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Abstract. The purpose of this paper is to study the following elliptic equation:

−∆u = f(x, u) on Ω (1)

where Ω is a smooth bounded open set of Rn and f ∈ C(Ω×Rn).
We use the weakly Picard operators’ theory to establish an integral equation equivalent with

equation (1) and some differential inequalities for the Dirichlet problem:
 −∆u = f(x, u) on Ω

u = ϕ on ∂Ω
(2)

where ϕ ∈ C(∂Ω).
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1 Introduction

1.1 Weakly Picard operators

We begin with some notions and results from the weakly Picard operators theory ([3],
[4]).

Let (X, d) be a metric space and A : X → X.
A is a weakly Picard operator if for all x ∈ X the sequence An(x) converge to

x∗(x) for n →∞, where x∗ is a fixed point of A.
If A has a unique fixed point then A is a Picard operator.

1.2 The A∞ operator

Let (X, d) be a metric space and A : X → X a weakly Picard operator.
Then, we define A∞ : X → X with A∞(x) = lim

n→∞
An(x).

Theorem 1. ([4]) Let (X, d,≤) be a metric space orderly and A : X → X.
Assume that:

a) A is a weakly Picard operator.
b) A is monotone increasing.

Then A∞ is monotone increasing.
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Theorem 2. ([4]) Let (X, d,≤) be a metric space orderly and A,B : X → X.
Suppose that:

a) A ≤ B.
b) A,B are weakly Picard operators.
c) A or B is monotone increasing.

Then x ≤ y for x, y ∈ X implies that A∞(x) ≤ B∞(y).

2 An integral equation equivalent with an elliptic
equation

From the theory of partial differential equations we see that the equation (1) is equiv-
alent with the integral equation:

u(x) =
∫

Ω

f(s, u(s))G(x, s)ds +
∫

∂Ω

u(s)
∂G(x, s)

∂ns
dσs. (3)

We define
A : C(Ω) → C(Ω)

where

A(u)(x) =
∫

Ω

f(s, u(s))G(x, s)ds +
∫

∂Ω

u(s)
∂G(x, s)

∂ns
dσs.

We have get the fixed point equation

u = A(u). (4)

We have
Theorem 3. If f(x, ·) if Lf Lipschitz with Lf > 0 small enough for all x ∈ Ω,

then A is a weakly Picard operator.
Proof. We decompose C(Ω) in the following partition:

C(Ω) =
⋃

ϕ∈C(∂Ω)

Xϕ

where Xϕ = {u ∈ C(Ω)|u|∂Ω = ϕ}. It is clear that
i) Xϕ is an invariant set for A : A(Xϕ) ⊂ Xϕ.
ii) A|Xϕ is a contraction, i.e. A|Xϕ is a Picard operator.
From (i) and (ii), we easily get that A is a weakly Picard operator.

3 Differential inequalities

Next, we consider the problems:
{ −∆u = f(x, u) on Ω

u = ϕ on ∂Ω (5)
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and { −∆u = f(x, u) on Ω
u = ψ on ∂Ω (6)

where ϕ,ψ ∈ C(∂Ω).
Theorem 5. ([1], [2], [5]) Suppose that:
a) ϕ ≤ ψ.
b) f(x, ·) is monotone increasing for all x ∈ Ω.
c) f(x, ·) is Lf Lipschitz, with Lf > 0 small enough, for all x ∈ Ω.

Then u∗ ≤ v∗, where u∗ is the solution of problem (5) and v∗ is the solution of problem
(6).

Proof. As we have see:

(5) ⇔ u(x) =
∫

Ω

f(s, u(s))G(x, s)ds +
∫

∂Ω

ϕ(s)
∂G(x, s)

∂ns
dσs (7)

(6) ⇔ u(x) =
∫

Ω

f(s, u(s))G(x, s)ds +
∫

∂Ω

ψ(s)
∂G(x, s)

∂ns
dσs (8)

c) implies that equations (7) and (8) have the unique solutions u∗ and v∗.
Suppose that ϕ and ψ are the continuous extensions of ϕ and ψ on Ω, such that

ϕ ≤ ψ.
From b) and c), by Theorem 1, we get that A∗ is monotone increasing and so

A∞(ϕ) ≤ A∞(ψ).

But A∞(C(Ω) = FA (the set of fixed point of A), and so, since u∗ and v∗ are the
unique solutions of (7) and (8), we have u∗ ≤ v∗.

Next, we consider the problems:
{ −∆u = f(x, u) on Ω

u = ϕ on ∂Ω (9)

and { −∆v = g(x, v) on Ω
v = ψ on ∂Ω (10)

where f, g ∈ C(Ω×Rn) and ϕ,ψ ∈ C(∂Ω).
Theorem 6. ([1], [2], [5]) Suppose that:
a) f(x, ·) ≤ g(x, ·) for all x ∈ Ω.
b) ϕ ≤ ψ.
c) f(x, ·) is Lf Lipschitz and g(x, ·) is Lg Lipschitz with Lf > 0, Lg > 0 small

enough, for all x ∈ Ω.
d) f(x, ·) or g(x, ·) is monotone increasing for all x ∈ Ω.

Then u∗ ≤ v∗, where u∗ and v∗ are the solutions of problem (9) and (10).
Proof. Suppose that g(x, ·) is monotone increasing. Then

(9) ⇔ u(x) =
∫

Ω

f(s, u(s))G(x, s)ds +
∫

∂Ω

ϕ(s)
∂G(x, s)

∂ns
dσs = A(u)(s) (11)
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(10) ⇔ v(x) =
∫

Ω

g(s, v(s))G(x, s)ds +
∫

∂Ω

ψ(s)
∂G(x, s)

∂ns
dσs = B(v)(s) (12)

c) implies that equation (11) and (12) have the unique solutions u∗ and v∗.
Suppose that ϕ and ψ are the continuous extensions of ϕ and ψ on Ω, such that

ϕ ≤ ψ. Since g(x, ·) is monotone increasing and f(x, ·) ≤ g(x, ·) for all x ∈ Ω, we have

f(x, ϕ) ≤ g(x, ϕ) ≤ g(x, ψ),

and so A(ϕ) ≤ B(ψ). By Theorem 2 we get A∞(ϕ) ≤ B∞(ψ).
But A∞(C(Ω) = FA and B∞(C(Ω)) = FB , and so u∗ ≤ v∗.
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