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1 Introduction

Let X be a nonempty set. By P(X) we shall understand the set of all nonempty
subsets of X, ie. P(X)={Y |0#Y CX }.
If (X, d) is a metric space we put

Py(X)={Y |Y e P(X)and Y is a closed set }.

Let X be a nonempty set.

A fized point of a multivalued mapping T : X — P(X) is a point € X such that
x € T(x). We denote by Fr the set of the fixed points of 7.

A strict fizved point of a multivalued mapping T : X — P(X) is a point z € X
such that T'(z) = {z}. We denote by (SF)r the set of the strict fixed points of T

Let (T))nen be a sequence of multivalued operators with nonempty values, i. e.
T,: X — P(X), for n € N. Then we denote by ComF P(T') the set of the common
fixed points of the multivalued operators T,,, for n € N, i. e.

ComFP(T)={zeX|zeT,(z), forallneN } = ﬂ Fr,,
neN
and by ComSFP(T) the set of the common strict fixed points of the multivalued
operators T,,, for n € N, i. e.
ComSFP(T)={ze X |T,(z)={a}, forallneN } = ﬂ (SF)r,.
neN

In [1], A. Latif and I. Beg gave the following theorem:
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Theorem 1.1 Let M be a nonempty closed subset of a complete metric space (X, d)
and (Ty)nen be a sequence of multivalued operators T,, : M — P,(M), for n € N.
We suppose that there exists h € Ry, with h < 1/2 such that for any two operators
T;, T; and for any x € M, u, € T;(z) and for ally € M, there exists u, € Tj(y) with

Then (Ty)nen has a common fized point.

Further on we shall give some results which improve and generalize this theorem.

2 Common fixed points

Theorem 2.1 Let (X,d) be a metric space and S,T : X — P(X) be two multivalued
operators. We suppose that at least one of the following conditions is satisfied:

(i) there exists ¢ : Ry — Ry a function with the property that ¢(0) = 0 and such
that for each v € X, any u, € S(x) and for all y € X, there exists u, € T(y)
so that we have

d(uz, uy) < p(d(z,y)). (2.1)

(it) there exist ay,...,a5 € Ry, with ag + aq < 1 such that for each x € X, any
uz € S(x) and for all y € X, there exists u, € T(y) so that we have

d(ug, uy) < a1 d(z,y)+az d(z, uy)+as d(y, uy)+as d(z, uy)+as d(y, ug). (2.2)

(iii) there exists a € Ry, with a < 1 such that for each x € X, any u, € S(z) and
for all y € X, there exists u, € T(y) so that we have

d(uz,uy) < a max {d(x,y)7d(x,uz), d(y,uy), 1/2 [d(%uy) +d(y, UZ)]} (2.3)

(iv) there exists ¢ : RS — Ry a function with the property that ¢(0,0,t,t,0) < t,
for all t > 0 and such that for each x € X, any u, € S(x) and for ally € X,
there exists u, € T(y) so that we have

d(ug,uy) < p(d(z,y), d(z,uz), d(y, uy), d(2, uy), d(y, uz)). (2.4)
Then Fg C Frp.

Proof. We assume that the condition (7) is fulfilled. Let z* € Fg. Then 2* € S(z*)
and it follows that there exists u € T'(z*) such that d(z*,u) < o(d(z*,2*)) = ¢(0) =
0. This implies that uw = x*. Therefore 2* € T'(z*) and we are able to write Fg C Fr.

We suppose now that the condition (ii) is verified. Let 2* € Fg. So z* € S(z*)
and there exists u € T'(x*) such that

d(z",u) < ay d(z*,2") + as d(z*,2%) + a3 d(a™,u) + ag d(z*,u) + a5 d(z*,2¥) =
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= (ag + a4) d(z*,u).
From this we have that v = 2* and therefore z* € T'(x*), i. e. z* € Fp.
For the case when the condition (#4) is fulfilled, the demonstration is made simi-
larly with the proof from the second case.

Finally, we assume that the condition (iv) is verified. Let z* € Fg. From z* €
S(x*) we have that there exists u € T'(z*) such that

d(x”,u) < @(d(a”, %), d(a®, "), dz",u), dz®,u), d”,z")).

Introducing the notation ¢ = d(z*,u) we obtain t < ¢(0,0,¢,t,0). If we suppose that
t # 0, then we reach the contradiction t < (0,0, t,¢,0) < ¢. Thus ¢t = 0, which means
that u = z*. It follows that 2* € T'(z*) and so Fg C Fr. B

Remark 2.1 If we take as = a3 = a4 = a5 = 0 in the condition (ii) of the Theorem
2.1, then we obtain a condition of contraction type.

Remark 2.2 If we take a1 = ag = a5 =0 and az = ag = h (0 < h < 1/2) in the
condition (it) of the Theorem 2.1, then we obtain a condition of Kannan type.

Remark 2.3 If we take ay = a5 = 0 in the condition (ii) of the Theorem 2.1, then
we obtain a condition of Reich type.

Remark 2.4 If in the Theorem 2.1 we ask that the pair of multivalued operators
(T, S) to satisfy at least one similar condition with one of the conditions (ii)-(iv),
then Fg = Frp.

Let (X, d) be a metric space and (T, )nen be a sequence of multivalued operators
T,: X — P(X), forneN.

If each pair of multivalued operators (T, Ty), for n € N*| satisfies similar condi-
tions as in the Theorem 2.1, then Fr, C Fr,, for all n € N*,i. e. Fr, C (), cn- P, -

If each pair of multivalued operators (T,,,Tp), for n € N*, satisfies similar condi-
tions as in the Theorem 2.1, then Fr,, C Frp, for all n € N*, i. e. UneN* Fr, C Fr,.

If each pair of multivalued operators (Ty,T),) and (T,,,Tp), for n € N*, satisfies
at least one similar condition with one of the conditions (4)-(iv) of the Theorem 2.1,
then Fr, = Fp, for all n € N*.

Let (X, d) be a metric space and S,T : X — P(X) be two multivalued operators.
We consider the following conditions:

(i) there exists ¢1 : R — R4 a function such that for each x € X, any u, € S(z)
and for all y € X, there exists u, € T'(y) so that we have

vz, uy) < @1(d(z,y)); (2.5)

there exists o : Ry — Ry a function such that for each x € X, any u, € T(x)
and for all y € X, there exists u, € S(y) so that we have

Az, uy) < @a(d(z,y)). (2.6)
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(i)

(iii)
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there exist aiq,...,a;5 € Ry such that for each x € X, any u, € S(z) and for
all y € X, there exists u, € T'(y) so that we have

d(ug, uy) < a1 d(z,y) + a2 d(z, ug) + a1z d(y, uy) + a14 d(z, uy) + a15 d(y, us);
(2.7)

there exist asi,...,azs € Ry such that for each z € X, any u, € T'(x) and for
all y € X, there exists u, € S(y) so that we have

d(ug,uy) < ag1 d(x,y) +age d(x,uy) + a3 d(y, uy) + ags d(x,uy) + azs d(y, ug).
(2.8)

there exists a; € R4 such that for each € X, any u,, € S(z) and for all y € X,
there exists u, € T'(y) so that we have

d(tz; wy) < ay max {d(z,y), d(z, uz), d(y, uy), 1/2 [d(z,uy) + d(y, uz)]}; (2.9)

there exists as € Ry such that for each x € X, any u, € T(z) and for all y € X
there exists u, € S(y) so that we have

d(ug, uy) < az max {d(z,y), d(x,us), d(y, uy), 1/2 [d(z, uy) +d(y, ug)]}. (2.10)

there exists 1 : RS — R4 a function such that for each z € X, any u, € S(x)
and for all y € X, there exists u, € T'(y) so that we have

d(ug, uy) < pr(d(z,y), dz, uz),d(y, uy), d(z, uy), d(y, us)); (2.11)

there exists 5 : R} — R, a function such that for each z € X, any u, € T(x)
and for all y € X, there exists u, € S(y) so that we have

d(uxa uy) § @2(d(xa y)7 d((E, u:c)> d(y> uy)a d(xa uy)a d(ya um)) (212)

Theorem 2.2 Let (X,d) be a complete metric space and S, T : X — P, (X) be two
multivalued operators. We suppose that at least one of the following conditions is
satisfied:

(4)

(i)

there exist a1y, . ..,a15 € Ry, with a1 + a12 + a13 + 2a14 < 1 such that for each
z € X, any ug € S(x) and for all y € X, there exists u, € T(y) so that the
relation (2.7) holds;

there exist a1, ..., a5 € Ry, with as) + age + ass + 2as4 < 1 such that for each
z € X, any uy € T(x) and for all y € X, there exists u, € S(y) so that the
relation (2.8) holds.

there exists a1 € Ry, with a1 < 1 such that for each x € X, any u, € S(z) and
for ally € X, there exists u, € T(y) so that the relation (2.9) holds;

there exists as € Ry, with ag < 1 such that for each v € X, any u, € T'(z) and
for all y € X, there exists u, € S(y) so that the relation (2.10) holds.
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Then Fg = Fr € PCI(X)

Proof. Taking into account the Remark 2.4 we are able to write that Fg = Fr. We
suppose that the condition (¢) is fulfilled. Let xg € X and =1 € S(xo). It follows that
there exists 2o € T'(z1) such that

d(z1,x2) <1y d(zo, 1),

where I; = (a11 + a12 + a14) [1 — (a13 + a14)] 7! < 1 and there exists x3 € S(x2) such
that
d(l‘g,lﬁg) S lg d(l’l,l'g),

where Iy = (a21 + a2z + a24) [1 — (a3 + a24)]7! < 1. We put | = max {l1,lp} < 1.
Going on with this reasoning we obtain a sequence (z,)neny With g € X, za,_1 €
S(xon—2), Tan € T(x2,—1) and with the following property

d(xp, Tny1) < 1" d(wo,21),

for all n € N*.

This inequality implies that (x,)nen 1S a convergent sequence, because (X,d) is
a complete metric space. Let z* = lim,,_,oc . From z, € T(z2,-1) we have that
there exists u,, € S(z*) such that

d(2on, un) < a1 d(T2n—1,2") + ag2 d(T2n—1,Ton) + a2z d(z*, up)+
+ags d(Ton—1,un) + azs d(z*, T2y),
for all n € N*. Using the triangle inequality we obtain
d(z*,up) < [1— (a23 + az4)] ' [(a21 + a24) d(z*, 225—1)+

tags d(T2n—1,22n) + (14 ags) d(z™, 2,)],
for all n € N*. This implies that d(z*,u,) — 0, as n — oo. Since u, € S(z*), for
all n € N* and S(z*) is a closed set, it follows that «* € S(z*), i. e. 2* € Fs. So
Fs = Fr € P(X).
Let us prove now that Fg is a closed set. For this purpose let x,, € Fg = Fr, for

n € N, such that x,, — z*, as n — oo. From z,, € T(x,) we have that there exists
un € S(x*) such that

d(Xpn,tun) < agy d(Ty, %)+ age d(Xn, x,)+azs d(x*, up)+agy d(Ty, un)+ass d(z*, x,),
for all n € N. Using the triangle inequality we have
d(z*,up) < [1— (azs + a24)] (1 + ag1 + azq + ags) d(a*, x,),

for all n € N. This implies that d(z*,u,) — 0, as n — oco. Since u,, € S(z*), for all
n € N and S(z*) is a closed set, it follows that «* € S(z*). Therefore Fs = Fr €
P.(X).
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For the case when the condition (i7) is fulfilled, the demonstration is made similarly
with the proof from the first case. W

Remark 2.5 Let (X,d) be a complete metric space and (Tn)nen be a sequence of
multivalued operators T, : X — Py, (X), for n € N. If each pair of multivalued
operators (Ty,Ty), for n € N*, satisfies similar conditions as in the Theorem 2.2,

then Fr, = Fr, € Py(X), for alln € N*.

3 Common strict fixed points

Theorem 3.1 Let (X,d) be a metric space and T : X — P(X) be a multivalued
operator. We suppose that at least one of the following conditions is satisfied:

(i) there exists ¢ : Ry — Ry a function with the property that ¢(t) < t, for all
t > 0 and such that for each x € X, any u, € T(x) and for ally € X, there
exists uy € T(y) so that the relation (2.1) holds.

(ii) there exist aq,...,as € Ry, with a1 + a4 +as < 1 such that for each x € X, any
uy € T(z) and for all y € X, there exists u, € T'(y) so that the relation (2.2)
holds.

(4ii) there exists a € Ry, with a < 1 such that for each v € X, any uy € T(x) and
for ally € X, there exists u, € T(y) so that the relation (2.3) holds.

w) there exists ¢ : — Ry a function with the property that ¢(t,0,0,t,t) <€, for

‘ h ) Ri Ry a f ) ith th h 0,0 f
all t > 0 and such that for each x € X, any u, € T(x) and for all y € X, there
exists uy € T(y) so that the relation (2.4) holds.

If (SE)r # 0, then Fp = (SF)p = {z*}.

Proof. We assume that the condition (7) is fulfilled and we show in the first place
that the strict fixed points set of the multivalued operator 7' is formed from a single
element, i. e. (SF)p = {z*}. If we suppose that there exist 2*,y* € (SF)r such that
x* # y*, then we reach the contradiction

d(z”,y") < p(d(z™,y")) <d(z",y").

Therefore y* = z* and (SF)r = {z*}. We shall prove now that any fixed point of the
multivalued operator T coincides with the unique strict fixed point of T'. Let y* € Frp.
If we assume that y* # z*, then we reach the contradiction

dly*,=%) < e(d(y™,2")) < d(y", z7),

because y* € T(y*) and T(z*) = {«*}. So y* = z* and we are able to write that
FT Q (SF)T Thus FT = (SF)T = {LU*}

We suppose now that the condition (i) is verified. If we assume that there exist
x*,y* € (SF)r, then for T(z*) = {«*} and T(y*) = {y*} we have

d(z",y") < ay d(z*,y") + a2 d(z",2") + a3 d(y*,y") + aq d(z*,y") + a5 d(y*,2*) =
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= (a1 + a4 + as) d(z*,y").

This implies that d(z*,y*) = 0. So, if (SF)r # 0, then (SF)r = {z*}. Let y* € Fr.
For y* € T(y*) and T'(z*) = {z*} we have

d(y",2%) < a1 d(y™, ") +az d(y",y") +az d(2”,27) + ay d(y", 27) + a5 d(2",y") =

= (a1 + a4 + a5) d(y*, z").

It follows that d(y*,z*) = 0 and therefore Fr C (SF)r. So Fr = (SF)p = {z*}.
For the case when the condition (74) is fulfilled, the demonstration is made simi-

larly with the proof from the second case and for the case when the condition () is

verified, the demonstration is made similarly with the proof from the first case. B

Theorem 3.2 Let (X,d) be a metric space and S,T : X — P(X) be two multivalued
operators. We suppose that at least one of the following conditions is satisfied:

(i) there exist ai1,...,a15 € Ry, with ajo +a15 < 1 and a3+ a4 < 1 such that for
each x € X, any uy € S(z) and for ally € X, there exists u, € T(y) so that
the relation (2.7) holds;

there exist asy, . ..,a95 € Ry, with ase +ass < 1 and asz+agq < 1 such that for
each © € X, any u, € T(x) and for all y € X, there exists u, € S(y) so that
the relation (2.8) holds;

a1+ a4 + a5 < 1 or asy + asg + ass < 1.

(i) there exists a; € Ry, with ay <1 such that for each x € X, any u, € S(x) and
for ally € X, there exists u, € T(y) so that the relation (2.9) holds;

there exists as € Ry, with ag < 1 such that for each v € X, any u, € T(z) and
for all y € X, there exists u, € S(y) so that the relation (2.10) holds.

(iii) there exists o1 : RS — Ry a function with the property that ¢1(0,0,t,¢,0) <t
and ©1(0,t,0,0,t) < ¢, for allt > 0 and such that for each x € X, any u, € S(x)
and for ally € X, there exists u, € T(y) so that the relation (2.11) holds;
there exists @ : Ri_ — Ry a function with the property that p2(0,0,t,¢,0) <t
and p2(0,t,0,0,t) < t, for allt > 0 and such that for each x € X, any u, € T(x)
and for all y € X, there exists u, € S(y) so that the relation (2.12) holds;

min { ¢1(¢,0,0,t,t), ©2(t,0,0,¢,t) } <t, for all t > 0.
If (SF)s U(SF)r # 0, then Fs = Fr = (SF)s = (SF)r = {z*}.

Proof. Taking into account the Remark 2.4 we are able to write that Fs = Fr.

We assume that the condition (4) is fulfilled and we show that the strict fixed
points set of S coincides with the strict fixed points set of T', i. e. (SF)g = (SF)r.
Let a* € (SF)s C Fg = Fr. If there exists u € T(x*), then for v € T(z*) and
S(z*) = {z*} we have

d(u,x*) < agy d(z*,2") + azs d(z*,u) + asz d(z*, 2") + agq d(x*, %) + ags d(z*,u) =
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= (agg -+ CL25) d(u,x*)

This implies that d(u,z*) = 0. Hence u = «* and T'(z*) = {*}. So (SF)s C (SF)r.
Analogously, we can show that (SF)r C (SF)g. Therefore (SF)s = (SF)r.

If we suppose that there exist x*,y* € (SF)s = (SF)r such that x* # y*, then
we reach the contradiction

d(z*,y*) <min { a11 + a1a + a1s, a21 + a2q +ass } d(z*,y") < d(z*,y").

Therefore y* = 2* and (SF)s = (SF)r = {z*}.
Let y* € Fg = Fp. If we assume that y* # z*, then we reach the contradiction

d(y*,z") <min { a11 + a1a + a15, 21 + a2a +ass } d(y*,z*) < d(y*,z"),

because y* € S(y*), T(z*) = {z*} and y* € T'(y*), S(z*) = {z*}. So y* = z* and
we are able to write that Fg = Fr C (SF)gs = (SF)r.

Thus Fs = Fr = (SF)g = (SF)r = {z*}.

For the case when is fulfilled the condition (éi) or the condition (éii), the proof is
made similarly with the above. B

Remark 3.1 Let (X, d) be a metric space and (T,,)nen be a sequence of multivalued
operators T,, : X — P(X), for n € N. If each pair of multivalued operators (To, T,),
for n € N*, satisfies similar conditions as in the Theorem 3.2 and (SF)r, # 0, then
FTn = FTo = (SF)Tn = (SF)TO = {I*}, fO’I’ all n € N*.

Theorem 3.3 Let (X, d) be a metric space and (Ty,)nen be a sequence of multivalued
operators T,, : X — P(X), for n € N. We suppose that at least one of the following
conditions is satisfied:

(i) there exists p : Ry — Ry a function with the property that p(t) < t, for allt > 0
and there exist i,j € N, with i # j such that for each x € X, any u, € T;(x)
and for ally € X, there exists u, € T;(y) so that the relation (2.1) holds.

(it) there exist a,...,as € Ry, with a1 + a4 + a5 < 1 and there exist i,j € N, with
i # j such that for each x € X, any u, € T;(x) and for all y € X, there exists
uy € T;(y) so that the relation (2.2) holds.

(iii) there exists a € Ry, with a < 1 and there exist i,j € N, with ¢ # j such that for
each v € X, any u, € T;(x) and for all y € X, there exists u, € T;(y) so that
the relation (2.3) holds.

(iv) there exists ¢ : R — Ry a function with the property that ¢(t,0,0,t,t) < t,
for all t > 0 and there exist i,j € N, with i # j such that for each x € X, any
uy € T;(x) and for all y € X, there exists u, € T;j(y) so that the relation (2.4)
holds.

If ComSFP(T) # 0, then ComFP(T) = ComSFP(T) = {z*}.
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Proof. We assume that the condition (7) is fulfilled and we show in the first place
that the common strict fixed points set of the multivalued operators T,,, for n € N,
is formed from a single element, i. e. ComSFP(T) = {z*}. If we suppose that there
exist z*,y* € ComSFP(T) such that 2* # y*, then we reach the contradiction

d(z*,y") < p(d(z", y")) < d(z",y7),

because T;(z*) = {z*} and Tj(y*) = {y*}. Therefore y* = z* and ComSFP(T) =
{z*}. We shall prove now that any common fixed point of the multivalued operators
T,, for n € IN, coincides with the unique common strict fixed point of the multivalued
operators T, for n € N. Let y* € ComFP(T). If we assume that y* # x*, then we
reach the contradiction

d(y*,z*) < p(d(y*, =")) < d(y*,z"),

because y* € T;(y*) and T;(z*) = {2*}. So y* = 2* and we are able to write that
ComFP(T) C ComSFP(T). Thus ComFP(T) = ComSFP(T) = {«*}.

We suppose now that the condition (4) is verified. If we assume that there exist
z*,y* € ComSFP(T), then for T;(z*) = {z*} and T;(y*) = {y*} we have

d(z”,y*) < a1 d(@",y") + az d(z®,27) + a3 d(y™,y") + as d(2",y") + a5 d(y*, 2") =

= (a1 + a4 + a5) d(z*,y").
This implies that y* = z*. So, if ComSFP(T) # (), then ComSFP(T) = {z*}. Let
y* € ComFP(T). For y* € T;(y*) and Tj(z*) = {z*} we have
d(y*,2%) < a1 d(y*,2") +az d(y",y*) + az d(z”,27) + as d(y", 27%) + a5 d(2",y") =

= (a1 + a4 + a5) d(y*,z").
It follows that d(y*,z*) = 0 and therefore ComFP(T) C ComSFP(T).
So ComFP(T) = ComSFP(T) = {z*}.
For the case when the condition (74) is fulfilled, the demonstration is made simi-

larly with the proof from the second case and for the case when the condition (v) is
verified, the demonstration is made similarly with the proof from the first case. B
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