we can choose 7 large enough such that Iy 1+ly+ — <

-
1. Then Ay : (X, |- |+) — (X, ]| - ||7) is a contraction, i.e., Ay is PO for all A € X.
Moreover Ay is ¢-PO with the constant

I\
=(1-ll—-13—— .
c < 1 2 97_)

From the Theorem 2.1 we have that the operator A is ¢-WPQO. So we have that
cardS = cardX.

Theorem 3.2. We consider the equation (1.1) under the following conditions:

(i) the conditions (c1) — (¢s5);

(ii) the operators h(-),g(t,,-, ), K(t,s,-) are monotone increasing.

Let x and y be two solutions of the equation (1.1).

If x(0) < y(0), then x(t) < y(t) for allt € [0,b].

Proof. Let X, be as in the proof of the Theorem 3.1. Then z € X,) and
y € Xy). Moreover x = A>(xy) for any 21 € X, and y = A>(y;) for any
y1 € Xy). If u € X then we denote by u the operator u € C([0,b], X) defined by
u(t) = u, t € [0,b]. We have that

2(0) € Xy0),  Y(0) € Xy(0) and z(0) < y(0).

Because of the conditions of this theorem, the operator A given by the relationship
(3.1), satisfies the conditions from Lemma 2.1. So, the operator A> is monotone
increasing. It follows that A (Z(0)) < A*(y(0)), i.e., z < y.

We consider the equations

(3.2) x(t) = g1(t, h(x)(t), z(t), z(0)) —l—/o Ki(t, s, z(0s))ds,
(3.3) z(t) = ga(t, h(2)(1), z(t), 2(0)) +/0 Ks(t, s, z(0s))ds,
(3.4) x(t) = g3(t, h(x)(t), z(t), z(0)) —l—/o Ks(t,s,x(0s))ds,

where t € [0,b] and 6 € [0, 1], for which the same conditions (¢1) — (¢5) are satisfied.

Let S7 be the solutions set of the equation (3.2) and S2 be the solutions set of the
equation (3.3).

We have

Theorem 3.3. (data dependence theorem) Suppose that there exist 1 > 0, 2 > 0
such that

llg1 (¢, u, v, w) — go(t,u, v, w)|| <1 for all t € [0,0], u,v,we X

and
|1 K1 (t, s,u) — Ka(t, s,u)|| < n2 for allt,s €10,0], u e X.
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Then
N1+ bne

l—lll—l2—é—3
T

Proof. The conditions of this theorem imply those of Theorem 2.2 (see the proof
of the Theorem 3.1).
Remark 3.1. Let a, 8 € R be, where a < 3. Consider

Y = {z € C([0,], X)| a < 2(0) < B}

H.(51,5:) <

Then we have that
N1+ b

1=l — Iy — é—i
Theorem 3.4. We consider the equations (3.2), (5.3) and (3.4) with the conditions
(c1) — (e5) given before. We suppose that g1 < go < g3, K1 < Ky < K3 and that
the operators h(-), ga2(t,-,-,-), Ka(t,s,-) are monotone increasing. Let vy,vq,vs be
the corresponding solutions of the equations (3.2), (3.3) and respectively (3.4). If
v1(0) < v3(0) < w3(0) then v1 < vy < ws.
Proof. Let A; : C([0,b], X) — C([0,b], X), i = 1,2,3, given by

Ai(z)(t) := gi(t, h(z)(t), z(t), 2(0)) +/0 K;(t,s,z(0s))ds,

te€0,0], 0 €[0,1],i=1,2,3.

The operators A;, i = 1,2,3 are WPO, the operator A, is monotone increasing
and A; < Ay < A3z. So we are in the conditions of Lemma 2.4. It follows that
A < AS° < A®. We have

v1(0) < v2(0) < w3(0), w1 € Xy (0), V2 € Xip(0), V3 € Xoy(0)
Therefore

H (S:NY,8NY) <

—_— e~ —_—

v1 = AP (v1(0)) < A (v2(0)) = va < AF(v3(0)) = vs,

i.e., V1 S V2 S V3.
Remark 3.2. The equation obtained from (1.1) when 6 = 1 have been studied by
Rus in the paper [9].
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