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ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF SOME DAMPED
WAVE EQUATIONS WITH SOURCE TERM

KHALED BEN WALID MANSOUR

Abstract. The idea proposed in this work is to investigate the decay estimate
of the energy to the p-Laplacian wave equation with a weak nonlinear dissipation
and source term. The proof is based on the multiplier techniques combined with
nonlinear integral inequalities given by Martinez.
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1. INTRODUCTION

In this paper, we consider the initial-boundary value problem for the non-
linear wave equation of p-Laplacian type with a weak nonlinear dissipation of
the type

(el "2ue), — div(|VauP2Vou) + o () (ur + fu|™ )

(P) = blu|""%u in  x [0, +o0],
u(z,t) = on I' x [0, +o0],
u(z,0) = ug(z), w(x,0)=ui(zx) on {2,

where €2 is a bounded domain in R™ with smooth boundary I' = 0, b > 0,
[,p,m,r > 2 are real numbers and ¢ is a positive function satisfying some
conditions to be specified later.

This problem has been studied by many authors and several existence and
decay results have appeared. For instance, when !l =2, p =2, 0 =a > 0,
the problem was treated by Benaissa and Messaoudi [2]. They showed that,
for suitably chosen initial data, the problem has a global weak solution, which
decays exponentially even if m > 2. Further they proved the global existence
by using the potential well theory introduced by Sattinger [9].

Similar results have been established by Ye [12,/13]. In these works the au-
thor used the Faedo-Galerkin approximation together with compactness cri-
teria and difference inequality introduced by Nakao [8].
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When we have [ = 2, ¢ = 1 and §lu/"2u (§ > 0,m > 2) instead of
(ut + |ug|™ ?uy) in the problem (P) and without a source term, Yao [4] proved
that the energy decay rate is

E(t) < (1 + t)mrm=T

for t > 0, for which he used the general method of energy decay introduced
by Nakao [8]. Unfortunately, the methods used by Messaoudi and Ye do not
seem to be applicable in the case of m > 2 and for more general functions o
it is more complicated.

It is worth mentioning some other papers in connection with asymptotic
behavior of solutions to the nonlinear hyperbolic equation with dissipative
effects, e.g., [1,3,[7,/11,/12] and the references therein.

The purpose of this paper is to give an energy decay estimate of the solution
of problem (P). Our proof is based on the multiplier method combined with
nonlinear integral inequalities given by Martinez [6] which depends on the
construction of a special weight function that depends on the behavior of o.
This method is based on a new integral inequality that generalizes a result of
Haraux [5].

The paper is organized as follows: in Section [2, we give our hypotheses and
establish a useful lemma. In Section [3] we state and prove our main result.

Throughout this paper the functions considered are all real valued. For
simplicity of notation, hereafter we denote by || - ||, the Lebesgue space LP(f2)
norm, and ||-||2 denotes L?(€2) norm. We also denote by (.,.) the inner product
of L%(€Q). As usual, we write respectively u(¢) and w(t) instead of u(z,t) and
ut(t,z). All along this paper we denote C' various positive constants which
may be different at different occurrences.

2. PRELIMINARIES AND MAIN RESULT

We begin by introducing some definition that will be used through this
work. First assume that the solution exists in class

u € C([0, +00), Wy ¥ (€)) N CH([0, +00), L'(9)).
We define the following functionals:

K(u) = 1HVUH5—2HUH§
J(w) = ZIVulp =l

for u € Wy ().
Then, for the problem (P), we are able to define the stable set

H = {ue WyP(Q), K(u) > 0}.U {0}

o(t) and g satisfies the following hypotheses.
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ASSUMPTION 2.1. e Suppose that 0 € C'(R; — R, ) is a non-increa-
sing function satisfying
+oo
(1) / o(1)dr = +oo.
0

e Consider g : R — R a non increasing C° function such that
g(v)v >0 for allv # 0.
and suppose that there exist ¢; > 0;7 = 1,2, 3,4 such that

(2) alo[™ < g(v)| < elolm i o] <1,

(3) cslvlP < g(v)| < eqlv|” for all |v| > 1,
Wherem22,l§p§rgw.
n—p
We define the total energy associated to the solution of the problem (P) by
the following formula

-1 1 b -1
B8 = Sl + D19l - Sl = Sl + ),
for u € WyP(Q) and ¢ > 0.

We first state some well-known lemmas.

LEMMA 2.2 (Energy identity). Let u(t,x) be a solution to the problem (P)
on [0,00). Then we have

E@+AA¢W$MMW®®=H%

for all t € [0,00), and where we set g(ug) = ug + |ug|™ 2uy.

REMARK 2.3. It is clear that E(t) is a non-increasing function for ¢ > 0 and
we have

d m
2t =—ot) (luell3 + lluel) < 0.

LEMMA 2.4 (Sobolev-Poincaré inequality). Let r be a number with 2 < r <
+oo (n=1,2,..p) or2 <r <mnp/(n—p) (n > p+1). Then there is a constant
e = (1) such that ||ull, < c.||Vull, for u e WaP(Q).

LeEMMA 2.5 ([6]). Let E : Ry — Ry be a non-increasing function and
¢ : Ry — Ry an increasing C? function such that

$(0)=0 and ¢(t)— 400 as t— +oc.
Assume that there exist ¢ > 0 et v > 0 such that

/+Oo E@)" ¢/ (t)dt <y P E(0)IE(S), 0< S < 4oo.
S
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Then we have

1+g¢
L+ qvyo(t)

if q=0, then E(t) < E(0)exp(l—~y¢(t)), Vt>0.

1
ifq>0, then E(t)< E(0) ( ) " owi>o,

This lemma is due to Martinez and its proof can be found in [6]. Now we
recall the following local existence theorem, which can be established by using
the argument in [10].

THEOREM 2.6. Let 2 <r <np/(n—p),n>pand2<p<r<oo,n<p
and assume that 2 < m < p, (ug,uy) € Wol’p(ﬂ) x LYQ) and ug belong the
stable set H. Then there exists T > 0 such that the problem (P) has a unique
local solution u(t) in the class

nxe ([O,T); Wol’p(ﬂ)) ,
ug € C([0,T7); LH(Q)) N L™ (2 x [0,T)).

We list up some useful lemmas before stating the decay property. From now
on, we denote the life span of the solution u(t) of the problem (P) by Tax.

LEMMA 2.7. Assume that the hypotheses in Theorem [2.6] hold, then
(4)

foru e H.

r—p
VullP < E(t
LIVl < B)

Proof. The definition of K (u) and J(u) assume that

r

K(u) +

—-Pp
- [Vull) = rJ(u).

r
Since u € H, we have K (u) > 0. Hence we deduce from (4) that
r—p
rp

IVully < J(u) < E(?).

0

LEMMA 2.8 ([13]). Let u(t) be a solution to problem (P) on [0, Tmax). Sup-
pose that 2 < r <np/(n—p),n>pand2 <p<r < +oo,n < p. Ifuy € H
and uy € LY(Q) satisfy

r—p

(5) 9 =bC" (pr(O)) T,

then u(t) € H, for each t € [0, Thax)-
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Now we are in position to state our main result.

THEOREM 2.9. Let u(t,x) be a local solution of problem (P) on [0, Tiax)
with initial data ug € H, uy € LY(Q), and sufficiently small initial energy F(0)
so that

r—p
bCT < P E(O)) T <l
r—p
If the hypotheses in Theorem and assumptions and are valid. Then
the solution u(x,t) of the problem (P) satisfies the following energy decay
estimates:

o Ifm = 1—1, then there exists a positive constant w independent of
E(0) such that

(6) E(t) < C(E(0)) exp <1 - w/oto—(f) dr> vt > 0.

o Ifm #1—1, then there exists a positive constant C(FE(0)) depending
continuously on E(0) such that

m(p—1)—1

E(t) < (f( ?2) ’ Vt > 0.
0 T T

3. PROOF OF MAIN RESULT

Proof of energy decay. Now, we shall derive the decay estimate for the
solutions in Theorem[2.9] For this we use the method of multipliers. From now
on, C' denotes various positive constants depending on the known constants
and may be different at each appearance.

Multiplying the first equation in (P) by E(t)%¢ u and integrating over ) x
[T, S], where 0 < S < T < oo. We obtain that

0_/ thgb/ |ut|l 2 —div(\un|p_2Vmu)
o(t) (g + ™ 2uy) — b|u|7" u] dzdt

T T
= [E(t)q¢,/(2u|ut|l_2utdx}s—/S E(t)ng,/g|ut|ld$dt

- / ' (aB' 0@ + B@)s") / ulue| g da dt

S

+/ (t)1¢ / |Vu|pdxdt—b/ )i / luf" dedt

/ E(t)1¢ o(t / (g + \ut|m_2ut) dzdt.
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We deduce that
T
2 / Et)T ¢ dt
S

__[ (t)1¢' /u|utl Qutdx] +/ E(t q(ﬁ/\ut]dxdt
T
n /S (4P B0 + B01e") [ bl 2w daat
T
/ E(t)qgi)/a(t)/u(ut+|ut|m_2ut) dz dt
S Q
2\ (7 : .
+b<1—r>/5 B /Q|u| dudt
g_ g q4 P
4 (p 1)/5 B(t)16 /vau\ dadt.

From Lemma and equations and we get

2\ [T : .
b(l—r>/s B /Q\u| dzd
2\ [T ,
<b <1 _ 7«) /S B(t)16 CT|[Vull} dt
2\ (7 ' o
§b<1—r>/s Bt C! <T

_op(r_2 / E(t)4 dt.

2 g ! rip—2) [T +1 4
<1 p)/s E(t)qqﬁ/Q]Vu\pdxdtg - /SE(t)q o dt.

Consequently, it follows that

(7) 4r—p[0(r_i)+r+2/ B dt

r—p
rp p rp
E(0 E(t)dt
T oE0) " B

and

S

T
— [E(t)qd/ ulug |2y dx}
Q S
1—-2 (T :
3/ E(t)16 / fug|! dar It
S Q

< / ' (qE’(t)E(t)q—lqs’+E(t)%”) /Q g2y da dt
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T

—/ E(t)qu/a(t)/ u (ug + |ut|m_2ut) dz dt.

S Q
Here, we have %W >0,aslongas0<6<1.

We must estimate every term of the right-hand side of in order to apply
the results of Lemma lz._ﬁl

Define ¢(t) fo 7)d7. So ¢ is a non-decreasing function of class C2 on
R, and the hypothes1s ensures that ¢(t) — +oo for ¢t — +oo.

Using the non-increasing property of E and that ¢’ is a bounded non neg-
ative function on Ry (we denote by u its maximum). Also, using Young’s
inequality, Lemma and we have

T T
—E(t)qd/uut]ut\l_Q dz
Q

Clrp )
< —pmax 1) E(t)*H!
= (l(r—p) Q
< CE(S)™,

where the above estimate follows from the fact that

_ Cirp r— [ —
1-2
dz < p P
/Quutlut\ x < <l(r—p) Pwulz + ||Ut||z>

Cl
< max < <P ,1) E(t).
I(r—p)

Again, exploiting Young’s inequality, the Sobolev-Poincaré inequality, the
definition of energy, and the previous inequality, we obtain

/T (QE’(t)E(t)q—1¢/ + E(t)q¢”) /QUUt|Ut\12 dz dt'

S

S S

< _pgmax < TP ,1) /T E()1E (t)dt
I(r —p) s
+ max ( 0y ,1) /T E(t)H (—¢")dt
I[(r —p) s
< CE(8)r.
Using these estimates we conclude from the above inequality that
(8) dr — p [9(7"—2)-!—7“-1—2/ B¢ dt < CE(S)TH

3Z_2/ E(t)%¢ </ |ut\ldx+/92|utldx) dt
_/S E(t)1¢ o ()(/m ug(ut)dx—l—/% ug(ut)da:) dt,

where we set Q) = {u € WyP(Q), |ue| <1} and Qp = {u € WyP(Q), lug] > 1}
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Now, we estimate the terms of the right-hand side of . We have two
cases related to the parameters m and I.

Case 1. m <[ — 1. From the assumptions and , we have

T T
3ll_2/E(t)q¢’/|Ut|ld:L‘dt =C /E(t)qqf)//utg(ut) dedt
S 0 S o

<C /ST E(t)¢ <_f(;()t)) dt < CE(S)7,

Using the Holder inequality, Lemma and condition we obtain

/T Bty / o (t)ug(us)dz dt
S Q1

(9)

T =y e
< / E()1¢o(t) / | 4o / g™ dz |t
S Q
T ; T
pm pm=(mt1) Bt » m+1
ot |u| dz lg(ug) ™ da dt
S 1
1
m—+1

T
< C’/E(t)‘ﬁ_;’(ﬁ'a(t) 1) /Jutg(ut)dx dt
S 1

1

T
c / E()™ 5 ¢lo(t) 70 (—E'(1)) 79 dt.
S

IN

Setting €1 > 0, and applying Young’s inequality, we obtain
(10) /E(t)qd)’/a(t)ug(ut)da;dt
S 0

m—+1
m

A
Q
M\ﬂ
3
+|3
:

(B@™5¢a)=)

N
Q
=
s|i
3
s[i
C/J"\ﬂ
e
=
=
+
3‘3
%
Q
=~
+
Q
—_
@
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In a similar way, we estimate the last term of the right-hand of . We

have
T
/ B(t)1' / o () ug(u)dz dt
S Qo

T w1
< C/E(t)q+11’¢/0' t /U(t)utg(ut)dx dt
S
(1) ] :
<C / (1)1 ¢lo ()T (—E ()7 dt
S
T
< Cr r+1/E Yt DO gy 4 C—l%E(S)
&'

where we have also used the condition for g9 > 0.

Case 2. m > [ — 1. From Hélder’s inequality, Lemma [2.2] and assumption
, we get for 1 > 0
l

T
-2
/E(t)qqﬁ’/]ut\ldxdt
S Q
m+1

T
< CE(S)™ +c(Q /E /\utym“ dz dt
S 1

(12)

< CES)™ + ¢ /S " Bl <f(t()t)> "

_ m—+1
< CE(S)T 4 c’m“ s / B o at
o

m—i—lg”“”%r1
1

+C E(S).

Next, we estimate the third term of the right-hand of . We have for
e >0

T
/E(t)q(ﬁ/ ; o(t)ug(uy)dx dt
5 1
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<¢ /TE(t) |u]pd:vdt—|—c( )/TE% (o (t)g(ut))# dz dt

Q1
<CE/E £ ' dt + O (€ /E q¢/ )T de dt.

We estimate the last term of the above 1nequahty and we get that

/E qqﬁ/ Pldxdt

C

IN

IA
Q

Ny P
s3]

E(t)%'/(utg(uzs))mm dz dt

Q1

1
o(t) T

(1)1 / (0 (t)eg () 0T dar dit

1

1 .
E(t)qu/ DG (7E/(t))(m+1)(p_1) dt.
o m -

IN

C

Setting €2 > 0, thanks to Young’s inequality, we obtain

T
/ Nt p 1
/E(t)q¢ /(ag(u ))p—Tdadt < C CESNCES (m+1;))<p71> E(S)
S 0 €9

n C(m—|— Dp-1)—-p (vfmﬂﬁr)l()p(pl)l)p /E q(m+1)
(m+1)p—1)

(13)

755 ¢ dt.

Finally, we estimate the last inequality in the domam Q. In this case the
inequality is also valid, therefore we have

T
(14) /E(t)qqﬁ'/a(t)ug(ut)dx dt

T
1
l/E q+ )(T‘+1 gbldt + C?ﬁE(S)
S €3
We choose ¢ such that q% =q+1. Giving ¢ = % and thus
2t =g+ 1+a with o= DD S o g (g4 L4 1) =

g+1+p8 with p=mDe=l g
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Set €1 = ——g o7 and €3 = —=0Gm=T -
E(0) P E(0) p(r+D)
Choosing €', 9 small enough, then substituting the estimates (12)), (13]) and

intowegetform>l—1
T
/.ﬂﬁ“d&
S

(p(=1)=D)(m+1)
pl

< CE(S)+ C'E(S)" + C"E(0)

(=D (rm—1)

+C"EW0)  »  E(S)

E(S)

(p(l=1)—1)(m+1) (p—1)(rm—1)
C 4+ C'B(0)1 + C"E0) " L ompo) T

= E(0)

E(0)7E(S),

where C,C’,C" and C" are different positive constants independent of F(0).
Hence, we deduce from Lemma [2.5] that

1
(m4+D)(I=1)  m+1
1

() < (o' + B0+ C"B0) o))

« (1—1—;>;</0t0(s)ds>_;.

If m <1—1, we choose ¢ such that (q + ]%) (mTH) = g+1. Thus we take ¢ =
pm—m—1 ~ (), and hence (q + %) (r+1)=gq+1+a with o= @=D0m=D

P P
Set €2 = ———Tm—1y- Choosing ¢,e1 small enough, then substituting the
B(0) »CTD
estimates (]é[), and into we get
T
/ E(t)"F9¢ dt
S
, L (p=1)(rm—1)
< CE(S)+ C'E(S)"™ + C"E(0) pr E(S)
(p=1)(rm—1)
C+C'E0)+C"E) »r

< oy E(0)7E(S),

where C,C’" and C” are different positive constants independent of FE(0).
Hence, we deduce from Lemma that

<1+;); </0t0(s)ds>_q.

S

, ” (p=1)(rm=1)
E() < (¢ +CE0)Y +C"EW0) »
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It is clear that, for m = [ — 1, we have ¢ = 0 and the energy E(t) associated
with the solution of the problem (P) satisfies the exponential decay of energy
@. The proof is thus finished.
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