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Abstract. Using the weakly Picard operator technique, we study the data dependence of the
solutions set for a functional-integral equation.
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1 Introduction

In this paper we study the following functional-integral equation

b t
x(t)zF(t,x(a),/ H(L&m(s))ds,/ K(t,s,x(s))ds) ,t € [a,b]

using the weakly Picard operators techniques.

2 Basic results from weakly Picard operators
theory

Let (X, d) be a metric space and A : X — X. In this paper we shall use the following
notations :

PX)={YCcX|Y #0},
Fy={zeX|A(x)=xa}
I(A)={YeP(X)|AY)CY},
A"l = Ao A",
A =1y, A':=A neN
Definition 2.1 ( Rus [1], [2]). The operator A : X — X is said to be a weakly

Picard operator (briefly w.P.o.) if the sequence

(A" (2) pen

converges, for all x€X, and the limit (which may depend on x) is a fixed point of A.
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Definition 2.2 (Rus [1], [2]) If A is w.P.o, then we consider the operator A*
defined by
A® X - X, A% := lim A" ().
We remark that
A (X) = Fa.
Definition 2.3 (Rus [1], [2]) If A is w.P.o. and F4 = {z*}, then by definition the

operator A is a Picard operator.
Remark 2.1 If A is a Picard operator, then

FAn:FA:{:E*}, neN*
Remark 2.2 If A is w.P.o., then
FAnZFA#@, neN

Remark 2.3 For some examples and properties of Picard operators and w.P.o.
see:[2], [3], [4], [5].
We have:
Theorem 2.1(see[4]). Let (X, d, <) be an ordered metric space and 4 : X — X
an operator.
Let z,y € X such that z < y, z < A(z), y > A(y). We suppose that
(i) Ais w.P.o;
(ii) A is monotone increasing.
Then
(a) x < A®(x) < A®(x) <y ;
(b) A®°(x) is the minimal fixed point of A in [x,y] and A*(y) is the maximal
fixed point of A in [x,y].

3 A class of w.P.o. and stability of the fixed point
set

Definition 3.1. (see [5]) An operator A: X — X is c-w.P.o. if A is w.P.o. and
d(z,A™(z)) < cd(x,A(x)), Vo e X.

Example 3.1. If (X,d) is a complete metric space and the operator A : X — X
is an a-contraction, then A is c-w.P.o. with c=(1-a)7!.

Example 3.2. Let (X,d) be a complete metric space and A : X — X. We suppose
that there exists a€[0,1[ such that

d(A%(z),A(z)) < ad (z,A(z)), Vz € X.

Then A is c-w.P.o. with c=(1-a)7L.
We have
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Theorem 3.1. ([2], [4]) Let (X,d) be a metric space and 4; : X — X, i=1,2.
We suppose that
(i) the operator A; are ¢;-w.P.o., i=1,2;
(ii) there exists 7 > 0 such that

d(Ai(z), As(@)) <, Vo € X

Then
H (AF(X), AF(2)) < max(er, ca).

Theorem 3.2.  ([2], [4]) Let (X,d) be a metric space and A : X — X an
operator.The operator A is w.P.o.
(c-w.P.o.) if and only if there exists a partition of X

X:UXA

AEA
such that
(a) Xa € I(A), e A
(b) Alx, : XA — X, is a Picard (c-Picard) operator for all A € A.
4 Data dependence of the solutions set
Let X be a Banach space. Let H € C(a,b] X [a,b] x X,X), K €

C ([a,b] x [a,b] x X, X) and F € C([a,b] x X3, X). We consider the following integral
equation

b ¢
(4.1) xz(t)=F (t,x(a) ,/ H(t,s,m(s))d&/ K (t,s,z(s)) ds) ,t € a,b]

We consider the Banach space C([a,b],X) with Cebéagev norm

x = ma x(t
I lle = mane [ (1) |

We suppose that:
(c1) there exists I3 > 0 such that

[| H(t,s,u) — H(t,s,v)|| < lL||lu—v||, Vt € [a,b], Vu,ve X
(c2) there exists lo > 0 such that

|| K(t,s,u) — K(t,s,v)|| <lallu—n||, Vt € [a,b], Yu,ve X
(c3) there exists I3 > 0, Iy > 0 such that

H F(t7u7v17wl) —F<t,u,’ljl,'lU2)H < l3||’U1 _U2|| +Z4HUJ1 —UJQH,
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vt e [U“?b]? vuaviawi S X, 1= 1,2
(ca) (Isli +lala)(b—a) < 1

b
(c5) F (a,a,/ H(a,s,z(s)ds,O) =a, Vo € C([a,b], X)

Theorem 4.1 Consider the equation (4.1) and suppose that conditions (c1)-(cs5)
are satisfied. If SCC(I,X) is the solutions set of this equations, then

cardS = cardX.

Proof. Consider the operator A : C([a,b],X) — C([a,b],X), defined by

b ¢
A(z)(t) .= F (t,x(a),/ H(t,s,z(s)) ds,/ K(t,s,x(s))ds)
Let a € X and
Xo ={xe€C(a,b],X) | z(a) =a}

then
C(la,b], X) = | Xa

aceX

From ( ¢5 ) we have that X, €I(A).
Let
Ag = Alx, : Xo — Xao

From (c1)-(c5) it follows that
[4a(z) = Aa(y)lle < (sl + lal2) (0 — a)llz = ylle,, 2,y € C([a, 0], X), a € X.
From (c4) we have
Aot (Xay [ le) = (Xas ] - [le)-
Moreover A, is c-Picard operator with
c=[1—(I3ly + l4lz) (b — a)] "
From the Theorem 3.2 we have that the operator A is c-w.P.o. It is clear that:
(a) cardS=cardX ;
(b) ||A%(x)-AX)||< (1311 + lal2)(b — a)||z — A(2)||, forallze C([a,b], X).
5 Comparison theorems

Theorem 5.1 Consider the equations

b t
1) z()=F <t,x(a),/ H (t,s,x(s))ds,/ K (t,s,x(s))ds) e [ab)
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b ¢
(5.2) z(t)=F <t,x(a),/ H, (t,s,x(s))ds,/ Ky (t,s,x(s))ds) ,t € [a,b]

under the conditions (cy)-(cs).
Let S; the solutions set of the equation (5.1) and Ss the solutions set of the equa-
tion (5.2). We suppose that there exists 71,172 > 0 such that

|| Hi(t,u,v) — Ha(t,u,v)|| < m1, Vt € [a,b], YVu,ve X

H Kl(t7u7v) - KQ(t7’LL,'U)H < N2, vt € [(l, b] , Vu,v e X
Then
H(51,52) < (mls + nels) max{ecr, e},
Proof. Consider the operators Ay, As : C([a,b],X) — C([a,b], X), defined by

b ¢

A(w) (t)F(t,a:(a), [ msseis [ K (t,s,us))ds)
b ¢

As(x) (t) = F (t,x(a),/ H, (t,s,x(s))ds,/ K, (t,s,m(s))ds)

From the Theorems 4.1 we have A; is ¢;-w.P.o. and Ay is co-w.P.o..
From the conditions (c1)-(c5) and the assumptions we have

[[A1(x) — A2(z)|[c < (ml3 + n2la)(b— a)

so the proof follows from the Theorem 4.1.

Theorem 5.2 Let X be ordered Banach space.Consider the equations (5.1) under
the following conditions:
(i) the conditions (cq)-(cs5);
(ii) the operators F(t,,-,-), H(t, ), K(t,:,-) are monoton increasing.
Let x and y be two solutions of the equat1ons (5.1).If z(a) < y(a), then z(t) < y(t)
for all t€fa,b].
Proof. Let X, be as in the proof of the theorem 4.1. Then x € X, ,) and y €
Xy(a)
Moreover
xr = Aoo(l‘l), V€ X:v(a);

y =A%), V1 € Xy(a);
If ueX then we denote by 1 the operator @ : C([a,b],X) — C([a,b], X), defined
by G(t)=u, t €[a,b]
It is clear that xf(\c_z/) €Xy(a)s ’(v) €Xy(a), and x( ) < y( ) .By the \e monotony of the
operator A (see the theorem 2.1) we have that Aoo(x(a)) < A>(y ( ), e,z <y.

Theorem 5.3 Consider the equations (5.1) and (5.2) under the conditions of the
theorem 5.2. We suppose that H; < Hy and Ky < Kso.Let 23 € C([a,b],X) be a
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solution of the equations (5.1) and z2 € C([a,b], X) be a solution of the equations
(5.2). If x1(a) < z3(a) , then z; < s .

Proof. Let Aj, As be the operator A from the proof of the theorem 4.1. The
operators A; i=1,2 are monotone increasing w.P.o. , and A; < Ay . From these
conditions we have that A < AS° | x1(a) < 22(a) , 1 €X4y(a) » T2 €X4y(a)- SO 21—

A (21(a) < AT (29(a) = 2
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