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COEFFICIENT BOUNDS FOR CERTAIN BAZILEVIC MAPS

MASHOOD SIDIQ and KUNLE OLADEJI BABALOLA

Abstract. Following Babalola [3], we obtain the best possible upper bound
for the coefficients of functions in the class Bj (7), using a technique due to
Nehari and Netanyahu [9] and an application of certain integral iteration of
Carathéodory-type functions. The sharp bound on the Fekete-Szego functional
in B;(v) is also obtained.
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1. INTRODUCTION

Let A denote the class of functions of the form
x

(1) FE) =S
k=2

which are analytic in the unit disk £ = {z : |z] < 1}.

In a recent paper, Babalola [4] provided a new approach to the study of the
well-known Bazilevi¢ functions, given as
1+ip
i (45 g ()
Z) =4 —>+ t) —iB]¢ 1+62 ) g(t)\1+62/ dt ,
10 ={ 15 [ w0 - ol
where the parameter 3 is no longer assumed to be zero, as in many previous
works (see e.g. [1l Bl [8 10} 13}, [14]). The new method involved a modification
of the class of Carathéodory functions. The modified class is denoted here by
P: and consists of analytic functions

h(z) =&+ p1z+...

on F, with positive real part, where Re £ = 1.

The class P: is of Carathéodory-type. We see that h € P: if and only if
h(0) = & and Re h(z) > 0. The well-known class P of Carathéodory maps
coincides with FP¢ for £ = 1 and it is easy to see that p € P if and only if
h(z) = p(z)+£—1 € Pe. The function given by Ho(z) = (§4+(2—§)z)/(1—2) =
€+ 22+ 222+ ... plays a central role in the study of the class P, especially
regarding extremal problems.

The authors thank the referee for his helpful comments and suggestions.
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Using the new definition, Babalola inspired new investigations of the class of
Bazilevi¢ functions [4,[5]. In particular, using the Salagean derivative operator,
D", n=0,1,2,..., defined by D"f(z) = D(D" "' f(2)) = 2(D" "' f(2))’, with
DYf(z) = f(2) (see [12]), he gave the following definition.

DEFINITION 1.1 ([5]). Let n > 0, A = n+ip and £ = \/n be some constants.
A function f € A belongs to the class B, () if and only if

D ()

nAn—le

We note that we obtain the class of Bazilevi¢ functions in the case A\ =
a/(1+1i8), a > 0.

Now, denote by P¢(7y) the subclass of functions h € Pz with Re h(z) > v,
where 0 <~y <1land z € FE.

S f%, z€e k.

DEFINITION 1.2. With all parameters defined above, a function f € A
belongs to the class B (v) if and only if
D" f(2)"
nAnfle
If £ =1 (that is A = 1) in Definition we get the class T}/ () introduced
in [10] (see also [2]).
Following Babalola [2], we define an integral iteration of h € P¢(y) as fol-
lows.

€ Pe(y), z€E.

DEFINITION 1.3. Let h € P¢(y). The nth complex-parameter integral iter-
ation of h(z), z € E, is defined by

)\ z
hn(z):%/o A hy (8 dt, n=1,2,...,

with ho(z) = h(z) =&+ (1 —y)pr1z + . ..

In series form, the above iteration gives hy,(2) = &€ + (1 — ) Y00, pni2®,
where py, = (1 — ¥)A"pi /(A + k)™ is such that

2(1 —y)|A"
’pn,k‘ §77 :1727""
[(A+E)|?
The function H,(z), defined by

)\ 4
H,(v,z) = )\/ t)‘*lHn_l(fy,t)dt, n=12 ...,
<z Jo
where Ho(7, 2) = 7+ (1—7) (142)/(1— )+~ 1 = [ +(2(1=7) —€)2] /(1 - 2),
also plays a central role for extremal problems with respect to the iteration
hin(2).

In the present paper, we follow the work of Babalola [3], using a technique
due to Nehari and Netanyahu [9] and an application of the integral iteration
hn(2), to obtain the best possible bounds for the coefficients of the functions
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in the class B))(y) and their Fekete-Szego functional. The two coefficient
problems dealt with in this paper are well-known in the theory of geometric
functions (see [7, II]). In the next section, we state (and prove, where nec-
essary) the relevant lemmas which we then apply, in Section 3, to prove our
results.

2. PRELIMINARY LEMMAS

In [4], Babalola noted that most of the inequalities for P remain unper-
turbed by the new normalization. The proofs of the first two lemmas are
similar to those of given by Nehari and Netanyahu for [9, Lemmas I and II].

LEMMA 2.1. If p(2) = €+ bz +b222 + ... and q(2) = € +c12 + 02 + . ..
belongs to Pe, then r(z) = £+ %Zzozl brerz® also belongs to P.

LEMMA 2.2. Let h(2) = €+ 322, di2® and € + G(z) = € + Y52, b,.2* be
functions in Pe. Set

1 I~ (m
5m:2m[§+2;< ! )d] fo=¢

If B, is defined by

i(_ m+1ﬁm 1Gm ZBVZ

m=1

then |By| <2, v=1,2,...
COROLLARY 2.3. Let hy(z) be the nth integral itemtion of ho(z) = & +

S o Pkt with Re hy(2) > v and let €+ G(2) = €+ Y po b,.2" be a function
in Pe. Define 3, as in the previous lemma and ¢, as
_ (@ =)A"
2 m ms =(1- .
) b= B 0= (1= )¢
If A, is defined by
(3) Z(_ m+1¢m le ZA g
m=1
then
2(1 = A"

4 Al < , v=12,
(4) [4v] < A+ v|” Y

Proof. The proof follows as in [3], in view of . O

LEMMA 2.4 ([3]). Let J(z) = 332, cxz® be a power series. Then the m't
integer product of J(z) is

_ (f; ) e
k=0 k=0
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(1)

where ¢, = ¢ and

m—1)
chc,(g i m > 2.

LEMMA 2.5 ([3l p. 145]). Let m = 1,2,..., n = 0,1,2,... and p;, | =
1,2,..., take values in the set M = {0,1,2,...,m} such that p1 + p2 + ...+
pm =m. If a > 0 is a real number, then we have the inequality

H «
P (+1) l a+m-—1
LEMMA 2.6 ([5]). Let h = £+ p1z + p22® + ... € Pe. Then, for any real
number T, we have the sharp inequality
2

Do —T% <2max{l,|1—7|}.

Before we state and prove our main result, we compute the leading coeffi-
cients A,, in the expression , as follows: From (| @ we have

[e.9]

(5) Y (=D"Mon G (2) = $0G(2) — $1G2(2) ZAyz

m=1

with G(z) = Y02, b),z¥, and, applying Lemma [2.4] we have

(6) G™(z) = (Zb;z"> => GIM, m=1.2,....
v=1 v=m

G,(,m) has the general form

(7) GIM = " G, [J¥)*, where G, =

pPEJym =1

m!
pl!pg! .. .pl!’

for some multi-index p = (p1, p2, - - .,pm) and the set J,,, = {p| >y o =
m, Y lpy = v}. Using (6) and (7) in (5), we obtain

> (=1 g1 G (2 Z(Z 1™ &"”)z”,

m=1 v=1

which implies that

i [z’/: (_1)m+1¢m71G1(jm)

v=1 Lm=1

e}

Z¥ = E A 27,
v=1

with
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By Corollary the coefficients A, satisfy inequality , if £+ G(z) =
€+ bz +bhz? + ... is a function in the class P, and, by Lemma we may

set b = %blcl, where £ +b12+boz?+...isin P and H(z) = {+c12+c2? +. ..
is an arbitrary function in P. Then, taking into account also ([7]), we have
Yy 3
14 14 m
— +1 ¢m71 ) p1 P 2(1 — 7)‘)\‘n
8) |A|= zg;(—lyn om :g:CQJIIbef S T
m=1 j=1 =1
Using in , yields
- ( 1)m+1(1_ ) P1 Pl 2(1_'7)’)‘|n71
= < PR
|4y Z 2m(A+m_1)n)\’3m 1 ZG Hb = Ay
m=1 J=1 =1
Using Lemma we get, forv=1,2,...,
R o) e
= 2m )| = |A + 1|mer !
(9)
14
(=)™ (1 = N)A" B
< G bﬂl Pl
= A tm— 1|\ 2m Z chl
m=1 j=1 =1
Using (8 . @D we get
m
Z( ) ZG H (11—~ pznpzﬂ)\nm pL— 1bplcpl
(10) — ! (A4~ l
_ n—1
2=t
€A+ v|™
which implies that
(11) i (_1)m+1(1 _ ,y)mnm—l-l)\mn—m—Qﬁm_l o | < 2(1 _ ,y)‘)\’n—l
2 o 1= Tl
where
v mn bm pz

3. MAIN RESULT

THEOREM 3.1. Let n > 0, u be a real number, X = n+iu, & = A\/n and
0<~vy<1. If f € B)»), then

lag| <

2(1 — ) A

, k
ElA+ k=1

=2,3,...
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The inequalities are sharp. The equalities are obtained for f(z) satisfying

D f(z)* _€+[2(1—v) — g

nAn—le - 1 — zk-1

L k=23,...

Proof. Let f € By(vy). Then there exists an analytic function h € P¢(v)
such that

D" f(2))

nAn—IZA

for some p(z) =1+ p1z + p2z? + ... € P. Hence

f() <1+1_ A" 12 )\Pj_zk )x

Expanding binomially and employing Lemma [2.4] we have

=h(z) =7+ (1 —7)p(z) +§ -1,

(12) f(z) =2z+ Z 31019_)122 + 23201532_)123 +...+ Z qugfizk +...,
k=2 k=2 k=2
where
P e AR ad V N CRF B

m =

m!
and C’lim),mzlﬂ,...; k=m,m+41,... is defined by

(13) oot = (Z qkzk) ,
k=1 k=1

where g = Oor s ’“) and C,gm) has a similar description as G,(,m) in 1j

k m
Clim) = Z Ch.p H q"
j=1 =1

Comparing the coefficients in and , we have

o Dy Ol sy G IR DY I

=0
(14) ar =) — ’ Il |-
m=1 ’

j=1 =1

Now, comparing (/1 and the term in absolute value in (11)) with v =k —1
and noting that Cj; in and G; in . ) have surnllar descriptions as Cj}
mentioned earlier, we conclude that the inequalities in (4) hold if we are able
to find two member&, h(z) = E4+diz+dez?+. .. and H(2) = §—|—clz—|—022 +...of
P¢ which give rise to the constants 3, (as required by Lemma. 2.2)) and ¢;. For

H € P, a natural choice is the function H(z) = §+(2 5 =64+ 224222 +.
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which turns out to be suitable. Thus, we have ¢; =2, 1 = 1,2,... Then (11)
yields
S 2(1 = A"
(15) (=)A= )y, gy | < :
;1 " A+ k=1
Also, comparing and the terms in the absolute value in , we have

m+1 /Bm—l H;nz_()l(l _j/\)

-1 =

(=1) A mipm—1 7
that is

175" GA—1)
16 1 = J*—, — £
(16) Brm—1 I Bo=¢
Now, we define
m—1 m—1,/ -
1 1 m—1 [ (GA—1)

1 Z d | =~~~
(17) om—1 “2;( ¢ > ] g2
for some de, € = 1,2,...,m — 1, and we need to find h(z); corresponding

to each ay, k = 2,3,4,..., such that the coefficients d. of each h(z); satisfy
. In view of , we consider the following cases for m = 1,2,...,k — 1,
k=2,3,4,...
(i) For k = 2, m = 1, using , we have fy = £ and, by , we have
de = 0, for all e. Hence we obtain h(z)s = &.
(ii) For k =3, m = 1,2, using (17), we have d; = —2/7. Hence, we obtain

-1 1/1-=z2 -2
M =t- b2 () =6 Tt

(iii) For k =4, m = 1,2,3, using (L7)), we have

e o ag] = BB
and, taking d; = 0, we obtain %2 = /\QESf\‘H, where
2
da| _2’)\ n6))\\+2 <o
We define
200 —1)(2A - 1) A2 —6A+2) [1—22
hz)a = 37\ _< 37\ ><1+ 2)’
n n z
where
A +2] < (30 +6)[A.
Then

20 —6X+2) ,
h(z)s =&+ 3N z¢+
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(iv) For k =5, we have m = 1,2, 3,4. So, using , we get
A=1D2A=-1)BA-1)
241m \2 ’

1 1
3 [5 + 5(3d1 + 3da + dg)] =

where, taking d; = do = 0, we obtain
dz 6N —110 +6)A -1

2 3n A2 ’

with
<2

f— Y

213X\ —11M2+ —6)A—1
|ds3| = 3

n A2
and we define

6A3 —1IA2+6A—1  (3A —11A2+6A—1) [1—23
h(2)s = 2 - 2 3 )
3nA 3nA 1+2
where
1303 — 11A% — 1] < (3n|\| — 6)|A].
Hence
2303 — 11X +6A — 1) 4
h(z)s =&+ 32 224,

(v) For k > 6, we have m = 1,2,3,...,k — 1, and we set d; = %,
do =dy =--- =d; = 0, where 7 equals m — 1, if m — 1 is even, and
m — 2, otherwise. Also, ds =ds = --- =d, = 0, where w equals m — 1,
if m — 1 is odd, and m — 2, otherwise. Thus, we have

_ -1 (jr—1
om eI (55

) )

for all e =1,2,...,m — 1 such that |d| < 2. Thus, setting m =k — 1,
we find that h(z)g, k > 6, is given by

_ 28 Ok—1 2 , Ok—1 4
h(z)g =¢& k—22+ 5 27+ 5 254
That h(z) belongs to P follows from the fact that Pt is, like P, a

convex family. The proof is complete.

0

THEOREM 3.2. Let n > 0, u be a real number, X = n+iu, & = A\/n and
0<~y<1.IffeBM)y), then

2(1 —y)|A|"?

max{1, |1 — M|},
el g eI M

\G:s - pa%} <

where
(20 + A =1)(1 =) (A +2)*pA" >

M=
(A+1)2
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The inequalities are sharp. For each p, equalities are obtained by the same
extremal function defined in Theorem [3.1]

Proof. Careful computations for @ yield
(1 —y)nA"?py

ag =

(A+1)n
G — (1 — 7)77)\"72192 (1 _ /\)(1 _ 7)2772)\271741)%
’ (A+2)" 2\ +1)2n '
Hence,
|lag — pa3| = (L= y)nA" Dy — 2o+ A=D1 =n)A+2)"p\" 2 pf
2 (A +2)" A+ 1) 5 |-

By choosing
2o+ A=A =N +2)"pA" 2
(A+1)%
and using Lemma 2.6] the result then follows. O

For A = a/(1+4if), we have the following corollaries for generalized Bazilevi¢

maps (with g(z) = z), whose family is denoted here by BS” (7).
COROLLARY 3.3. Let f € BY(v). Then
2(1 — "
lax| < (1= L k=12,3,...

T VA8 + e + 2a(k — 1) + (1 + 52)(k - 1)
The inequalities are sharp.
COROLLARY 3.4. Let f € BYP(v). Then
2(1 — y)a" T+ B
(a2 + 52)[(a +2)? 4 457

max{l, ‘1 - T‘}?

\a3 —pa%| < \/

where
(1=9)(a+2+i8)%a"}2p+a — 1 +if(2p— 1)]

L+ )1+

T —

The inequalities are sharp.

Finally, we remark that, with appropriate choices of the defining parameters,
our results agree with the existing results.

REFERENCES

[1] S. Abdulhalim, On a class of analytic functions involving the Saldgean differential op-
erator, Tamkang J. Math., 23 (1992), 51-58.

[2] K. O. Babalola and T. O. Opoola, Iterated integral transforms of Carathéodory functions
and their applications to analytic and univalent functions, Tamkang J. Math., 37 (2006),
355-366.

[3] K. O. Babalola, Bounds on the coefficients of certain analytic and univalent functions,
Mathematica, 50 (73) (2008), 139-148.



10 Coefficient bounds for certain Bazilevi¢ maps 133

[4] K. O. Babalola, New insights into Bazilevic maps, An. Univ. Oradea Fasc. Mat., 23
(2016), 5-10.

[5] K. O. Babalola, New generalizations of Bazilevic maps, Journal of Classical Analysis, 8
(2016), 163-170.

[6] 1. E. Bazilevi¢, On a case of integrability in quadratures of the Loewner-Kufarev equation
(in Russian), Mat. Sb., 37 (1955), 471-476 .

[7] P. L. Duren, Univalent functions, Springer-Verlag, New York, 1983.

[8] S. S. Miller, The Hardy class of a Bazilevi¢ function and its derivative, Proc. Amer.
Math. Soc., 30 (1971), 125-132.

[9] Z. Nehari and E. Netanyahu, On the coefficients of meromorphic schlicht functions,
Proc. Amer. Math. Soc., 8 (1957), 15-23.

[10] T. O. Opoola, On a new subclass of univalent functions, Mathematica, 36 (59) (1994),
195-200.

[11] Ch. Pommerenke, Univalent functions, Vandenhoeck und Ruprecht, Gottingen, 1975.

[12] G. S. Salagean, Subclasses of univalent functions, Lecture Notes in Mathematics, Vol.
1013, Springer, 1983, 362-372.

[13] R. Singh, On Bazilevié functions, Proc. Amer. Math. Soc., 38 (1973), 261-271.

[14] D. K. Thomas, On Bazilevi¢ functions, Trans. Amer. Math. Soc., 132 (1968), 353-361.

Received June 11, 2017 University of Ilorin
Accepted September 5, 2017 Department of Mathematics
llorin, Nigeria
E-mail: mashoodsidiq@yahoo.com
https://orcid.org/0000-0001-6670-3161
E-mail: kobabalola@gmail.com
E-mail: babalola.ko@unilorin.edu.ng
https://orcid.org/0000-0002-0337-1005


https://orcid.org/0000-0001-6670-3161
https://orcid.org/0000-0002-0337-1005

	1. Introduction
	2. Preliminary Lemmas
	3. Main Result
	References

