MATHEMATICA, 67 (90), N° 2, 2025, pp. 271-283

ON FUNCTION SPACES WITH CAUCHY CONVERGENCE
TOPOLOGY AND ~z,-COVERS

RITU SEN

Abstract. In this paper, we investigate the countable tightness, the countable
strong fan tightness, the countable fan tightness, the strictly Fréchet-Urysohn
property and the selectively strictly A-property of the function space of all con-
tinuous functions from a metric space X endowed with the Cauchy convergence
topology to the real line R. Two new types of covers, namely, 7z ,-covers and
7ve,-shrinkable covers have been introduced. Using z,-shrinkable covers investi-
gations are made to study the selection principles of X and that of C'(X) with
the Cauchy convergence topology for different collections of subsets A and B of
X.
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1. INTRODUCTION

Cauchy convergence topology was first introduced and studied by M. H.
Clapp and R. C. Shiflett in [5]. The motivation for defining such topology
is to compare it with the compact convergence topology and the uniform
convergent topology. In [7], Z. Li investigated some cardinal invariants and
variants on tightness in the space of all real-valued continuous functions defined
on a metric space X endowed with the Cauchy convergence topology. After
that in [10], L. X. Peng and Y. Sun pointed out that the Cauchy convergence
topology which was discussed by M. H. Clapp, R. C. Shiflett and Z. Li cannot
be a topology. In the same paper, the authors then redefine the Cauchy
convergence topology and reconsider some conclusions which appear in [5]
and [7].

In this paper, we continue the investigations of different types of properties
of C(X) (= the family of all real-valued continuous functions on a metric space
X) endowed with the Cauchy convergence topology as defined in [10].

Throughout this paper, X is a metric space, d is the metric on X and the
topology of X is the induced topology by d.

In Section [2, we give some necessary definitions and results required for a
smooth continuation of the paper.
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In Section[3] we investigate the countable tightness, the countable strong fan
tightness, the countable fan tightness, the strictly Fréchet-Urysohn property
and the selectively strictly A-property of the function space C'(X) endowed
with the Cauchy convergence topology. Though countable strong fan tightness
and countable fan tightness of C'(X) with the Cauchy convergence topology
have been studied in [7], we here give some equivalent conditions for such
properties. Also in this section we introduce a new type of covers, namely
7e,-covers of a space X.

Section |§| is fully devoted to the study of ~z,-shrinkable covers of a space
X. Investigations are made for studying the selection principles of X and
that of C'(X) with the Cauchy convergence topology for different collections
of subsets A and B of X.

Throughout this paper, R denotes the set of all real numbers with the
natural topology 75. We will use the symbol 0 to represent the zero-function
on a space X. The set of all positive integers is denoted by N. For a subset
A of X, A denotes the closure of A with respect to the topology of X. Let
Y X denote the set of all functions from X to Y. In notation and terminology
we will follow [6]. On some conclusions on function spaces of all real-valued
continuous functions on a Tychonoff space X, one can follow [2] and [8]. As the
space C(X) is homogeneous, instead of working with any arbitrary function
f € C(X), we can work with the function 0 (i.e. the constant function 0).

2. DEFINITIONS AND PRELIMINARIES

First of all we recall some notations that will be carried out throughout the
paper.

Let (X, d) be a metric space. A sequence S = {z,, : n € N} of points of X is
said to be a Cauchy sequence in (X, d) if for any € > 0, there exists a natural
number k such that d(z,,z,) < €, whenever n,m > k.

NoTATION 2.1. Let (X,d) and (Y, p) be metric spaces. We denote

S(X)={S c X : S is a Cauchy sequence in (X,d)}.

YX = {f: f is a mapping from X to Y}.

C(X,Y) = {f € YX : fis continuous}. In particular, if Y is the real line
R, then we write C(X) instead of C'(X,R).

V(f,Aje) = {g € YX : p(f(x),9(x)) < ¢, for every x € A}, where A is a
non-empty subset of X and € > 0.

V(f,Aje) ={g € YX :sup{p(f(x),g(x)) : * € A} < €}, where A is a non-
empty subset of X and e > 0. Similarly, we use the same notations V" (f, A, €)
in C(X,Y) or C(X).

D is the family of all dense subsets of C'(X) with Cauchy convergence topol-
ogy.

S is the family of all sequentially dense subsets of C(X) with Cauchy con-
vergence topology.
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Also, for a topological space (X, 7) and a point x € X, we denote
Q={ACX:xec A\ A}

I';, is the set of all sequences converging to x.

The following definition appears in [5]. Let (X,d) and (Y,p) be metric
spaces. Given an element f of Y, we choose ¢ = {V(f, S,¢) : S € S(X), € >
0} as a neighbourhood base at f for the topology of Cauchy convergence. The
topology of Cauchy convergence on Y is denoted by 74, in [5], whereas the
same has been denoted by 7 (4) in [10]. In this paper, we will use the notation

Ten(d) to denote the Cauchy convergence topology.
For a Cauchy sequence S = {z,, : n € N} of X, we denote

_ S, if {x;, : n € N} is not convergent in X
B {zo} U S, if {x, : n € N} converges to xg.

S is said to be a Cauchy closed sequence [7] of X. Each Cauchy closed
sequence is a Cauchy sequence. Let S(X) be the family of all the Cauchy
closed sequences of X.

DEFINITION 2.2 ([10]). Let (X, d) and (Y, p) be metric spaces. Let 7g,(q) be
a topology on YX such that a subset U of Y belongs to Ten(a) if and only
if for every f € U there exist k € N, S; € S(X) for every i < k such that
f e ﬂle V(f,Si;e;) C U. The topology Ten(g) on YX is called the Cauchy
convergence topology or the topology of Cauchy convergence.

ProposITION 2.3 ([10]). Let (X,d) and (Y,p) be metric spaces. For any
feYX, forany S € S(X) and for any € > 0, we have
. * 3
14 (f"s’ag) C V(fvsag) cVv (faSa 16) C V(fasae)‘

PRrOPOSITION 2.4 ([10]). Let (X,d) and (Y, p) be metric spaces. Then
o ={V (f,S,€):fecY* SecSX)e>0}
Jorms a subbase of the Cauchy convergence topology Ten(ay on yX.

ProprosITION 2.5 ([10]). If X is a metric space, then for any Cauchy se-
quence S of X and for any € > 0, the following inclusions hold in C(X):

V*(f,g,g) - V*(f,S,g) CV (f,5,¢) cV (f,5S,e).
PROPOSITION 2.6 ([10]). Let (X,d) be a metric space. Then
7 ={V (f,S,e): feC(X),5e8(X),e>0}
forms a subbase of the Cauchy convergence topology Tn(a) on C(X).

Next, we recall two well known concepts, both defined in 1996 by M. Scheep-
ers |[12]. Given an infinite set, let A and B be collections of families of subsets
of X.
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e S (A, B) denotes the principle: For any sequence {A, : n € N} of
elements of A, there is a sequence {b, : n € N} such that for each
neN, b, €A and {b, : n € N} is an element of B.

e S, (A,B) denotes the principle: For any sequence {A, : n € N} of
elements of A, there is a sequence {B, : n € N} such that for each
n €N, B, is a finite subset of A, and |J,cy B, € B.

3. MAIN RESULTS I

In this section we discuss about countable tightness, countable strong fan
tightness, countable fan tightness and selectively strictly A-property of C'(X)
with the Cauchy convergence topology. We then introduce 7z,-covers and
use them to get some equivalent conditions for (C'(X), 7e(q)) to be a strictly
Fréchet-Urysohn space.

DEFINITION 3.1 ([10]). A family U of subsets of a space X is called a ¢y-
cover of X, if for every finite subcollection S’ of S(X), there exists U € U such
that (JS' C U. If each element of U is open, then I is called an open ¢s-cover
of X. Also, if X ¢ U, then U is called a proper ¢s-cover of X.

The collection of all ¢¢-covers of X will be denoted by Cz(X).

LEMMA 3.2. For a space X, the following hold.

(i) Let U be a proper ¢¢-cover of X. Set A = {f € C(X) : there exists
U € U such that f(z) = 1, for allz € X \U}. Then 0 € A\ A in
(C(X), Ten(ay)-

(ii) Let A C (C(X),Teny) and let U = {f~Y(=L,2) « f € A}, where
neN. If0€ A and X U, then U is a proper ¢p-cover of X.

Proof. (i) Since U is proper, 0 ¢ A. Let V' (0,{S1,...,S,},€) be any ar-
bitrary basic 7g,(g)-open neighbourhood of 0, where {S7,...,5,} is a finite
subcollection of S(X) and € > 0. As U is a ¢y-cover of X, there exists
U € U such that |J]_,S; € U. By the normality of (X,d), there exists
h € C(X) such that h(z) =0, for all x € |J;"; S; and h(X \ U) = {1}. Then
heV (0,{S1,...,8.},e)NA, sothat 0 € A\ Ain (C(X); Teh(a))-

(ii) Let {S1,...,Sp} be a finite subcollection of S(X). Then
" — -, 1
V (Q,{Sl,...,sp},ﬁ)

is a basic 7 g)-open neighbourhood of 0, where n € N. So there exists g €
V0, {S1, ..., Sp}, H)NA. Thus g(z) < 1, forallz € |J!_, S;. Hence | JV_; S; C
g (3, 1), where g € A and n € N. Thus U is a proper ¢y-cover of X. O

n’n
Recall that a space X is said to have countable tightness [3] if for every

x € X and C C X such that z € cl(C), there is a countable subset Cp with
Co C C and z € cl(Cy).
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THEOREM 3.3. For a space X, the following are equivalent:
(1) (C(X),Ten(a)) has countable tightness.

(ii) Ewvery open ¢g-cover of X has a countable ¢¢-subcover.

Proof. (i) = (ii) Let U be an open ¢s-cover of X. Then for every finite
subcollection S = {S1,..,58,} C S(X), there exists Us: € U such that
UL, Si C Us. By the normality of X, there exists f,, € C(X) such that

fs S(U?:E-) = {0} and f, (X \ Us) = {1}.
et

F ={f, : 8" is a finite subcollection of S(X)}.

Clearly 0 € cl(F). Now by (i), there exists a countable subset F’ of
F such that 0 € cl(F'). Define V = {U,, : f, € F'}. We claim that
V is a ¢g-cover of X. Let S = {S1,...,S;} be a finite subcollection of
S(X) and V' (0,{S1,...,Sk},1) be a Teg)-neighbourhood of 0. Then F’' N
V'(0,{S1,...,Sk},1) # 0. Choose fs, € F' 0 V'(0,{S1,...,Sk},1). Then
| fs, (x)] <1, for all x € U%,S;. Hence U, S; Us, €V.

(ii) = (i) Let 0 € C(X) and G be a subset of C(X) such that 0 € cl(G).
Then for any finite subcollection &' = {51, ..., Sk} C S(X), there exists g, €
V'(0,{S1, ..., Sk}, 2)NG, for n € N. Let W, ={zeX:|g, (2)] < 11, for
any n € N. Then Ule S; C W .-

For each n € N, define

Wy ={W,, S’ is a finite subcollection of S(X)}.

Then W, is a ¢s-cover of X, for each n € N. By (ii), there exists a countable
Vi € W, which is a ¢g-subcover of X, for each n € N. Let §' = {gs,’n : Ws/,n €
Vn, n € N} Then G’ C G and G’ is countable. We claim that 0 € cl(G’). Let
V'(0,{S1, ..., Sk}, %) be a Ta,(g)-neighbourhood of 0, where &’ = {S1,..., Sk}
is a finite subcollection of S(X) and n € N. Then Ui.“:l Si € Wy, € V.

Hence g, € V'(0,{S1,..., Sk}, %) ng'. O

We next give some equivalent descriptions of countable strong fan tightness
of (C(X),Ten(a)). Recall that the i-weight iw(X) of a space X is the small-
est infinite cardinal number x such that X can be mapped by a one-to-one
continuous mapping onto a Tychonoff space of the weight not greater than k.

Also a space X is said to have countable fan tightness [1,[2], if for each
collection {A,, : n € N} of subsets of X with z € (), oy cl(Ay), there exists a
finite set B,, C A, such that x € cl({J,,cyy Bn). Also X is said to have countable
strong fan tightness [11] if for each x € X and each sequence {A, : n € N}
with z € (1, oy cl(An), there exists z,, € A, such that = € cl({z, : n € N}).
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THEOREM 3.4. For a Tychonoff space X with iw(X) = Ng, the following
statements are equivalent:
(i) (C(X),Ten(a)) has countable strong fan tightness.
(ii) (C(X),Tch a)) satisfies S1(D,$y).
(iii) (C(X), Ten(a)) satisfies S1(D, D).
(iv) (C(X),Tena)) satisfies S1(Cs(X), C(X)).
Proof. (i) = (ii) Trivial.

(ii) = (iii) Given a sequence of dense subsets of C'(X), we first separate
that sequence as a countable collection of sequences of dense subsets of C'(X).
Let {D;; : i € N} be a sequence of dense subsets of (C(X), 7o(q)) for each
j € Nand let D = {d; : j € N} be a countable dense subset of (C(X), 7en(q))-
By (ii), for every j € N there is a family {d; : i € N} such that d; € D, ; and
{d} :i € N} € Qq,. Note that {d’ :i,j € N} € D.

(iii) = (iv) Let Uy, € C¢(X) for every n € N and let D be a countable dense
subset of (C(X),Ten(g)). Consider D; = {fsiya € C(X) : f(X\U) = {1}
and f(|JS') = {d}, for a finite subcollection &’ of S(X), U € U; such that
US" € U and d € D}. Since D is a dense subset of (C(X), 7en(q)), we have
that D; is a dense subset of (C(X), 7ey(q)) for every i € N. By (iii), there
exists a sequence {fs;y, 4, : @ € N} such that for each i, fs;y, 4, € D;i and
{fs;v.a; + © € N} is a dense subset of (C(X), 7cn)). Note that U; € U; for

each i € N and {U; : i € N} € C¢(X).
(iv) = (i) By Theorem 3.5 of [7]. O
Similarly we can have the following.

THEOREM 3.5. For a Tychonoff space X with iw(X) = g, the following
statements are equivalent:
(1) (C(X),Ten(a)) has countable fan tightness.
(ii) (C(X),Tch d4)) satisfies Sgn (D, Qo).
(iii) (C(X), Ten(a)) satisfies Sin(D, D).
(iv) (C(X), Ten(a)) satisfies Sgn(Cy(X), Cy(X)).
Proof. Can be done as before. O

We next introduce the concept of ~z,-covers of a space X.

DEFINITION 3.6. A countable open cover U = {U,, : n € N} of X is said
to be a z,-cover if it is infinite and for each finite subcollection S" C S(X),
there exists ng € N such that |JS' C U, for all n > ny.

The collection of all vz,-covers of X will be denoted by F@
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Recall here that a space X is said to be strictly Fréchet—Urysohn [4] if it
fulfills the selection property S1(€;,I;), for every z € X.

THEOREM 3.7. For a space X, the following are equivalent:
(1) (C(X),Ten(a)) is a strictly Fréchet-Urysohn space.

(il) X satisfies Sl(@f(X),I‘@f).

(iii) (C(X), Ten(a)) satisfies S1(D,Tp).

Proof. (i) = (ii) Let {U,, : n € N} be a sequence of ¢s-covers of X. For each
finite subcollection S’ of S(X), there exists U, € Uy such that [JS' C Ug o
for any n € N. Set

US,’n ={U eU,: US' C U, for any finite subcollection S’ of S(X)}.

For each n € N, let 4, = {f,, , € C(X) : &' is a finite subcollection of
S(X),U € U, and f, (US) = {0}, f, (X \U) = {1}}. Clearly 0 €
cl(Ay,), for each n € N. By (i), there exists f‘%’Un € A, such that the sequence
{fsh,Un : n € N} converges to 0 under 7g,g). We claim that {U, : n € N}
is a vg,-cover of X. Let V' (0,{S1, ..., Sk},1) be a 7g(g)-neighbourhood of 0,
where {51, ..., Sk} is a finite subcollection of S(X). Then there exists ng € N
such that f, € V'(0,{S1,..., Sk}, 1), for all n > ng. Hence for all n > ng,

Ule Si C fs_,lUn(—l, 1). Hence for all n > ny, Ule Si C Uy,

(ii) = (i) Let {A, : n € N} be a sequence of subsets of C(X) such that
0 € Npen(4n \ Ay). For each n € N, let Uy, = {f7' (=L, 1) : f € A,}. Let
M={neN:X ecl,}.

If M is infinite, then for any basic open neighbourhood V" (0, {S1, ..., Sp}, €)
of O with € > 0, there exists m € M such that % < €. Then there exists
gm € Ay such that X = g 1(=2, 1), ie. gn(X) C (3, 21), le. gn €
V'(0,{S1, ..., Sn},€). Hence {g,, : m € M} converges to 0.

If M is finite, there exists ng € N such that {U,, : m > ng} is a sequence
of open ¢s-covers of X, g_l((%, %)) # X, for g € A,,. Thus there exists
Un € Uy such that {U,, : m > np} is a 7Yz,-cover of X. Then there exists
fm € Ap, such that Uy, = f1 (2, 1)).

It now suffices to prove that {f,, : m > ng} converges to 0.

Let V7 (0,{S1,...,Sk},€) be a neighbourhood of 0, where {Si,...,S;} is a
finite subcollection of S(X) and € > 0. Let Uy, = {Un : US' C U, m > no,
for any finite subcollection S’ of S(X)}. Then Us: # 0. If Us is finite, let
Us' = {Upm,; : j < k}. For each j < k, by Uy, # X, take 1, € X \ Upn;. Then
{em, 1§ <k}UUS) € S(X), 50 Un N ({m, : j < k}UUS')) =0, for all
m > ng, a contradiction. Hence Ug: is infinite. Hence there exists m > ng such
that US' C Uy, = frn!((3, 1)), = <e Thus f,, € V' (0,{S1, ..., Sk}, €), for

‘m’m
all m > ny.
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(i) = (iii) Obvious.

(i) = (ii) Let {Uy, : n € N} C C¢(X) and let D = {d; : j € N} be a
countable dense subset of (C(X), 7 (q)). Consider D; = {fs v € C(X) :
fsvi;(US") =1{d;}, fsrv;(X \U) = {1}, where &’ is a finite subcollection
of §(X) with |J&' € U € U;}, for each i € N. Since D is a dense subset of
(C(X), Tena)), Di is a dense subset of (C(X), 7oy(ay) for every i € N. By (iii),
there exists a set {fs/(i)v()i 6) © ¢ € N} such that fe iy v 6) € Di and
{fS’ ),U(),i,5(3) - iEN}EFQ. . .

We now prove that {U(i) : i € N} € I'g,. Let V'(0,{S1,..., Sk}, €) be a
neighbourhood of 0, where {S1,...,Si} is a finite subcollection of S(X) and
e > 0. Since {fs/)v@),ij6) @ € N} € I'g, there exists igp € N such that
fs(0),U@),56) € V'(0,{S1,..., Sk}, €), for every i > ig. It then follows that
UI;: Sp C U(@), for every ¢ > ip and hence {U(i) : i € N} € I'g, O

DEFINITION 3.8 (]9]). A space X is said to be a selectively strictly A-space
(in short, SSA) if for each sequence {A, : n € N} of subsets of X and each
point € X such that x € A, \ A, for each n € N, there exists a sequence
{T;, : n € N} such that for each n € N, T, C Ay, and z € U,,en T \ Unen Tr-

THEOREM 3.9. For a space X, the following are equivalent:
(1) (C(X), Tena)) is SSA.
(ii) For each sequence {Uy : n € N} of ¢s-covers of X, there is a sequence

{Vp : n € N} such that V,, C Uy, for each n € N, no V, is a ¢g-cover
of X but |, ey Vn is a Cp-cover of X.

Proof. (i) = (ii) Let {U4, : n € N} be a sequence of ¢¢-covers of X. Then
for each finite subcollection S’ C S(X), there exists U € U,,, n € N such that
Us cvu.

For n € N, and a finite subcollection &' € S(X), put U, = {U € U,
US' C U} For each U € U, . pick a continuous function f,, X — [0, 1]
such that f, (US') = {O} ‘and for o (X\U) = {1} and let fbr each n € N,

Ap ={fs ,, + S is a finite subcollection of S(X),U el .)- Then 0 € Ap,
for each n 6 N. But 0 ¢ A, forif 0 € A,, = , for some m, then
fsr (X \U) = {0}, a contradiction.

Now by (i), there exists a sequence {7}, : n € N} such that T;, C Ay, for all

nand 0 € UneNT \Unen Tn
For n € N, denote by V,, the set of corresponding sets U for each f_, €

T,. We claim that no V, is a ¢s-cover. If not, let S’ C S(X) be a finite
subcollection of S(X) and consider the neighbourhood V™ (0, {S1, ..., Sk}, €)
of 0, where {S1,...,S;} is a finite subcollection of S(X) and € > 0. Then
there exists U € V), such that ULE C U. Then for n € N, f,, =€
T,V (0,{S1,...,Sk},€), i.e. 0 € T, a contradiction.

S’ m,U
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We now prove that | JV, is a ¢f-cover of X. Let S’ be a finite subcollection
of S(X). As 0 € Unen T, there exists m € N and fs/,m,u € T,, such that
for, o(x) =0, forallz € JS', which implies that | JS' C U € Vi, € U, ey V-

(ii) = (i) Let {Ay : n € N} be a sequence of subsets of (C(X), Ty (a)) such
that for each n € N, 0 € 4, \ A,.

For each n € N, let U, = {f1(=L,2) : f € A,}. Then if X € U, for
infinitely many n, the conclusion follows trivially. In fact, there exists an
increasing sequence n; < ng < ... <ng < ...in N and f,, € Ank, k € N, such
that f,,, (nk’nk) X. Put T, —{fnk} kENandTn—Q) for n # ng, k € N.

Then 0 € U,y Tn \ Unen Tn (because the sequence {f,, : k € N} actually
converges to 0)]. So let X ¢ Z/ln, for each n. Clearly U, is a ¢y-cover of X, for
each n.

By (ii), there exists a sequence V, such that V,, C U,, for each n, no V,
is a ¢f-cover of X, but JV, is a ¢p-cover of X. Let T;, C A, be such that
Vo ={f Y=, 2): feT,},neN. Now 0¢T,, forn €N, or otherwise V),

will be a ¢p-cover of X.
We claim that 0 € ey Tn- Let 8" = {S1,...,S;} be a finite subcollection
of S(X) and choose € > 0. Then there exists ng € N such that n% < €. Since

Vn is not a c¢y-cover of X, for n > ng, the sets Un>n0 Vi is a ¢p-cover of X.

Hence there exists n > ng, f € T, such that U " 1S C f1(=L, 1), Hence for
all n > ng, f €V (0,{S1,..., Sk},€) N Tp. O

4. MAIN RESULTS II

In this section we first introduce ~z,-shrinkable covers of a space X. Then
using this covers investigations are made to study the selection principles of
X and that of C'(X) with the Cauchy convergence topology for different col-
lections of subsets A and B of X.

DEFINITION 4.1. A vg,-cover U of cozero sets of X is said to be ~e,-
shrinkable if there exists a vz,-cover {F(U) : U € U} of zero sets of X such
that F(U) C U, for every U € U.

The collection of all 7z, -shrinkable covers of X is denoted by F%};

THEOREM 4.2. For a Tychonoff space X, the following are equivalent:
(i) (C(X),Tena)) satisfies S1(To, o).

(il) X satisfies Sl(Fi?,F ).

Proof. (i) = (ii) Let {Un : n € N} be a sequence of 7z -shrinkable covers of
X and let Uy, = {Uym : m € N}, for n € N. Also let {F(Uym) : Upm € Un}
be a sequence of 7z,-covers of zero sets of X with F (Un,m) C Up,m, for every
Upm € Un, n € N. For each n,m € N, we fix f,,, € C(X) such that
S (F'(Unm)) = {0} and fr m(X \ Unm) = {1}
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For each n € N, consider S, = {fn,m : m € N}. We claim that S, € Iy, for
each n € N. Let V' (0,{S1,..., Sk}, €) be a Ten(d)-neighbourhood of 0, where
{S1,..., Sk} is a finite subcollection of S(X) and € > 0. Then as {F(Uym) :
Unm € Uy} is a sequence of vz j-covers of X, there exists ng € N such that
Ule S; C F(Unm), for all n > ny, i.e. Ulegi C Upm, for all n > ng. Then
there exists fnm, such that f, (U, 5 = {0} and fom(X \ Upm) = {1}.
Clearly fym € Sy, and fnm € V' (0, {S1, ..., Sk}, €), for all n > ng.

By (i), there exists f;, pn) € Sn, for each n € N such that {f, ) : 1 €
N} S FQ.

We now claim that {U, ) : n € N} is a 4g,-cover of X. Let &' =
{S1,...,58p} be a finite subcollection of S(X). As {fnm(n :n € N} €
V7(0,{S1,.... Sp}, 1), for all n > ng, it follows that (J!_; S; C Uy (), for
all n > ng. Thus X satisfies S; (I‘C?, I's )

(ii) = (i) Let {Sy, : n € N} be such that S,, € Iy, for each n € N and let for
each n € N, S, = {f,; : j € N}. Consider V, = {fn ((Z,2)) ¢ fay € Sals
for each n € N. Let M = {n e N: fnj(( -1 1)) = X for some j € N}.

If M is finite, then we can ignore such finitely many n. If M is infinite,
then for some j, (n € M), fnj, — 0 uniformly. Thus without loss of gen-
erality, we may assume that f, - ]1((_71 ,5)) # X for each n,j € N. Then

={f, 73([n+1’ L)) foj € Sptisa 7z,-cover of zero-sets of X, for each

+1
n e N Hence V,, € Fil; for each n € N.

By (ii), there is { f, () : » € N} such that {fn_jl.(n)((:ll, 1)):neN}e I'g,
We show that {f, i) : n € N} € Tg. Let V' (0,{S1,..., Sk}, €) be a basm
Ten(d)-neighbourhood of 0, where S1,...,8, € S(X) and € > 0. Then there

exists ng € N such that Ule S; C f;;(n)((;f, 1)), for each n > ng. Now there

is n; > ng such that n% < e Thus f,jm) € V'(0,{S1,..., S}, €), for each
n > ny. Thus (C(X), Ten(a)) satisfies S1(Ig, T'g). O

THEOREM 4.3. For a Tychonoff space X, the following statements are equiv-
alent:

(l) (C(X)vTch(d)) satisfies Sy (ng QQ)
(il) X satisfies Sl(F%?,@f(X)).

Proof. (i) = (ii) Let {U,, : n € N} C F%}f‘ and {F(U) : U € Uy,} be a
collection of vz,-covers of zero sets of X with F(U) C U, for every U € U,
n € N.

For each n € N, consider a set A, = {frw),vn € C(X) : fray),un(F(U)) =
{0} and fr@yun(X \U) = {1}, for U € Uy,}. Since {F(U) : U € U} is a
7e,-cover of X, we have that A, converges to 0, for each n € N.
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Since (C(X), Ten(a)) satisties S1(To, ), there is a sequence {frw,) v,.n :
n € N} such that for each n, frw,)v,n € An and {frw,)v,n : 7 € N} is an
element of y. Consider {U,, : n € N}. Then U,, € U,, for each n € N.

We claim that {U,, : n € N} is a ¢s-cover of X. Let {S1,...,S;} be a finite
subcollection of S(X). Then V' (f, {S1, ..., Sk}, %) is a Ten(d)-basic neighbour-
hood of f. Then thereis frw ) v, w € V' (£, {S1, ..., S}, %), for some n’ € N.

Hence Ule Si C Uy, n' € N. Thus X satisfies Sl(F%l;,@f(X)).

(ii) = (i) Let {fxn : £ € N} be a sequence converging to 0, for each
neN Let W ={ze€X: =< frulz) <1} #X, for any n € N and
Sp={reX:=2< frn(x) <1} # X, for any n € N, k € N. Consider
Vo ={W}: ke N} and S, = {S} : k € N}, for each n € N.

We claim that V,, is a vg,-cover of X, for each n € N. Since {fyn : k €
N} converges to 0, for each finite subcollection {S7,...5p} of S(X), there is
ko € N such that fr, € V (f,{S1,...,Sp}, %), for k > kg. It then follows that
Ur_, S; C Wi, for any k > ko. Since V41 is a 7z,-cover, Spy1 18 a 7g,-cover
too.

Also S,,41 is a refinement of the family V,, hence V,, € I‘%};, for each n € N.
As X satisfies S; (F%?,@f(X)), there is a sequence {W,?(n) : n € N} such that
Wiin) € Vn, for each n and {Wl?(n) : n € N} is an element of Cf(X).

We claim that f € {fyn)n:n €N}, Let U = V' (f,{S1,...,Sn},€) be a
Ten(d)-basic neighbourhood of f, where € > 0 and {S1, ..., 5} is a finite sub-
collection of S(X). Then there exists n; € N such that n% <eand J,S; C

Wg(lm). Then fi(n,)n, € V'(f,{S1,...,Sn},€). Hence f € {fkyn 1 m €N}, 50

that (C(X), Tenqy) satisfies S1(T'o, Qo). O

DEFINITION 4.4 (|6]). A subset D of a topological space X is said to be se-
quentially dense in X if for each x € X, there exists a sequence in D converging
to .

LEMMA 4.5. Let U = {U, : n € N} be a ¢, -shrinkable covers of a space X.
Then the set

A={feC(X): f(X\U)={1}, for somen € N}
is sequentially dense in (C(X), Ten(a)-
Proof. Let h € C(X). For each n € N, take f,, € C(X) such that
fo(F(Un)) = M(F(Un))  and  fu(X \Un) = {1}.

Obviously f, € A, and the sequence {f, : n € N} converges to h, because
{F(Uy) : n € N} is a vg,-cover of X. O
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THEOREM 4.6. For a Tychonoff space X with iw(X) = Ng, the following
statements are equivalent:

(1) (C(X), Ten(a)) satisfies S1(S,

(ii) (C(X), Ten(ay) satisfies Si(

(iii) (C(X), Ten(a)) satisfies S1(To, (2
)

(iv) X satisfies Sl(Fil;, #(X)).

D).
S, ).
0)-

Proof. (i) = (iv) Let {U, : n € N} € FSh Then by Lemma A, ={f¢€
C(X) : fF(X\UJ) = {1} for some U} € U } is a sequentially dense subset
of (C(X), Ten(ay), for each n € N. Now by (i), there exists {f, : n € N} such
that f, € A,, for n € N and {f, : n € N} € D. Now consider the sequence
{U,?(n) :n € N}. Then Ukn ) € Uy, for n € N. We claim that {U} k) T E N} is
a ¢g-cover of X. Let U = V' (0, {51, ..., Sn}, €) be a 7ep(q)-basic neighbourhood
of 0, where ¢ > 0 and {S1,...,S,} isa ﬁnite subcollection of S(X). Then there

exists n1 € N such that f,, € V' (0,{S1, ..., Sn},€). Hence -, S; C U,?(lm).

(iv) = (iii) Let {fn,m : m € N} converge to 0 for each n € N. Consider
Uy = {Upm:meN} = {f;}n(%,%) :m € N}, for each n € N.

Without loss of generality we can assume that a set U,,, # X, for any
n,m € N, for otherwise there exists a sequence {fy, m, : £ € N} such that
{fupms = k € N} uniformly converges to 0 and {fn, m, : k¥ € N} € Qy. Also
each U, is vz f—shrimkable7 for n € N.

Now by (iv), there exists a sequence {Uy, p,(n) : 7 € N} such that for each
1, Upm(n) € Un and {Up, p(ny : 1 € N} is an element of Cp(X).

We claim that 0 € {fnmm) :n €N} Let U = V' (0,{S1,...,Sn},€) be
a Ten(q)-basic neighbourhood of 0, where ¢ > 0 and {Si,...,S,} is a finite
subcollection of S(X). Then there exists n; € N such that n% < € and
U?:lgi C Um,m(m)' Then fm,m(m) S V*(Q, {gl,...,gn},e). Hence 0 €
{fn,m(n) :n € N}. Thus (C(X), Tch(d)) satisfies S1(I'o, Qo).

(iii) = (i) Obvious.

(ii) = (i) Let D = {d, : n € N} be a dense subspace of (C(X), Ten(a))-
Given a sequence of sequentially dense subspaces of (C'(X), 7oy (q)), enumerate
it as {Spm : n,m € N}. For each n € N, pick dy,, € Spm so that d,, €
{dnm : m € N}. Then {dy , : n,m € N} is dense in (C(X), Ten(a))- O

Similarly we can prove the following.

THEOREM 4.7. For a Tychonoff space X, the following statements are equiv-
alent:

(1) (C(X), Ten)) satisfies Sgn(To, Qo).
(ii) X satisfies Sﬁn(F%};,@f(X)).
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THEOREM 4.8. For a Tychonoff space X with iw(X) = Ng, the following
statements are equivalent'

(1) (C(X),Tena)) satisfies San(S,

(ii) (C(X), Teh(d ) satisfies Sgn(S, QQ).

(iii) (C(X), Teh(d ) satisfies San (Lo, Qo).
) )

(iv) X satisfies Sﬁn(Fcf, Cs(X)).
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