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MULTIPLE POSITIVE SOLUTIONS FOR A CLASS OF A
NONLINEAR BOUNDARY VALUE PROBLEM ON RY

AMAR PAL VERMA and RASMITA KAR

Abstract. In this article, we study the multiplicity of positive solutions for the
following elliptic problem:
—Aw + B(y)w = A(y)w®, yeRY,
0
00 _ H @l + G2,y € 0RY,
where 4 >0, 1 <r<2<s<p<?2F
2N
——— if N >3,
2*={¢{ N—-2 ! -
00 if N =2,
and the upper half plane of RY is denoted by RY = {(yV ', yn) € RV ! x
R| yn > 0} and the maps A, B, G, and H satisfy some appropriate conditions.
We show that, assuming p > 0 is sufficiently small, the equation has at least two
positive solutions using the decomposition of the Nehari manifold.

MSC 2020. 35J35, 35J60.

Key words. Nehari manifold, Palais-Smale sequence, fibering method, Eke-
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1. INTRODUCTION

In this article, we are interested in the multiplicity results of non-trivial
positive solutions for the following elliptic problem:

—Aw + B(y)w = A(y)ws, y € Rﬂy,

(1) D)
5 = RH@w 2w + Gy) w2, ye IRY,
where 4 >0, 1 <r<2<s<p<2%,
2N
— ifN>3
_{N_2 "=
00 if N =2,
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and the upper half plane of RV is denoted by RY = {(y¥ 1 yy) € RV"! x
R| yn > 0}.
We suppose that the maps A, B, G, and H satisfy the following assumptions:

(al) Aly) € C(RY) N L7 (RY);

(b1) B(y) € L®(RY) and B(y) > By > 0 in RY;

(g1) G € C(ORY) and here is a positive number Ry, < r such that G(y) >
14-Cp exp(—Rp|y|) for some Cy < 1 and for ally € ORY and G(y) — 1
as |y| — oo;

(h1) H € Lv-7 (ORY) \ {0} with Ha(y) = + max{+H(y),0} # 0.
We admit that the variational functional I, in H'(RY) of problem is

1 2 1 1
1uw) = gl = g [, Al

)
1
Sy H]w|rda—/ G|w|Pdo,
P Jory

T JorY

where do is used to represent the measure on the boundary and ||w|/g1 =
(Jpr ([Vw]? + B(y)|w\2)dy)% is the norm in H'(RY). We know that I, €
+

C'(H'(RY)) and the solutions of problem are the critical points of the
variational functional I,,.

When nonlinear components are added to an equation, or when a problem
with Dirichlet boundary conditions of the form -Aw = g(y,w) is taken into
consideration, there has been a lot of interest in the study of existence and
multiplicity; see for example [1},2,/5,9,111|14,20.22], etc.

On the other hand, nonlinear boundary conditions have just recently been
taken into account. For the semi-linear (or linear) elliptic equations with
a nonlinear boundary condition, see for example [7,8,/12,/13,|15|16}21], etc.
Recently, in [23], for the nonlinear boundary value problem Wu studied the
existence of multiple solutions by using the Nehari manifold and the fibering
maps method.

Our work is motivated by Wu [23]. In this paper, we discuss the Nehari
manifold and studied carefully the relation between the Nehari manifold and
the fibering map, we will show that the existence of the two positive solutions
for the problem .

This paper is organized as follows. In Section[2 we give some notations and
preliminaries. In Section [3, we prove the existence of a local minimum for I,,.
In Section [ we prove Theorem

THEOREM 1.1. Ejq. has at least two solutions if there exists u° > 0 such
that p € (0, u).
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2. PRELIMINARIES

In this paper, the Sobolev trace constant is denoted by C), for the embedding
of HY(RY) into LP(IRY):

>0

~(IVw|? + B(y)|w|?)d i
3) gy (Tl BGI)

wel ®NO} ([ Glulrdo)s

In particular, ([qx [wlPdo)? < Gy 2wl s for all w € HL(RY).

We define the Palais-Smale (denoted by (PS)) sequences, (PS)-values, and
(PS)-conditions in H(RY) for I, as given.

DEFINITION 2.1. (i) For v € R, a sequence {w,} is a (PS),- sequence
in HY(RY) for I, if I,(w,) = v+ O(1) and I, (wn) = O(1) strongly in
H*(RY) as n — oo;

(ii) I, satisfies the (PS),-condition in H*(RY) if all (PS),-sequences in
HY(RY) for I, contains a convergent subsequence.

The variational functional I,,, is not bounded below on the whole space
H! (Rf ), but it is bounded below and has a minimizer on an appropriate subset
of H'(RY), then this minimizer is a critical point of I,,. So it is a solution of
the given problem . It is of help us to consider the variational functional I,
on the Nehari manifold N, = {w € HY(RY)\ {0} | (1, (w),w) = 0}. Clearly,
w e N, iff

4)  Jwl3 — / Alw|*Tdy — p/ H|w|"do — / G|w|Pdo = 0.
RY ORY ORY

Furthermore, we prove the following lemmas.

LEMMA 2.2. The variational functional I, is bounded below and coercive on
N,.

Proof. If w € N, then by the Sobolev trace, Holder inequalities, and
, we have

1 1 1 1
Iu(w) = (2 - p) HU’H%{I - <S_|_ 1 p) NA|W|S+1dy
R+

Thus, I, is coercive and bounded below on N,,. O
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The behaviour of the function ®, : t — I,(tw) for t > 0 is strongly related
to the Nehari manifold N,,. These maps, referred to as fibering maps, were first
introduced by Drabek and Pohozaev in [17-19] and are examined by Brown
and Zhang [5]. If w € HY(RY), then we have

B (1)

t2 t8+1 tT tp

Sl - [ Ay = [ Heras -2 [ Gl
2 s+ 1 Jry T Jory P Jory

@;U(t):tHwaql—ts/ A|w|5+1dy—utr_1/ H|w|rdcr—tp_1/ GluwlPdo;
v oRY oRY

RY

w(0) = [l — st [ Al y - 02 [ Hluldo
RY ORY

—(p—1)tP~2 Glw|Pdo.
ORY

Here we see that
t®! (1) = ||tul|3 / Altul* T dy — u/ H|tu|"do / G|tu|Pdo
RY ORY ORY

and so, for w € HY(RY)\ {0} and t > 0, tw € N, iff ®/(t) = 0, ie.,
points on the Nehari manifold correspond to positive critical points of ®,,.
In particular, ®, (1) = 0 iff w € N,. Thus, we split N, into three parts
corresponding to local minima, points of inflection and local maxima and so
we define NS = {w € N, | ®,(1) > 0}; N} = {w € N, | ®,(1) = 0};
N, ={w e N, | ®,(1) <0}. Next, we acquire some basic properties of N,
N, , and Ng.

LEMMA 2.3. Assume that wy is a local minimizer for I, on N, and that
ws ¢ NO. Then I,(w.) = 0 in H*(RY).

Proof. Our proof corresponds to that of Theorem 2.3 in [6], (or [3]) . O

For every w € N, and by , we have
@y, (1)

= ol —s [ AWy —pte—1) [l
RY ORY

—(p—1 G|lw|Pdo
©) (p—1) Ry |w]

—@-pllwll — (s +p-1) / Alwl** 'y — u(r — p / Hlw|"do

:(2—r)||w]H1—(S—|—7“—1)/ Alw|*Ldy — —r/ Glw|do.
R+
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LEMMA 2.4. (i) For every w € N;f UN}), we have faM Hlw|"do > 0;
(ii) For every w € N/, we have faRf Glw[Pde > 0.
Proof. The outcomes now instantly follow from @ O
Let
p—r 2—r
H:[Cp }p—? p—2 [2—7“}19—2
p—r 1], 2 | LGl

Then, we prove the following results.
LEMMA 2.5. For every p € (0,11,), we have N} = ().

Proof. We argue, by contradiction. Then there exists pu € (0,1II,) such
that Ng # (). Then for w € NS, by @, the Sobolev trace and the Holder
inequalities we have

@ pllwll = (s+p—1) / Ajo|** dy + u(r — ) / Hlw|"do
RY BRQ

+

@ - p)llwlZn > ulr - p) / Hlw["do
ORY

(7) _
wl2 < (p) H|w|"do
p—2) Jory

_r 2
2 (r—2) p—r 2—r
ol < 67 [ (225 el e, | 2

Similarly by the Sobolev trace inequality and by @, we have

@ ")l = (s +7—1) / Al dy + (p - 7) / GlwlPdo
RY ORY

2 Pdo
5 Q=i > e=n) [ Glupd

+
p 2

w2 (p—2) 2—r ﬁ
lollir > G [(p—T)HGlloo] |

From and , we have

p 2 T 2
—2) 2—r n—2 (r—2) p—r 2—r
o {]p <c H
p (p_T)HGHoo p H p_2 H HLPET
p—r 2—r
C —9 p—2 2—r]p—2
oz [ ] el
p—r 1], 2 | LGl
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which is a contradiction. Thus, here completes the proof. O

Denote
U(RY) = {w e HY(RY)\ {0} |/ Glw[Pdo > o} c HY(RY).
ORY

To better understand fibering maps and the Nehari manifold, we observe
the function x,, : Ry — R defined by

Yuolt) = 27 o3, — 77+ / Alw|*F iy — / GlulPdo,
RY ORY

for t > 0. Consequently, tw € N, iff x(t) = [jpn Glw|[Pdo. Moreover,
+

() = @ =)l — (s = 16 [ Al ay
+

9)
—(p— r)tpfrfl Glw[Pdo.
ORY

Hence, it is simple to observe that, if tw € N, then t"~1x/ (t) = ®/ (t). Hence
Xw(t) <0 (or > 0) iff tw € N (or N;F).

Let w € U(RY). Then, by (9) we have t = t™*(w) is a critical point of
and obviously x,, is T on (0,t™*(w)) and | on (™**(w), c0). Furthermore, if
p € (0,10,), then x,, (™% (w)) > faM pH|w|"do.

Then, we prove the following lemma.

LEMMA 2.6. For every w € U(RY), we obtain:

(i) If [ogy Hlw|"do < 0, then there is a unique t— = t_(w) > t™(w)
+
such that t_(w) € N, and Xu is increasing on (0,t-) and decreasing

on (t—,o00). Moreover,

(10) I,(t_w) = igg I,(tw);

(ii) IffalRf H|w|"do > 0, then there are unique 0 < t4 = tyw < tM™(w) <

t_ such that tyw € N, t_w € N, xw is L on (0,t1), T on (ty,t-)
and | on (t_,00). Moreover,

11 1,(t = inf 1,(tw); I,(t_w) = 1, (tw);
(11) u( +W) ogtglgrlnaX(w) u( w) u( w) f;li u( w)

(iif) t_(w) is a continuous function on W(RY);

(iv
Ny = {w e v @) | e (i) =1
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Proof. For a fixed w € \If(]Rf ), we have the following.
(i) Assume faRf H|w|"do < 0. Then y,(t) = faﬂw wH|w|"do has a unique

solution ¢ > t™*(w) and x/,(t-) < 0. Hence x,, has a unique turning point
at t =t_ and 0 > @y (t). Thus t_w € N, and are true.

0 A lwl" g
(ii) Assume faRf |w|"do > 0. Since

N (0)) > / pHlwl"do,

ORY
the equation

Xult) = / pH | do
ORY

has exactly two solutions ¢, < t™*(w) < t_ such that 0 < xJ,(t4) and
0 > xi,(t—). Hence there are exactly two multiple of w lying in N, i.e.
tywe NFand t_w e N,

Thus, . has turning points at ¢ = ¢4 and ¢ = t_ with ®/ (¢;) > 0 and
O (t—) < 0. Thus, x4 is | on (0,t4), T on (t4,¢t—) and | on (t_,c0). Hence,
(11)) must be true.

(iii) By the external property of t_(w) and the uniqueness of t_ (w), t_(w) €
¥(RY) is a continuous function.

(iv) For w € N

. » we have W = m By parts (i) and (ii), here is a

1
unique t— (W) > 0 such that t_ (W)W € N, or t_ <H 1|1|) ) Tl weN,.
Wil g1 Wil g1
1
Since w € N, we have ¢_ < v > = 1, this implies that
lwllz ) wllm
1 w
Nc{weHlRN t_< >_1}.
. ) alln ™ ol
1
On the other hand, let w € U(RY) such that Tl t_ (H I’T > = 1. Then
WI| g1 WI| g1
t_ ( v ) v GNM_.Hence,
lwllz /) lwll g
1 w
N—:{we\p(RN)\ t_< ):1}.
g T lwllg T \lwll g
Thus, the proof is complete. ]

3. MAIN RESULT
Here, by Lemma we write N, = NF UN, for all 4 € (0,IL). Fur-
thermore, by Lemma [2.6/ N7 # () and N, # ), and by Lemma [2.2{ we define
B =inf N Lu(w) and B = inf, - I, (w). Therefore, we have the follow-
ing results.
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THEOREM 3.1. We have:
(i) for all p € (0,IL), B} <O.
(ii) of p € (0, rg*), then B, > co for some ¢y > 0.

3=), we have B = inf,, ¢ nt Lu(w).

In particular, for all u € (0,

Proof. (i) For w € N,f, by (6), we have

@—pllwll > (s+p—1) / Alwl**'dy + p(r — p) / Hlw["do
RY ORY

+

@ - p)llwlZn > ulr - p) / Hlw|"do
ORY

— T
ol < p (2= H|w|"do.
pP—2) Jorw

Then by Lemma and , we have

r p) Jory
1 1
<(3-3) Il —(2=4) [ Hiorras
p r o p) Jory
— (2 —
2R [ e <0,
2pr ORY

and thus ﬁ;f < 0.

(ii) For w € N, , we have
2= M)l < (s+7—1) / Al dy + (p — 1) / Gluwldo,
RY ORY

which gives

2_
( T)\ywy@p</ GluwlPdo, ¥V w e N
p—r ORY

Moreover, by , we have
2—r =
(2=2) ol < & 16 elwlf

Consequently, we have

P

2—r Cp2 -9

P < Jlwlpp™
(pr> 1G o0 i
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Then, we get

1
2-r ) ~
<(p—?")HGHoo> Cp < |Jwl[g, YVwe N, .
By 7 we get

1 1 1 1
7 S 1 2 (L 1 A S+1d
u(w> Z (2 p) ”’UJHHl <5+ 1 p) /M [l Y
p—r >
_M< — ) V] e Ol
1 1 9 p—r 5
> <2 B p> el u< pr > 11l e G Tl

p—2 - p—r >
> ol |(2522) ol = () 1 e, G |

From , if p € (0, Tg* ), then B, > ¢o for some ¢o > 0. Hence, the proof is
now complete. O

Next, we consider the below elliptic PDE:
—Aw + B(y)w = A(y)w®, yeRY;

(13) 9
6—15 = |w[P~2w, y € IRY.
We admit the variational functional I, in H*(RY) of problem
1 1 1
I®°(w) = Slwl|fpn — —— [ Ajw|*T'd —!/ Glw[Pdo.
(W)= gl = o [ A= [ Glulrdo

Consider the minimizing problem S = inf,,c e~ [°°(w), where
N* = {w e H'(RY)\ {0} | (1) (w),w) = 0}.

In a similar way as in del Pino and Flores [16], eq. has a positive ground
state solution W such that I°°(W) = 3*° > 0. Moreover, if u € (0, Tg* ), then
we have the following proposition for the (PS)-sequence of I,,.

PROPOSITION 3.2. If {wy} is a (PS),-sequence in HY(RY) for I, with
v < Bf 4 B, then there exists a subsequence {wy} and a nmonzero w in
HYRY) such that {wyn} converges w strongly in H'(RY) and I,(w) = 7.
Furthermore, w is a solution of problem .

Proof. By Lemma 2.1 and the Rellich-Kondrachov theorem there exists a
subsequence {wy,}, and w € H*(RY) is a solution of problem () such that
e {w,} converges to w weakly in H'(RY);
o {w,} converges to w strongly in L7 (JRY);

loc
e {wy} converges to w almost everywhere in RY.
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Here we claim that w # 0. If not, then by H € Lﬁ(ﬁRf) and (gl), we
get

H|wy|"do — 0 as n — oo

oRY
and
q%wm%/“h%mw+mn
oRY ORY
Thus,
fanli = [ Al g+ [ o +0(0)
RY ORY
and
1 1 1 1
5= 5) [ GluaPdo = Sunl =5 [ Awnliay

1 1

- = H|wy,|"do — / G|wy|Pdo + O(1)
T Jory P JorY
1, 1

< — _ - s+1

< glhoaliy = g [, Al
1 |

- - H|wy|"do — - G|wy|Pdo + O(1)
T Jory P JorY

=~v+0(1).

From the Sobolev trace embedding and {w,} C N, we get [[wy||g1 > ¢ for
some ¢ > 0 and 8°° < ~. This contradicts v < ﬂ,’: + B < . Thus, w is a
nontrivial solution of the problem and B} < I,(w).

Take w, = v, + w with v, converges to 0 weakly H 1(]Rf ). Then, by the
fact that v,, converges 0 weakly in H I(RJX ) and the Brezis-Lieb lemma [4], we
obtain

/ Glw,[Pdo = / Glv, + w[Pdo
ORY ORY

+

:/ wm@+/ GlaPdo + O(1).
ORY ORY

Since, we have that {w,} is a bounded sequence in H!'(RY), then {v,} is

also bounded sequence in H'(RY). Furthermore, by H € LP%(@RQY ), the
Holder inequality and the Egorov theorem, we obtain

Hlv,|"do :/ H\wn|’"do—/ H|w|"do 4+ O(1)
ORY ORY

= 0(1).

N
ORN
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Thus for large n, we are able to draw that

Bt +p>
> I, (vy, + W)

1 1 1
> L,(0) + =|Jon|2n — —— [ ATy — - rd 1
> 1,(0) + 5 ol 5+1/M oal*+dy p/mrw o +0(1)

1 1 1
> 85+ glloalln = 7 [ Aty = [ ao +00)
+ +
or

1 1 1
14) i -—— | A sﬂd—/ Pd *4+0(1).
(14)  lenl 8+1/M ol ay = [ ol < 3%+ 0()

Also from the facts that I (w,) = O(1) in H*(RY), w is a solution of
problem (1)) and {wy,} is uniformly bounded, we have

(15) O(1) = (I},(wn), wn) = an’ﬁﬂ/ Alvnls“dy/ Gloa|Pdo+0(1).
RY ORY

We claim that and can be hold simultaneously only if {v,} has
a subsequence {vy,} such that {v,,} — 0 strongly. If not, then ||v,| g is
bounded away from zero, that is ||v,| > ¢ for some ¢ > 0.

Since,

1 2 1 1 1 2 1 1
gl = [, Al < Gl = = [ Al

+

then by , we have
or

For large enough n, by and , we have

1 1
8 > ( - )/ lon|Pdo + O(1)
2 p) JomrW
> 1||Un||2 L= 1/ A|vn|5+1dy _ 1/ |vp[Pdo + O(1)
=9 H s+1 RY D JorY
= 3.

This is a contradiction. Thus, w,, converges w strongly in H'(RY) and I,,(w) =
5. O
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THEOREM 3.3. For every p € (0, ”21*), the functional I, has a minimizer

w™in g N: and satisfies the following.
(i) Tu(w™) =B
(i) w™™ is a positive solution of problem (IE
(iii) Asp— 0 = [Jw™||g — 0.

Proof. By the Ekeland variational principle [10] (or by [22]), there exists
{wn} C N such that I,(w,) = 8 + O(1) and I,(w,) = O(1) in H*(RY).
Then by Proposition there exists a subsequence {w,} and w™" € Nlj ,
a solution of the problem such that w, converges to w™™ strongly in
HY(RY) and I,(w™") = 8. Since I,(w™") = I,(|lw™"]) and |w™"| € N,
by Lemma we may suppose that w™™ > 0. Moreover, the Hopf lemma
and the maximum principle, we get w™™ > 0 in Rf . Hence, by @, we have

in 12— = [(p—r
e e L L
Thus, as & — 0 we have [|w™|| ;1 — 0. O

4. PROOF OF THE MAIN THEOREM

Here, suppose W (y) is a positive solution of problem such that g =
I°°(w). Then by Lemma 3.3 in [11], there exists a positive number C, such
that

(16) (W (y)| < Cyexp(—|y|) for all y € RY.
Let Wi(y) = W(y+le), for | € Rand e € S, where S = {y € ORY | |y| = 1}.
Clearly |. oRY H|Wi|"do = 0 as | — co. Then the results are as follows.

LEMMA 4.1. Let w™™ be a positive solution of problem as in Theorem
. Then for all p € (0, Tg*) there exists 0 < 1 such that for I° < 1, we have

sup[u(w”1in +tW)) < B:[ + B*°.
>0

Proof. Since

Iy(wmin + ﬂ/Vl)
_ luwmin W, H2 _ 1/ A(wmin + tW)S+1dy

2 aiyzel s+1 RY l

. 1 .
B B w)rde — = | Gw™™ + #W)Pdo
T JorY D Jory

1 i 1 . .

_ 7mem”%—]1 o A(wmln)erldy . H H(wmln)rdo_

2 S+1 Rf T 8Rﬁ
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1 : 1 1
— = Gw™™Pdo + < |[tW |30 — —— [ A@EW;)*Td
Ly Gl o 4 gl [ Ay

p
1 ) )
- / GtW,)Pdo — H(w™ + tW;)"do — H(w™) do
D Jor¥Y [ JorY ORY
1 . .
- G(w™™ + tW;)Pdo — G(w™™)Pdo — G(tW;)Pdo
P | JorY oRY ORY
1 .
+ A(wmln)s+ldy + A(tI/Vl)s+1dy
s+1|Jry RY

+t G(w™™P~ W do + H(w™™) 1 Wdo | .
ORY

ORY
< B+ I°(tW))

- / G [(w™™ 4 (W) — (W™ — WP — p(w™™P W] do
ORY

IL.¢"
+ HW/do — tp/ (G-1)W,do
2 Jory ORY
1 .
+ / A[(wmm)s-i-l + (tVVl)s-i-l]dy] )
s+ 1 Rf

We know that, by Brown and Zhang [6], we have I*°(tW;) < >~ VI e R.
We remark that (w-+v)P—wP —vP—pwP~ v > 0 for all (w,v) € [0, 00)x[0, c0).
Hence,
G [(wmin + WP — (w™m)P — P —p(wmin)p_ltI/Vl] do > 0.
ORY
Thus, we have
Iﬂ(wmin + tVVl)

IL.t"
<BF+B%+ — HW[da—tp/ (G —1)WFdo
(17) 2 JomY oRY
1 .
+ Al(w™®)* 4 (th)S“]] dy.
S + 1 Rﬁ

Since, I, (w™" +tW;) — I, (w™") = Br <0ast—0and L, (w™n W) —
—o0 as t — 0. Then easily we can find 0 < t; < t9 such that

(18) L(w™™ + tW)) < BF + BV t € [0,11] U [t2, ).
Hence, we need to prove that there exists [0 > 0 such that for [© < [,

SUDy, <t<ty Iu(wmin +tW)) < B:’ + 5.
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By the condition (gl) and by del Pino and Flores |16, Lemma 2.2], we have

| (G=nwias= [ (Gly-te) - )W (o
ORN ORY

(19) zD{éWDKMFJ@—1MU

> Co exp(—Rpl)
where Dy = ming e gy () Wl (y) and BY (1) = {y € ORY | |y| = 1}.
By and the condition (h1), we also have

HW/do < / Cy|H|exp(—rly + le)do
ORY ORY

< Oy exp(—7l).
Since Ry =r and t; <t < tg, by — we can find [° > 0 such that
supsq L (w™™ + tW;) < B + 5> for all I° <.
Hence, the proof is complete. ]

Further, we prove the existence of a local minimum for I, on N, .

TI;*), the functional I, has a minimizer

THEOREM 4.2. For every p € (0,
wg in N, and satisfies the following.
(ii) wf is a positive solution of the problem ().
Proof. First, we claim that 3, < ﬁ:{ + 5%°. Let

1
w! = 3w e URY) | () >
[[wl| g [[wl| g

|
w? = {w e B(RY) | t——) <1
lwllgr \wl[gn

By Lemma 2.6, N, disconnects U(RY) in two parts w} and w? and U(RY )\
N, = w; Uw;. Moreover, for all w € N}, we have 1 < t™(w) < t_(w) and
Jorny Glw[Pdo > 0. Since

+

bw) = ¢ ( w )
_(w) = _ ,
Tl el

then N, C wl. In particular, w™" € w!. We claim that for each I <[ there
exists sgp > 0 such that w™® + 59T, € w2. Indeed, faRN Glw™ + sW;Pdo > 0
+

for all s > 0. By Lemma for all s > 0 there is a unique

0 ,wmin +SVVZ
<t min W,
[[w™ + sWi | g

and
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such that

; ( wmin 4 SVVZ > wmin 4 SI/VZ

- - eN,.
[wit + sWil| e /) [+ sWil[gr "

min W
First, we have to find a D > 0 such that0<t_< el + s ) <D
[w™ + sWi|

for all I > 0. Instead, there exists a sequence {s,} such that

w4+ s, W
[[w™™ + s, Wi | g1
wmn s W

[ & s, Wil
Lebesgue dominated convergence theorem, we obtain

sn—>ooandt_< )%oo as n — oo.

Let v, = . Since t_(vp)v, € N, C N, and by the

1 .
G|vp[Pdo = - G(w™" Wi)Pd
oRY fonfPd ™™ + s Wil g1 Jorey (W™ e WP
1 min p
S / G(wswl) do
N
e,
faRf G|WilPdo
—— =5 as N — Q.
Wil
Then, we get
L,(t—(vn)vn)
1 t_ s+1 t r
= *[t—(vn)]Q _ % AvsTidy — M Hu do
2 1 n n
S+ Rf r BRf

I RO S
. 8R1<;(7gpd

I,(t—(vn)vy) tends to—oo as n — oo. Thus, we have a contradiction because
I,, is bounded below on N,,.

. 1
|D?—[w™™ |2 ;|2
Woll ;1

lw™® + soWill7p = [[w™™ |3 + s3I Wall7p + 2s0(w™™, W)

> [lw™™ 3+ [D? = [lw™ |3

Let sg = + 1. Then, we have

+ 2l0 (/ MH(wmin)r—lvvldo_ + G(wmin)p—IVVZdO_>
ORY

N
IR

i 2
min W,
>D?>[t< A L >]
[[w™ 4 soWi | g2

that is w™™ + soW; € w?.
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Let

f(s) ! t < W + sWi >>0.

e sl w4 s Wil
By Lemma [2.6] (iii), f(s) is a continuous function on [0, c0), since 1 < f(0)
and f(sp) < 1. By the intermediate value theorem, there exists s; € (0, sp)

such that
1 min W,
f(s1) = t < w_ A+ s ):1.

O w5 Wl g\ [Jw™ + s W

Thus, w™" + 5, W; € N, and I, (w™n + sy W) > B, - Moreover, by Lemma
we have 3, < I (w™n + 51 W) < B:[ + .

By the Ekeland variational principle [10] (or [22]), there exists {w,} C N,
such that I,,(w,) = 3, +O(1) and I (w,) = O(1) in H*RY).

Since, 3, < B:{ + B°° by Proposition there exists a subsequence {w,}
and wi € HY(RY) such that w, — w{ strongly in H*(RY) which implies that
wg € N, and as n — oo then I),(wy) converges to I,,(wg) = 3,

Since I,(wg) = I,(|wg|) and |wg| € N, by Lemma we may suppose
that wg > 0. Furthermore, by the Hopf Lemma and the maximum principle,
we get that wy is a positive solution of problem . O

Now, we are ready for the proof of Theorem

Proof of Theorem 1.1. From Theoremsand .for u e (0, Tg* ), €q.
has two positive solutions w™" and wg such that w™" € N and wj € N, .

Since N NN, =0, then w™i* and w} are different. O
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