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ON SOME TCHEBYSHEV-TYPE INEQUALITIES
INVOLVING THE k-WEIGHTED FRACTIONAL OPERATOR

BOUHARKET BENAISSA, NOUREDDINE AZZOUZ, and MEHMET ZEKI SARIKAYA

Abstract. In this paper, we use the k-weighted fractional integral of functions
with respect to another function to generalize Tchebyshev-type fractional inte-
gral inequalities. Some inequalities involving k-weighted fractional integrals are
also be proved.
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1. INTRODUCTION
In [3], for the Tchebyshev functional

1 b 1 b 1 b
1) T = -
W) TG00 = 7= [ 1@@de - = [ f@)ar 2 o
the Tchebyshev inequality is given as follows:

(2) T(f, g9)(x) =0,

where f, and g are two integrable functions, synchronous on [a, b].

Belarbi and Dahmani [2] developed the following result about Tchebyshev’s
inequality using Riemann-Liouville fractional integral operators. Let f and g
be two synchronous functions on [0, +00[. Then for all z > 0, a > 0,

Q e g)(e) > "I ) g ),

Over the previous decade, several authors established and verified different
new integral inequalities of type for the Tchebyshev functional using
the various fractional integral operators, see [1,4,/5,|7,/10-12].

On the other hand, the weighted fractional integrals are defined, for an
integrable function f on the interval [a,b] and for a differentiable function
such that p'(t) # 0 for all ¢ € [a, ], as follows,

w(x)lr(ﬁ) /xu’(S)(u(a:) — u(8)P w(s)f(s)ds, x> a,

where w is a weighted function (positive measurable function) [6].

10 f(z) =
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2. k-WEIGHTED FRACTIONAL OPERATOR

In this section, we present a definition of the k-weighted fractional integrals
of a function f with respect to the function ) and we prove that they are
bounded in a specified space. Let [a,b] C [0, +00), where a < b.

DEFINITION 2.1. The k-weighted fractional integral operators are defined as
follows: Let a > 0, k > 0 and v be a positive, strictly increasing differentiable
function such that ¢/(s) # 0 for all s € [a,b]. The left and right sided k-
weighted fractional integral of a function f with respect to the function 1 on
[a, b] are defined respectively as follows:

@) I = w0 - s0)E e s

for a < x < b, and

b
) v IR = s [ 060 — ) E o,

for a < x < b, where w is a weighted non-decreasing function and the k-gamma
function defined by

oo tk
Tk(a) = / t*lemw dt.
0

The space LZV [a,b] of all real-valued Lebesgue measurable functions f on
[a, b] with norm conditions:

b L
I F = </ F) P W(w)dx) oo, 1<p< too

is known as weighted Lebesgue space, where W be a weight function (measur-
able and positive).

(i) Putting W = 1, the space L;V[a, b] reduces to the classical space
Lyla,b).
(ii) Choosing W (z) = wP(x) ' (x), we get

1
P

b
©  Lxglatl =751 L= ([ Tw@f@) v/ @dn) " < o0
a
In the next theorem, we show that the the k-weighted fractional operators are
bounded.

THEOREM 2.2. The fractional integrals , are defined for functions
fe Lle[a, b], existing almost everywhere and

(7) o+ f(x) € Lxp[a,b], p-Liof () € Ly [a,b].
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Moreover

(8)

where

71/)
G+Jz,wf($) X7,

o= B0 (@)t

Proof. Let f € Lxr|a,b] and

we have

a+J

1 b 271 p
:kprz(a)/a /Gw (t)((w) — () *  w(t) f(t)dt

- kpl“lg(a)/ab /z w(t) f(t) <¢,(t)(w(;p) _ w(t))%_l)ll’+;’ gt

/ | w(z) o+ (@) [P (z) da

¥'(z)dz

p

a

Using Holder inequality for p > 1, we get

p

Jarais

Xf;,

/¢ t)s ! dt
—kprp /</ () (x)—w(t))??‘ldt>
(/ »(t —1dt>p_1w'(a:)daj

kp ' / a
Tt k:pr / [w"(e) F7 (1) (W) — (1)
a(p=1)

X (Y(z) —p(a))” F '(z)dtda

_ o ()~ ¥(a) T
- ETY (o + k)

/ " P () (1) (1) () — (1) dt\

p—1

Y'(z)dx

// WP (£) fP(0)] &' () (1 () — (6)) " ! (2) dE da,

<O, 5@, <0 1@,

Y'(z) dx.
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Applying Fubini’s theorem, we deduce

a(p—1)
%

_ a (00) - ¥(@)
- ET? (o + k)

/ab [wP (1) ()] ' (¢) </tb(¢(m)_Mt))g_lw,(x)dx) My

a(p—1)
(b)) —¢(a))” F b / .
= e | e oo e - v ar

alp=1) b
< e W @) [ e o) v a

= 1 -
[(a+k) w
Similarly
b o
o ((b) — ¥(a))
[ 1@ i) P oes < S .
This gives us our desired formulas and @ O

One important feature of the k-weighted fractional operators is that they
depend on the choice of the functions w, and v, and they give rise to certain
types of k-weighted fractional integrals.

(i) Taking w(r) = 1, the k-weighted fractional reduces to the k-Hilfer
operator of order o > 0 (or generalized k-fractional integrals [8])

g, O T [ @ =) (s 2> a
b
T H@) = s [ 006 = v B s @ <

(ii) Taking v(7) = 7, the k-weighted fractional is simplified to the k-
weighted Riemann-Liouville fractional operator of order o > 0

o) at RLE f(2) = w(m)kll“k(a) /az(x — s)%_lw(s)f(s)ds, x> a,

b
b-RLE [ (2) = w(m)kll“k(oz)/x (s —z)% tw(s)f(s)ds, = <b.
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(iii) Using ¢(7) = In 7, the k-weighted fractional reduces to the k-weighted
Hadamard fractional operator of order a > 0

a _ 1 * AN ds
o at Mg wf () = w(ac)kfk(a)/a (ln g) w(s)f(s)?, r>a>1,
11
a 1 b S %71 ds
b—Hk;,wf(ﬂf) = W/x (111 E) w(s)f(s)?, 1< x<b.
(iv) Putting N
-
v =15

where p > 0, the k-weighted fractional makes it similar to the k-

weighted Katugompola fractional operators of order a > 0, (or (k, s)-
weighted fractional) [9].

ot Kiwf (@) = W /aﬂ? (zPt! - sp+1)%71 w(s)f(s)sPds, x > a,

1-% b a
Ko = el [t o ) () () s, o <,

(v) Setting (1) = @ ((r) = —%) respectively where 6 > 0, the
left sided (right sided) k-weighted fractional respectively is reduced to
the k-weighted fractional conformable operator of order a > 0 [13].

0«+Cg,wf(x)

0% ’ -1 w(s) f(s
:w(:v)kl“k(a)/a ((x—a)9—(s—a)9) (S(_)CLJ;E_Lds, x> a,
b~Chwf ()

91— %

’ -1 w(s) f(s
- w(x)k:l“k(a)/x <(b*$)9*(b—s)9> (b(_)sj;eds, x < b.

3. TCHEBYSHEV-TYPE INEQUALITIES VIA k-WEIGHTED FRACTIONAL
OPERATORS

(13)

We present some basic notations that we utilize in this study as well as a
significant remark.

e A non-decreasing function on [a, b] is an increasing or constant function
on [a,b].

o Let a,b € R where b > a. Two functions f and g are said to be
synchronous on [a, b] if

(f(z) = f(y)(g(x) —g(y)) = 0, for all z,y € [a,b].
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REMARK 3.1. Since w is non-decreasing on [a, b, applying the notion of
k-weighted fractional integral , we get

@) = e [T 0) — vl E ) ds

B S "(8)((x) —(s)* tw s
< o . ¢ O — v () d

— i | e - vl s

therefore

w(b) (Y(x) = p(a)* -
(14) vl Tt )~ 2 @l en(D@).

THEOREM 3.2. Let f and g be two synchronous functions on [a,b] and ¥
be an increasing and positive function on |a,b], having a continuous derivative
v’ on [a,b] and also x > a, o, B, k > 0, then the following inequalities hold:

B
s

w(a)Tela+k) @

> a‘*“]g’wf(l‘) a+J£:1wug(x) + a+J§j7wf( )a+kag( )

and

16 a+Ja’¢ T w(a) Ty(a + k) & otd o at+d
(16) /@w(fg)( ) 2 w(b) ((z) — va)F kwf( z) kwg( ).

Proof. Given that f and g are synchronous functions on [a, b], then for all
t,s € [a,b], we have

(f(t) = f()(g(t) —g(s)) =20,
then
(17) f)gt) + f(s)g(s) = f(t)g(s) + f(s)g(t),
Multiplying the inequality (17 by

Y ()@ (@) — () F w(t)
w(@) kg (a)

and integrating with respect to t over (a, ), we get
T f(@)g(x) + f(5)9(
> g(s) ard i (@) + [(8) 0+ I 400 (@).

8

(18)
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Now, multiplying the above inequality by

W (5) (@) — (s)) ¥ w(s)
w(@)k Ty (B)
and integrating with respect to s over (a,x), we get
AP W) (@) IV (f ) (@) + (TPl () (@) (= )Y (f 9)(@)
> Il (@) ot IV g(@) + o TP (@) o T3 g(2).

Combining inequality and inequality yields inequality .
We get the acquired inequality by putting 8 = a through inequality

() 0

(19)

THEOREM 3.3. Leti=1,2,....m and f, f; € Lx» |a,b]. If the functions f
w/

and f; are positive increasing functions on [a,b], then for all integer m > 1 we
have

o, m w(a) I‘k(a + k) m—1 (m - )
(20) oy [[file) = o o+ e fi(@) ) -
§ 1;[1 <w(b) (W (a —¢(a))k> 1;[1 3

and

o6 gm w@lhath) \" 0 e )"
@) e > (O ()"

Proof. For m = 1 equality holds. Let m # 1. By using inequality such
that g = [[;"5 fi, we get

N {H fi(x)}
=1

([ w@Tile+k) \ (1 ¢m) a,w{m }
<w<b><w<x —9(a)® (}_Tlawwfz() Al
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w@Thla+k) "' (T v x) e (o
- <w(b) ((z) —p(a ))Z> (H at b Fil@) | ot d il fn(2)

=1

_ w(a) (o + k) m—1 [ m e x)
<W(b)(w(x)—zp(a))%) (Ha T fil@) |

=1
this gives us the desired inequality .
We get inequality through the use of f; = f in inequality . O
THEOREM 3.4. Let f and g be two functions defined on Lx» [a,b], such that
f is monotone and g is differentiable on |a,b] and there exist real numbers
m = infoeqp 9'(2) and M = supyepey 9/ (7).
e If f is an increasing function, then

jo w(a) T'y(o+ k) Jo
w(f 9)(@) = w(b) ((z) — d(a)E PR ICOPRS I C)
(22) o WOTHOER) e ) e a2 T()

w(b) ((x) — ¥(a))*
+m g d b (Laf)(z) .

o If f is a decreasing function, then

w(a) Ti(a+ k) a
a+J = a w atd w
ST 2 O ) 3 e(e)
(23) oy DO e pa) a0 )

=

w(b) ((x) —p(a))
+ Ma+Ja7¢(Idf)(x) )

where 14(x) is the identity function.

Proof. Taking G(z) = g(x)—m=, G is differentiable and increasing on |a, b[.
By using inequality , we get

I (f G (@)
- w(;;({lzz(l;é(f :;(IZ)))% a+J(;:,’:ﬁf(x) a+J§jzf(g —ma)(z)
(24)
_ w(a)Pg(a+k) - -
= ) W) — et © bl (&) ar i)
—m w(a) Lo+ k) f( ) a+Jg::ﬁ[d(x).

w(b) (b(x) — (a)®
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Additionally, we have
(25) e dpnfle = mla)(2) = I3V (f9)@) = m o T3 (Taf) ().

Using inequalities —, we get the desired inequality .
Consider the situation of decreasing functions f and G assuming that

G(z) =g(x) — M x.

The inequality’s proof is identical to the proof of inequality . O

4. TCHEBYSHEV INEQUALITIES WITH CERTAIN OPERATORS

Tchebyshev-type inequalities involving some particular operators are now
given.

4.1. TCHEBYSHEV-TYPE INEQUALITIES VIA k-HILFER OPERATORS

Setting w(7) = 1, the left side k-weighted fractional ,+J Z‘Zﬁ reduces to the
left side k-Hilfer operator @ of order o > 0 and the following results hold.

COROLLARY 4.1. Let f and g be two synchronous functions on [a,b] and
x>a, o B, k>0, then

(@)~ pla)f
w(@) Tula+ ) °

IeV(f o))+

> a“"]:’d)f(x) a+J£’wg(‘T) + a+JI]§7wf($) a‘*‘Jz’wg(x)'

and

T 0V (f 9)(x) >

COROLLARY 4.2. Leti=1,2,...,m and f, f; € Lxr[a,b]. If the functions
f and f; are positive increasing functions on [a,b], then for all integer m > 1
we have

ot T (o Ii(a+k) m—1 [ m wbr
atd g Efz( ) > ((¢(m)—¢(a))z> (g atd i fi( ))

and

a2 em I'p(a+ k) mt a, m
I 2 (SO ) ()"
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COROLLARY 4.3. Let f and g be two functions defined on Lxpr[a,b], such
that f is monotone and g is differentiable on |a,b[ and there exist real numbers

m = inf cq g'(z) and M := SUDge(a,b] g'(z).
o If f is an increasing function, then

AP0 = O 3 ) 0 gte)

—-m Fk(a+k) +Ja,¢ T +Ja,¢l x m +Ja’¢f o).
@) —w@nE Uk F@ e I lal@) + ma T (Taf) @)

e If f is a decreasing function, then

a+k
a*‘](1:7¢(fg)<x) > (w(I;:k)(_ l(a)))clz a*ngwf(x) a*Jg’wQ(x)
o THOER) e ) TS () 4 M e S (L)),

(Y(x) —(a))®

where I4(x) is the identity function.

REMARK 4.4. The above corollaries are new results related to Tchebyshev’s
inequality according to k-Hilfer operators. If we put a = 0, we obtain Theorem
4.5, Theorem 4.1, Theorem 4.9 and Theorem 4.13 in [§].

Setting £k = 1, b = +00 and a = 0, we obtain Theorem 7, Theorem 6,
Theorem 8, Corollary 2 and Theorem 10 in |12].

4.2. TCHEBYSHEV-TYPE INEQUALITIES VIA k-WEIGHTED RIEMANN-LIOUVILLE
OPERATORS

Setting ¢(7) = 7, the left side k-weighted fractional ,+J Z‘Zﬁ reduces to the
left side k-weighted Riemann-Liouville operator of order a > 0 and the
following results hold.

COROLLARY 4.5. Let f and g be two synchronous functions on [a,b] and
x>a, o, B, k>0, then
w(b) (z —a)*
w(a) Tg(a+ k)

w(b) (x —a)*

m o+ RL f,w(f 9)(z)

a+RL g,w(f g)(m) +

> +RL{f(2) o+ RLY ,g(2) + +RL} f(z) ;+RL ,9(x).

and
k
SRLE(f9)(@) > W S RLEf(2) o RLE g ().

w(b) (x —a)*®
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COROLLARY 4.6. Leti = 1,2,...m and f, f; € Lxr[a,b]. If the functions
f and f; are positive increasing functions on [a,b], then for all integer m > 1
we have

a)Ti(o + k) . o g
.+RL% waZ _(W)) (H a+RLk,wfz(a:)>.

i=1
and .
w(a) Tp(a+k)\"" o m
w) (a+RLE ,f(2)™ .
w(b) (z —a)*

COROLLARY 4.7. Let f and g be two functions defined on Lxr[a,b], such
that f is monotone and g is differentiable on |a,b[ and there exist real numbers
m = inf,elq4 9'(2) and M = sup,cpy 4 9/ (7).

o If f is an increasing function, then

w(a) T (o + k)

o+ RL g,wfm(x> = (

o+ RL g,w(f g)(l’) > w(b) (.T _ a)% o+ RL g,wf(x) o+ RL g,wg(x)
IO ) Rre f@) o RLEWTa) + m o RLE(Taf) (@)
w(b) (z —a)*
o If f is a decreasing function, then
r k
W+ RLE,(/ 9)(@) > uf(b))(’;(f‘:)) “RLZ,f(2) 0 RLE,,9(2)
- OTHOE D) Rr  F(@) o RLE () + M s RLE, (Taf) (@),
w(b) (z —a)*

where Iy(x) is the identity function.

REMARK 4.8. The above corollaries are new results related to Tchebyshev’s
inequality according to k-weighted Riemann-Liouville operators. If we take
w(z) = 1 and a = 0, we obtain Corollary 4.8, Corollary 4.3, Corollary 4.11
and Corollary 4.15 in [g].

4.3. TCHEBYSHEV-TYPE INEQUALITIES VIA k-WEIGHTED HADAMARD
OPERATORS

Setting ¥ (7) = In7, the left side k- Welghted fractional ,+J :fj reduces to

the left side k-weighted Hadamard operator with order o > 0 and the
following results hold.

COROLLARY 4.9. Let f and g be two synchronous functions on [a,b] and
x>a, o, B, k>0, then

w®) (In(Z)NF o WO MENE sy
w(a) Fk(oz—i— k‘) at k,w(fg)( ) + w(a) Fk.(a T+ k) a+H (fg)( )
> GHEf(@) ot HY yg(2) + o+ H f(2) o H 0 ().
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and
w(a) Tk(a+ k
(o)) > DOTHEED e @) BT 00,
w(b) (In(Z))*
COROLLARY 4.10. Leti=1,2,...,m and f, f; € Lx»a,b]. If the functions
f and f; are positive increasing functions on [a,b], then for all integer m > 1
we have

m—1
o T w(a) Mg(a + k) s o
a*H w 7 x - 3 a+H w 7 X .
iy Ef( ) > (w(b)(ln(g))k ) <[[1 R wtil ))
and

m—1
S HE 7 (2) > (W) (TR WS @)™

COROLLARY 4.11. Let f and g be two functions defined on Ly» la,b], such
that f is monotone and g is differentiable on ]a,b[ and there exist real numbers
m = inf,cpq ) g'(x) and M := SUDPe(a,b] g'(z).

e If f is an increasing function, then
w(a) Fk(a + k) @

a*Haw r) > ———————=" 4+H wl X a*Haw T
Eulf9)(0) 2 00 B o () (0
. w(a> Fk(a+k) @ o a
m w(b) (ln(%))% a"'Hk,wf(x) a+Hk,wId($) + ma'*‘Hk,w(Idf)(l')-
o If f is a decreasing function, then
e w(a) Pk(a+k) @ a
a+Hk,w(fg)(x) > w(b) (ln(g))% a+Hk,wf(x) a+Hk,wg(x)

: MW ot Hiwf (@) o HEula(@) + Mo Hiy (1af) @),

where Iy(x) is the identity function.

REMARK 4.12. The above corollaries are new results related to Tchebyshev’s
inequality according to k-weighted Hadamard operators. If we choose w(z) =
1 and 9(z) = Inz in Corollary we obtain Theorem 3 in [5].

4.4. TCHEBYSHEV-TYPE INEQUALITIES VIA k-WEIGHTED KATUGOMPOLA

OPERATORS

Putting
T)=—7,
v =Ty

where p > 0, the left side k-weighted fractional a+Jg’Zf reduces to the left

side k-weighted Katugompola fractional operator of order @ > 0 and the
following results hold.
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COROLLARY 4.13. Let f and g be two synchronous functions on [a,b] and
x>a, o, B, k>0, then

w(b) (2! —a )
w(a) (p+ 1)% Ty(a + k)
w(b) (274! — arth)i

)

w(a) (p+1)% Th(a + k)

> a""lcg,wf(l‘) a‘*‘Kf:xg(l‘) + a""lcg,wf(l') a‘*‘Kz::ﬁg(x)'

a+lclocé,w(f g) (.73)

+

a*’Cg,w(f g)(:ﬂ)

and

@ (p+D)EThla+k) )
w(b) (zPt — a/"f‘l)g a+l€k,wf($)>a+ Kig(z).

K w(fo) (@) > 2

COROLLARY 4.14. Leti=1,2,....,m and f, f; € Lx»a,b]. If the functions
f and f; are positive increasing functions on [a,b], then for all integer m > 1
we have

m B m—1 m
a+,(:?’w H fz(:E) > (U)(a) (p + 1) Fk(a + k)) (H a+/C?,wfi(~’U)> ]
=1

w(b) (zP+1 — art1)E pa

and
w(a) (p+ 1)F Ty(a + k
w(b) (zp+ — apt1) %

COROLLARY 4.15. Let f and g be two functions defined on Lx» [a,b], such
that f is monotone and g is differentiable on |a,b[ and there exist real numbers
m = inf cpq g'(z) and M := SUDgc(a,b] g'(z).

e If f is an increasing function, then

w(a) (p+ Vi Th(a+k) ., o
w(b) (zr+! — aﬂ+1)% oKkl (@) ot K u9()

8
B mw(a) (p+1)r Tg(a -1-;2) ot KE o f (@) 0+ K pla(@) + m g K o (Iaf) ().
w(b) (xPtl — artl)®

o If f is a decreasing function, then

(@) (p+ DET(at k) .
w(b) (;UP+1 B a.0+1)% a*’ck,wf(x) a+ICk,wg($)

8
w(a) (p+1)% I'y(« +5k) K f(@) o+ Kty La(@) + M 4 KR (Taf ) (2),
w(b) (201 — art1)E

where Iy(x) is the identity function.

m—1
a+/C?,wfm($) > < )> (a+’C?,wf($))m .

a*’Cg,w(f g)(l’) >

K (f9)(x) > 2

- M
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REMARK 4.16. The above corollaries are new results related to Tchebyshev’s
inequality according to k-weighted Katugompola operators. If we take w(z) =
1,k=1,a=0 and

()
IS
we get Theorem 2.2, Theorem 2.1, Theorem 2.3 and Theorem 2.4 in [7].

P(7)

4.5. TCHEBYSHEV-TYPE INEQUALITIES VIA k-WEIGHTED FRACTIONAL
CONFORMABLE OPERATORS

Setting ¢(1) = (T;a)e, where 6 > 0, the left side k-weighted fractional

atd g:ﬁ reduces to the left side k-weighted fractional conformable operator
of order o > 0 and we get the corollaries.

COROLLARY 4.17. Let f and g be two synchronous functions on [a,b] and
x>a,a, B, k>0, then

1=y

W) (@ = )% e o w) (- o)
w(a) 0F Tk(a+ k) w+Ceulf 9)o) w(a) 0% Ti(a+ k)

> 1R f(2) o+ Cbg(@) + o Cp o f (@) o+ Cbg ().

d

x—a)

@~

a*cl?,w(f g)(ﬂ?)

and

w(a) 0% Ii(a+ k)

a+Cg’w(f g)(:n) w(b) (:C ~ a)% a+C?,wf(1‘> a+clgg(x)'

AV

COROLLARY 4.18. Leti=1,2,....,m and f, f; € Lxr[a,b]. If the functions
f and f; are positive increasing functions on |a,b], then for all integer m > 1
we have

m B8 m—1 m
RILCE (w(a)e [y (a ;M) (H a+C?,wfz'($)> ‘
i=1 k

w(b) (z — a) i=1

and

B m—1
(a)0 rk(aik)> (oG F )™

(z — a)*® F

ot Cl o f (@) > (w

COROLLARY 4.19. Let f and g be two functions defined on Ly» [a,b], such
that f is monotone and g is differentiable on |a,b[ and there exist real numbers

m = infepq g'(z) and M := SUDge(a,b] g9'(x).
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e If f is an increasing function, then

w(a) % Ty(a + k)

9@ 2 = e Gl (7)o O (@)
B
— mw(a) 0t Tifa ;:ﬁk) 0t Chawf () a+Chopla(®) + m o+ Cp oy (Laf) ().
w(d) (x —a)*

e If f is a decreasing function, then

B
w(a) 0F I'(a+ k o o
(a) 0% T( — )a+ck,wf<x> +Colg(x)
k

a*cl?,w(fg)(x) >

w(b) (x — a)
B
YCICIaYICRT) ot CR o f (@) 0+ CR o Ta(x) + M o Ct o (Iaf) (),

where I4(x) is the identity function.

REMARK 4.20. The above corollaries are new results related to Tchebyshev’s
inequality according to k-weighted fractional conformable operators. If we set

w(z) =1, k=1,a=0and (1) = #, we deduce Theorem 6, Theorem 5,
Theorem 7 and Theorem 8 in [11].

5. CONCLUSION

This paper presents a new result for Tchebyshev-type inequalities utilizing
k-weighted fractional operators, as well as other related weight inequalities
using particular operators that depend on the functions w and 1. Certain
works can be extended in the future by employing these new weight operators.
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