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Abstract. The aim of this note is to present examples of mappings with the intersection property.
Also we shall give an explicite definition of an abstract measure of noncompactness on a separable
Banach space and we shall prove that Hausdorff’s noncompactness measure is a mapping with the
intersection property.
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1 Mappings with the intersection property

Notations. Let X be a nonempty set and

P(X) = {M| M C X},

Pp(X) ={M C X| M is bounded},

P, (X)={M C X| M is bounded and closed},

Py ci,co(X) ={M C X| M is bounded, closed, convex},

P, ={M C X| M is compact}.

Definition 1.1. ([4]) Let X be a nonempty set, Z C P(X), Z is nonempty.
A mapping 6 : Z — R, has the intersection property if ¥,1+1 C Y,, n € N and
nlirr;o 0(Y,,) = 0 implies that Y, := n Y,, is nonempty, Y, € Z and 6(Y) = 0. Let

neN
us illustrate this notion by

Example 1.1. [5] Let (X, ]| -|) be a Banach space. A mapping o : Pp(X) — R4
is said to be a Danes-Pasicki noncompactness measure if:

(i) a(A) = 0 implies A € P, (X);

(ii) A C B implies a(A) < a(B);

(iii) (AU {z}) = a(A) for all A € P,(X) and z € X.

We denote such a mapping by app.

Theorem 1.1. app has the intersection property.

Proof. Let Z = P, (X)), 0 = app, Y41 CY,, Y, € Z, n € N, nlLIr;OH(KL) =0

and a, € Y,, n € N. Let B, = {an,an+1,-..}. Obviously B,y C B, for every
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n € N. Since Gpyp € Ypip C Y, for p > 1 we have B, C Y,, n € N and since
Y, € Pya(X) we obtain B, € Py(X) for every n € N. From (iii) we have

6(Bo) = 6(B) = - = 0(B,). (1)

From (ii) we obtain 0 < 6(B,) < 6(Y,) and since lim 6(Y,) = 0, we have
n—oo
lim A(B,) = 0. This relation and (1) implies 8(By) = 0. Using (i) we obtain

By € P.,(X). Let a* € Bpy. Then, there exists Gn; € By, an, — a* as n; — co. We
have a,, € Y,, and Y,,, € P,(X). This implies a* € Y, for n; > n*, n* € N. But
Yy, C Y.« for n; > n*. It follows that a* € Y, for every n € N, so a* € Y and Y
is nonempty. From Y, C Y, we obtain 6 < (V) < 0(Y;,). Since nlinolo 0(Y,) =0

we have 0(Ys) = 0. Now Y,, € P, (X) for every n € N, implies Yoo = m Y, €
neN
Py i(X), so app has the intersection property.

The next lemma gives us an other example of mapping with the intersection prop-
erty.

Lemma 1.2. Let X be a Banach space, Y C P(X), Y is nonempty and 0,05 :
Y - Ry, ¢ : RY — Ry. Let 0 : Y — Ry be given by 0(A) = ¢(61(A),02(A)) for
A €Y. Suppose that:

(i) ¢ € C(R2,R.);

(1) Zy(..zy = {0} for evert x € Ry ;

(iii) 01 and 02 are increasing mappings and 01 has the intersection property.

Here Z,(. o) ={y € Ry| ¢(y,x) = 0}.

Then 0 = ¢(01,02) has the intersection property.

Proof. Let A, € Y, A,4y1 C A, forn € N, 0(4,) — 0, n — oo (). Since
6, and 6y are increasing, we have 0 < 6,;(A,11) < 6;(A,) < 0;(Ao), i = 1,2. This
implies that the sequences (61(A4,))n and (02(Ay)), are decreasing and bounded.
Then, there exists nILH;O 01(A,) = a; and nlingo 02(A,,) = az. Now, using (*), we have
HILngO w(01(Ay),02(A,)) = 0 and since ¢ is continuous, we obtain ¢(ay,as) = 0. This
together with (ii) implies a; = 0, so 61 (4,,) — 0, n — oo. Since #; has the intersection
property it follows that A, := ﬂ A, is nonempty, Ay, € Y and 61(A) = 0. Then,

neN
from (ii) we derive (As) = ©(01(Ax), 02(Ax)) = ¢(0,02(As)) = 0. Thus the proof
is complete.

Let X be a Banach space and (X,S(X), M) be the fixed point structure (see
[5]), where S(X) = Py eco(X) and M(Z) = {f : Z — Z| f is continous} for each
Z € S(X). Consider Y = S(X). Let n : P(X) — P(X), n(A) = A for every
A € P(X). Obviously n(Y) =Y. We consider a mapping 6 : ¥ — R, as in the
previous lemma. We have:

(1) n is a closure operator, S(X) =n(Y) =Y, (n(A)) = 0(A) for A € Y since
n(A)=Afor AeY.

(2) F,NZy C S(X) since A € F,,N Zy implies A€ F,, = n(Ad)=A4 = A=
A = AeSX).
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From (1) and (2) it follows that (8,7) is a pair compatible with the fixed point
structure. Let Z € n(Y') and f € M(Z). According to Lemma 1.2, we have:

(i") 8/,(y) has the intersection property.

In addition suppose:

(ii”) f is (6, a)-contraction.

Theorem 1.3. [4] Suppose (i’), (ii’) and above fixed point structures. Then:

a) I(f) N S(X) is nonempty;

b) F is nonempty;

c) if Fy € Y, then 6(Fy) = 0.

Here I;(G) = {G C Z] f(G) C G}.

2 A measure of noncompactness on separable Ba-
nach space

Let E be a Banach space, P, .(E) = {Y C E|Y is nonempty, bounded and countable},
d(-,-) : Ex E — R4 be the metric induced by the norm of F, and d(z,M) =
in{{ d(z,y), M C E.

ye

Definition 2.1. We say that a mapping 3 : P, .(E) — R is an abstract measure
of noncompactness on F if:
(Ch) A C Bimplies (A4) < B(B), for every A, B € Py, .(E);

(C2)  B(A) = B(A) for every A € P, .(E);

(C3)  PB(coA) = B(A) for every A € P, .(E);

(Cy) B(H{b}UA)=p(A) for every b € E and A € P, .(E);
(Cs) PB(A) =0 if and only if A is relatively compact.

Theorem 2.1. Let E be a separable Banach space. Assume E = U FE,,, where
neN
(En)nen s an increasing sequence of finite dimensional subspaces of E. For any
bounded countable set A = {x,,| m € N} C E let

B(A) = lim lim d(am, Ep).

n—oo Mm—0o00

Then (B is a measure of noncompactness on E in the sense of Definition 2.1.
Proof. (C1) Let A,B € P, .(E). From the definition of upper limit, we have

lim d(d?m,En) < lim (ymaEn)

m— 00

for x,, € A and y,,, € B. This implies that

lim lim d(x,, E,) < lim lim d(ym, E,)

n—oo m—00 n—oo m-—0o0

for z,, € A and y,, € B. It follows that 3(A) < B(B).
(C2) We have A C A. Then, by (C1),

B(A) < B(4) (1)
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We have
A= {z,] Jy, €A Ipo €N, Vp>po, Ve>0, dy,,rm) <e} (%)
Let € > 0 and p > m. We have

B(A) = lim lim d(zm,Ep) < lim  Lm d(zm,y,") + lim  lim d(y, E,).

n—oo m—00 n—oo Mm—00 n—oo Mm—00

But p > m and y;* € A. This implies (from (x))

lim lim d(xm,y,") <e
and
lim lim d(y,", En) = 8(A).
That is B(A) < B(A)+e, for every € > 0. Letting ¢ — 0, we obtain 3(A4) < 3(A) and
from (1), one has B(A) = 5(A4).
(C3) Let (coA)g = {(1 — ag)am + agbm| am,bm € A, by, € A, a4 € [0,1] N Q}.
Obviously, A C (coA)qg and from (C),

B(A) < B((coA)q). 2)

Now
B((coA)g) = lim lim d((1 — ag)am + agbm, En) <

n—0o0 m—00

< lim lim d((1 — ag)am, Ep) + lim lim d(aghm, E,) =

T n—oom—oo n—oo m—oo

= lim lim d((1 — ag)am, (1 —ag)Ey) + lim lim d(agbm,asEy) =

n—oo m-—0o0o n—oo m—oo

= (1= ag) lim T d(am, Bn) + ag lim Tim d(by, E,) =
= (1= ag)B(A) + ag8(A) = B(A).
This and (2) implies
B(A) = B((coA)q) 3)

Since @ = R, we have (coA)qg = coA. From (3) and (Cs) we obtain

B(coA) = B((coA)q) = B((coA)q) = B(A).

That is (03) .

(C4) We have b € E and E = U E,. Then there exists (yp)pen € U E,, with

neN neN
d(yp,b) < ¢, for every p > pg and every € > 0. Since E,, C E,4q for any n € N, we

obtain that there exists ng € N such that for every n > ng there is an y, € £, with
d(yp,b) <e, for p>py  (xx).
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According to (xx) we have

B({b}) = lim Tim d(b, E,) = lim d(b, E,)

n—oo m-—0o0 n—oo

< lim d(b,y,) + lim d(y,, En) <e+0=c¢,

IN

for every € > 0. That is S({b}) = 0. It follows (Cy).
(Cs) Let be 5(A) = 0. We have

lim lim d(x,, F,) =0.

n—oo m—0o0

Then there exists ng € N such that for every n > ng and € > 0,

lim d(zp, E,) < €.
It follows that for every n > ng, ¢ > 0 and =z, € A, there exists y,, € E, with
d(zm, ym) < €. Therefore, for every n > ng, {ym} C E, is an e-net for A (4).
Let z, € E,, be fixed. We have

d(zn, Ym) < dYm> Tm) + d(Tp, 2n) < €+ d(T, 2n),  Tm € A,

A is bounded. These imply that d(x.,, z,) < ¢,. We obtain d(z,, Ym) < €+ c¢,. Since
zp, 1s fixed we have that {y,,} is bounded. Then {y,,} is relatively compact and, from
(4) and Hausdorf’s theorem (see [3]), we have that A is relatively compact.

Now let A be a relatively compact set. From Hausdorff’s theorem, for every ¢ > 0,
there exists a finite net R, for A. This implies that for every z,, € A, there exists
Ym € Re, with d(zm, ym) < € for every € > 0. We have

B(A) = lim lim d(xm, E,) <

n—oo m—0oo

< lim lim d(@m, ym) + lim  lim d(ym, E,) < e+ B(Re).

n—oo m—0o0 n—oo m—0o0

But R, is a finite net and from (Cy) we have G(R.) = 0. Then B(A) < ¢ for every
e > 0. Letting € — 0, we have 3(A) = 0. The theorem is completely demonstrated.

Remarks. 1) The above definition of § has the advantage that it is given in terms
of countable bounded sets. Such sets occur in fixed point theorems of Ménch type
(see [2]). Recall that originally the Hausdorff measure of noncompactness is defined
for all bounded sets of a Banach space.

2) We can replace (Cs) with

(C%) PB(A) =0 implies A is relatively compact. Notice (C%) is more general than
(Cs).

3) The conditions (C1), (C4), (C§) and Theorem 1.1 shows that 3 : P, .(E) — Ry,

B(A) = lim lim d(z,, E,)

n—oo m—0o0

where z,, € A, £ = U E,, E, C Epi1,n € N, (Ep)nen is an increasing sequence

meA
of finite dimensional Banach subspaces, is a mapping with the intersection property.
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Theorem 2.2. Let E be a Banach space, E = U E,, where (Ep)nen is an

neN
increasing sequence of finite dimensional subspaces of E. Let f : E — E be such

that there exists L > 0 with d(f(u), f(v)) < Ld(u,v), for every u,v € E. Then
B(f(M)) < LB(M), for every M € P, (E).
Proof. We have

ﬁ(f(M)) = lim md(f(xm)vEm)

n—oo m—oo
Since E,, C Ey 41 for n € N we have that there exists g € M such that zg € E,,,
f(zo) € E,, for n > ng, for some one ng € N. (4)

We have

d(f(zm), En) < d(f(xm), f(z0)) +d(f(20), En) < Ld(xm, o) + d(f(20), En) <
< L{d(Zm, En) + d(zo, Ey)] + d(f(z0), En) (5)

From (4) we have

lim lim d(zo, Ep) = lim d(zo, E,) =0

and
lim lim d(f(2o), En) = lim d(f(zo),En) =0

n—oo Mm—0o0 n—0oo

and for n — oo in (5) we obtain

lim lim d(f(zm), Bn) < lim  lim d(zp,, E,).

n—oo m—0o0 n—oo m—0o0

That is B(f(M)) < LB(M).
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