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Abstract. The main goal of this paper is to study the existence and data dependence of the fixed
points for a class of generalized expansive multifunctions.
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1 Introduction

In some papers from the 80’s, some fixed point theorems for expansive-type single-
valued mappings are proved (see [1], [2], [6] etc.). The main purpose of this note is
to extend the above mentioned result to the multivalued case. The date dependence
of the fixed points set is also studied.

Let (X, d) be a metric space. Throughout the paper we use the following symbols:

P(X):={Y Cc X|Y # 0},

P,(X) :={Y € P(X)| Y has the property "p” }, where ”p” could be: ¢l = closed,
cp = compact, b = bounded, etc.

We consider now the following functionals:

D:P(X)x P(X)—Ry, D(A, B)=inf{d(a,b)]a€ A, be B};

§:Py(X) x P(X) =Ry, 0(A4,B)=sup{d(a,b)|ac A, be B};

p:Py(X) x P(X) = Ry, p(A,B)=sup{D(a,B)| a € A};

H:Py(X)x P(X)— Ry, H(A B)=max{p(4,B),p(B,A)}.

It is well known that (P ¢ (X), H) is a metric space and if (X, d) is complete then
(Py,e1(X), H) is complete too. Also, the following properties are true (see [3]).

Lemma 1.1. Let (X,d) be a metric space, A,B € P(X) andn > 0. If

i) for each a € A there is b € B such that d(a,b) <n and

it) for each b € B there is a € A such that d(a,b) <.

Then H(A, B) <.

Lemma 1.2. Let (X,d) be a metric space, A,B € P(X) and q € R, ¢ > 1. Then
for every a € A there exists b € B such that d(a,b) < ¢H(A, B).

Let T : X — P(X) be a multivalued operator. Then z* € X is a fixed point for
T if * € T'(z*). The set of all fixed points will be denoted by Fp. If * € X has
the property {z*} = T'(x*), then z* is said to be a strict fixed point for 7' and the
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symbol (SF)r denotes the strict fixed points set of 7. The multivalued operator T
is surjective if and only if T(X) := | J T(z) = X.
zeX

2 Main results

The first main result of the paper is the following existence theorems for a class
of expansive multivalued operator.
Theorem 2.1. Let (X,d) be a complete metric space and T : X — Py (X)) be a
surjective multivalued operator. If there exist a,b,c € Ry (b<1landa+b+c>1)
such that

d(y1,y2) > ad(zy1,22) + bd(z1,11) + cd(x2,y2), for each x; € X (1)

and each y; € T(x;), i € {1,2}, with y1 # yo.

Then Fp # 0.

Moreover, if a > 1 then Fr = {z*}.

Proof. Let ¢y € X be arbitrarily. Because T is surjective we can find z; € X
such that xg € T'(x1). Using the same argument, we obtain a sequence (z,)nen such
that 2,1 € T'(zy,) for each n € N, n > 1.

If there exists m € N, m > 1 such that z,, = z,,_1 then x,, € Fr and the proof
is complete. Let us suppose now that x, # x,_1, for each n € N, n > 1.

From (1) we deduce:

d(xp—1,2n) > ad(xp, Tpi1) + bd(Ty, Tp_1) + cd(Tpt1,2n), for n >1
and hence
—-b
a+c

< 1.

d(Xp, Tpt1) < kd(xp—1,2n), where k =
Obviously, we get that
d(xnv anrl) S knd(ﬁo, IIJ1)

and after a simple computation we obtain

n

d(xnaxn+m) S 1

kd(l‘o,l’l).

It follows that (x,,)nen is a Cauchy sequence and hence convergent in the complete
metric space (X,d). Let 2* = lim x,. We will prove that z* € Fr. For this purpose,
n—oo

let us consider an element y* € T-1(z*). We have successively:
d(xp,x*) > ad(Tpy1,y") + bd(zpi1, x0) + cd(y™, z¥), for n > 1.

Taking n — oo we obtain 0 > (a + ¢)d(y*, z*) and hence z* = y*, proving that
x* € T(z*).
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For the uniqueness of the fixed point, let us suppose, by contradiction, that there
exists ] and x} two distinct fixed points for 7. Then
d(xy,x3) > ad(z], x3) + bd(x], 27) + cd(23, 25) = ad(x], 13).
Because a > 1 we get the desired contradiction. Hence Fr = {z*}. O

Example. Let X = [0,4] and d : X x X — R the metric given by the following
formula:

1, if (t1,t2)€[0,2)x[0,2) U[2,4] x[0,1)U[0,1)x[2,4]
At 1) = 3.0f (ti,t2) €[1,2) x [2,4] U [2,4] x [1,2)
(tr,t2) = 2, if (ti,t2) € [2,4] x [2,4], (t1 # t2)
0, if t; =ty

We consider now the multivalued operator 7' : [0,4] — P([0,4]) given by:

3,4), if ze€l0,1)
T(z) = [2,3) if z€(l,2)
{2}, if ze[2,4]

Then T satisfy the contractive condition from Theorem 2.1. (with a=2

b =
2
and ¢ = 1) and the fixed points set Fr = {3}.

1
4

Next, we shall discuss data dependence problem for the set of all fixed points of
such multivalued expansive-type operators.

The second main result is:

Theorem 2.2. Let (X,d) be a complete metric space and T1,T5 : X — Py o(X)
two surjective multivalued operators. We suppose:

i) there exist a;,b;,c; € Ry, with b; <1 and ¢; > 1 such that

d(y1,y2) > aid(z1,v2) + bid(w1,y1) + cid(z2,y2),

for each x1,29 € X and (y1,y2) € T;(z1) x Ti(x2), © € {1,2} with y; # ys.

i) there exists n > 0 such that §(T; *(y), Ty *(y)) <, for eachy € X.
Then

a) Fr, € Py(X), foric {1,2}

b) H(Fr,, Fr,) < I—HW?W’ where k; = ; —|—bcli forie{l1,2}.

Proof. a) From Theorem 2.1 we get Fr, € P(X), for i € {1,2}. We shall prove
that Fr is closed, where T is T} or Ts. Let (z)neny C Fr such that lim z, = a*.

n—oo
We suppose, by contradiction, that * & Fr, i.e. z* & T(z*). Then, for =, € T(z,)
and every y € T'(z*), we have:

d(xp,y) > ad(Tpn, ™) + bd(zp, 2,) + cd(z*, y).
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Taking now inf in the previous relation, we get:
y€eT (z*)

D(x,,T(z%)) > ad(zp,z*) + cD(x*, T(z")).

When n tends to infinite we obtain (¢ — 1)D(z*,T(z*)) < 0 and hence
D(z*,T(xz*)) = 0. So z* € T(x*), that is a contradiction.

b) For the second part, let us consider any xo € Fry, i.e. 29 € T1(zp). Obviously
xo € Ty '(20). Let us observe that for each = € T, *(z() we have

d(zo,2) < 6(Ty H(z0), Ty ' (0)) < .

On the other hand, from the surjectivity of 75 we can deduce that there exists
x1 € X such that 29 € Ty(x1) or equivalently x; € Ty *(20). Obviously, d(xg,z1) < 7.
Using the same construction as in the proof of Theorem 2.1 we obtain the sequence
(Zn)nen having the properties:
() zp—1 €To(xy); nEN, n>1
n

k2
(/6) d(xmanrm) < 1— ky

As before, the sequence (z,)nen is convergent in X and its limit * is a fixed point
for Ts. For m — oo the relation (3) becomes:

d(zg,z1); n€N, meN, m > 1.

d(xp, %) < i d(xo, 1) < i forn e N
") _17]{:2 0,41 _1ik2na .
If we consider n = 0 we get
d(wo, ") < —1—. (2)
’ T 1—k

Let us consider now a fixed point yo € Fr,. Following the same method we obtain
that there exist y* € Frr, such that

d(yo,y™) < 1—771@1' (3)

From (2) and (3), by using Lemma 1.1, the conclusion follows. [J

If we consider b = ¢ = 0 then Theorem 2.1 becomes:

Corollary 2.3. (the dual form of the Avramescu-Markin-Nadller theorem)
Let (X, d) be a complete metric space and T : X — Py, (X)) be a surjective multivalued
operator. If there exists a € R, a > 1 such that:

d(y1,y2) > ad(zy1,x2), for each x; € X and each y; € T(x;), for i € {1,2} and
Y1 # Y2,

then Fp = {z*}.

Remark 2.4. If T is a singlevalued operator, then we get Theorem 3 in [1] (the
dual form of the Banach contraction principle).

Another result of this type is:

Theorem 2.5. Let (X,d) be a complete metric space and T1,T : X — Py (X)
be two surjective multivalued operators.
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We suppose that:
i) there exist ki,ks € R, k1 > 1, ko > 1 such that

d*(y1,y2) = ki min{d®(z1, y1), d* (22, y2), d(z1, y1)d(z1, 2), d(22, y2)d(21, 32)}, (4)

for each x1,22 € X and each (y1,y2) € Ti(x1) X T;(x2), fori € {1,2}.
it) there exists 7 > 0 such that for each y € X

S(TH (y), Ty () < -
Then:
CL) FTi S Pcl(X)

1
b) H(FT17FT2) <

—1 __y
1 fmax{kl 2, ks 2}
Proof. a) Using the surjectivity of T; = T, we can construct a sequence (Z)neN

such that x,, # x,,—1 and x,,—1 € T(zy,), for n € N, n > 1.
From (4) we have:

d*(xp_1,2,) >k min{d2($n, Tp_1),d*(Tpi1, Tn),

d(l’n, xnfl)d(‘rna $n+1)a d(xn+1; xn)d(xn; xn+1)} -
= kmin{dQ(an,xn), d(@p, Tp-1)d(Tp, Tni1)} =
= kd(zy, Tpe1) min{d(zn11, Tn), d(Tpn, Tpn_1)}.

The following alternative is now possible:
L. d*(xp_1,7n) > kd?*(2p41,7,) and hence

1
d(xnz xn—i—l) < 7d(.’17n_1, .Tn),

~Vk
forne N, n>1.
Il d*(zp—1,70) > kd(2n, Tni1

~—

d(xp, xp—1) that means

d(xnflvxn) S d(.’lﬁnfl,-fn),

| =

1
d Tpy Ty S =
( +1> \/E
formeN, n>1.
From the both cases, it results:

d(xp, Tnt1) < <\}%) ' d(xg,1).

Obviously, (z,)nen is a Cauchy sequence and hence it is convergent.
Let us denote 2* = lim z,. For z* € X, we consider y* € T~!(z*) and from (4)

n—oo
we have

dz(xna LL'*) Z k min{d2($n+1; an), dQ(y*, -T*)a d(anrla xn)d(anrla y*)v d(y*7 m*)d($n+17 y*)}
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For n — oo, we conclude 0 > kd(z*,y*) and so * = y* € T~!(z*), proving that
z* € Fp.

b) For the second part, the proof goes similar with part b) in Theorem 2.2. [

Remark 2.6. If T; (i € {1,2}) are singlevalued operator, then from Theorem 2.5
we get also Theorem 1 in Popa [2].

Remark 2.7. For other fixed point and date dependence theorems see also Rus-
Petrugel-Santamarian [5].

Remark 2.8. It is an open question to prove some strict fixed point results for
such expansive-type multifunctions.
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