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JOIN-ESSENTIAL ELEMENT GRAPH OF A LATTICE

SHAHABADDIN EBRAHIMI ATANI

Abstract. Let L be a bounded distributive lattice. The join-essential element
graph JE(L) of L is a graph whose vertices are all nontrivial elements (i.e. differ-
ent from 1 and 0) of L and two distinct elements z and y are adjacent if and only
if x Vy is an essential element of L. The basic properties and possible structures
of the graph JE(L) and its subgraph PE(L) induced by vertices which are not
essential as elements of L are investigated.
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1. INTRODUCTION

All lattices considered in this paper are assumed to have a least element
denoted by 0 and a greatest element denoted by 1, in other words they are
bounded. There are many studies on various graphs associated to algebraic
structures. Beck [4], Anderson and Naseer [3], and Anderson and Livingston
[2] et. al. have studied graphs on commutative rings.

In this paper, we extend several concepts of graphs of modules to lattice
theory. With a careful generalization, we can cover some basic corresponding
results in the former setting. The main difficulty is figuring out what additional
hypotheses the lattice must satisfy to get similar results. Nevertheless, growing
interest in developing the algebraic theory of lattices can be found in several
papers and books (see for example [5-8,/10]).

The aim of this paper is to study a graph associated to a lattice L called
the join-essential element graph of L. This will result in characterization
of lattices in terms of some specific properties of those graphs. For a given
bounded lattice L, the join-essential element graph of L is a simple graph
JE(L) whose vertices are nontrivial elements (i.e. different from 1 and 0) and
two distinct vertices are adjacent if and only if the join of the corresponding
elements is an essential element of L.

We also study the proper join-essential element graph of PE(L) which is
a subgraph of JE(L) generated by vertices which, as elements of L are not
essential. The graph JE(L) was introduced and studied by Nimbhorkar and
Deshmukh in |10] in a special case when L is a finite lattice.
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The concept of the essential ideal graph of a commutative ring R was in-
troduced and studied by Amjadi [1].

The essential ideal graph of R, denoted by I'g(R), is a graph whose vertex
set is the set of all nonzero proper ideals of R and two vertices I and J are
adjacent whenever I + J is an essential ideal.

The sum-essential graph I'p/(R) of a left R-module M is a graph whose
vertices are all nontrivial submodules of M and two distinct submodules are
adjacent if and only if their sum is an essential submodule of M was introduced
and investigated by Matczuk and Majidinya [9].

Among many results in this paper, Section [2] consists of some preliminary
definitions and results concerning the join-essential element graph of a lattice
needed later on. It is shown in Example that the join-essential element
graph of a lattice may not be connected.

We also show that if L is a complete distributive lattice, then every element
of L has a complement in L. Moreover, if s is a complement of x # 0, then
x V s is essential in L.

Proposition shows that if the graph JE(L) is complete, then one of the
following conditions hold:

(i) L is a uniform lattice;

(ii) There exist atoms a; and ay of L such that a; A ag = 0.

In Section a necessary condition for JE(L) graph to be complete is proved
(see Theorem. The semisimple lattice and the semisimple element of a lat-
tice are defined (Definition [3.5]). Henceforth we will assume that all considered
lattices are complete distributive lattices with 0 and 1.

By using Definition [3.5, we observe in Theorem that if s is a nonzero
element of a lattice L, then s is semisimple if and only if s = \/;_, a;, where
{a;}ien is the set of all atoms a; of L with a; < s.

We also show in Proposition that the lattice L is semisimple if and
only if L contains no proper essential element. We show in Theorem that
JE(L) is always connected with diam(JE(L)) < 3 and gr(JE(L)) € {3,000}
(Proposition . We classify all lattices L whose join-essential element
graph is triangle-free graph (Theorem , k-regular graph (Theorem @D
and n-partite graph (Theorem . We also prove in Theorem @ that
every vertex of JE(L) is of finite degree if and only if the graph has only
finitely many vertices.

Section [ is mainly devoted to investigation lattices L such that the sub-
graph PE(L) contains a vertex of degree one. Theorem offers necessary
and sufficient condition for an element u of L to be of degree one as a vertex
in PE(L). We also prove in Theorem that every vertex of PE(L) is of
finite degree if and only if the graph is finite. We classify all lattices whose
proper join-essential element graph is tree (Theorem . The diameter and
girth I'p(L) are described (Theorem [4.17).
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2. PRELIMINARIES

Let G be a simple graph. The vertex set of G is denoted by V (G), degq(v)
stands for the degree of v € V (G), i.e. the cardinality of the set of all vertices
which are adjacent to v.

A graph G is said to be connected if there exists a path between any two
distinct vertices, G is a complete graph if every pair of distinct vertices of G
are adjacent and K, will stand for a complete graph with n vertices.

The graph G is k-regular, if degg(v) = k < oo for every v € V (G). Let
u,v € V (G). We say that u is a universal vertex of G if u is adjacent to
all other vertices of G and we write u «~~ v if v and v are adjacent. The
distance d(u,v) is the length of the shortest path from w to v if such path
exists, otherwise, d(a,b) = oco.

The diameter of G is diam(G) = sup{d(a,b) : a,b € V(G)}. The girth of a
graph G, denoted by gr(G), is the length of a shortest cycle in G. If G has no
cycles, then gr(G) = co. A subset S C V(G) is independent if no two vertices
of S are adjacent.

For a positive integer k, a k-partite graph is a graph whose vertices can be
partitioned into k£ nonempty independent sets. For terminology and notation
not defined here, the reader is referred to [11].

By a lattice we mean a poset (L, <) in which every couple elements z, y has
a g.l.b. (called the meet of x and y, and written z A y) and a L.u.b. (called the
join of z and y, and written x V y).

A lattice L is complete when each of its subsets X has a L.u.b. and a g.1.b.
in L. Setting X = L, we see that any nonvoid complete lattice contains a least
element 0 and greatest element 1 (in this case, we say that L is a lattice with
0 and 1).

A lattice L is called a distributive lattice if (a Vb) Ac= (aAc)V (bAc) for
all a,b, c in L (equivalently, L is distributive if (a Ab)Vec= (aVec)A(bV¢) for
all a,b,cin L). A lattice L is called modular if (¢ Ab) Va = (¢V a) Ab for all
a,b,c e L with a <b.

Let for a,b € L, [a,b] = {x € L : a < x < b}. Obviously, [a, b] is a sublattice
of L and L = [0,1].

An element x of a lattice L is called essential (written x < L), if there is
no nonzero y € L such that x Ay = 0. An element x of L is called proper if
x # 1.

For terminology and notation not defined here, the reader is referred to
[5,(6].

REMARK 2.1. If 1 # z < L, then x is a universal vertex in JE(L).

Proof. Let y be any element of L. We claim that zVy < L. If (xVy)Az =0
for some z € L, then x Az < (x Ay) V z =0; so x A z = 0 implies that z = 0,
as x < L. Hence z is a universal vertex. O
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LEMMA 2.2. Let a,b € L. Then the following hold:
(i) Ifa<banda <J L, thenb < L;
(ii) Ifa <L and b < L, thena ANb,aV b < L;
(iii) If a <[0,b] and b < L, then a < L.

Proof. (i) Let b A c = 0, for some ¢ € L. Then from a Ac < bAc =0, we
obtain ¢ = 0, since a is essential in L. So b < L.

(ii) Since a < aV b, aVb I L by (1). Let (a Ab) Ac =0 for some ¢ € L.
Then b < L yields a A ¢ = 0; hence ¢ = 0, as a < L, as required.

(iii) If 0 # ¢ € L, then ¢ A b # 0, which in turn implies bAcAa=cAa # 0,
as needed. ]

In a lattice L with 0, an element c is called a complement of b in L if it
is maximal relative to the property b A ¢ = 0. For an element x € L, we set
(0:pz)={yeL:xANy=0}

LEMMA 2.3. If L is a complete distributive lattice, then every element of
L has a complement in L. Moreover, if s is a complement of x # 0, then
zVs<L.

Proof. Let x # 0 and set s = \/Ze(om) z. Clearly, t As=0. f t Ay =0,
then y € (0 ;1 =) and so y < s. Thus s is a complement of x in L. Let
(@VV.e(:p2) 2) N0 =0for some b € L. Then Ab < (xVV (1., 5 2) AD=0,
from where we have bAz =0 (so b € (0:f x)). Similarly, bAV (., 2 = 0.
It follows that b=bAb<bA \/26(1:”) z = 0; hence b = 0, as needed. O

The following example shows that the join-essential element graph of a
lattice may not be connected |10, Example 3.4].

ExAMPLE 2.4. Let L = {0,a,b,c,d,e,1} be a lattice with the relations
0<d<a<l,0<d<b<l,0<e<b<l,0<e<c<]l,aNc=dNc=
eNd=aNe=0,bAa=dand bVc=bVa=eVd=1. An inspection
will show that the set of all essential elements of L is {0}. Since two vertices
b and a of the graph JE(L) are not connected by a path, we observe that the
join-essential element graph of a lattice is not a connected graph.

A lattice L with 0 is called L-domain if a Ab = 0, then either a = 0 or b = 0.

REMARK 2.5. For a lattice L, the following conditions hold:
(i) If every proper element of L is essential in L, then JE(L) is a complete
graph;
(ii) If L is a L-domain, then JE(L) is a complete graph;
(iii) If L has a proper essential element and JE(L) is a k-regular graph,
then JE(L) is a complete graph and |V (JE(L))| =k + 1.



5 Join-essential element graph of a lattice 165

Proof. (i) Let  and y be two distinct nontrivial elements of L. If x Vy =
1 9 L, then x « y is an edge in JE(L). If z Vy # 1, then by assumption,
xVy <L and so x « yis an edge in JE(L).

(ii) Assume that z and y are two distinct nontrivial elements of L and let
(xVy) ANb=0 for some b € L. Sincez Ab< (zVy)Ab=0, weget zAb=0
which implies that b = 0, as L is a L-domain. Hence, x Vy < L and so = and
y are adjacent in JE(L).

(iii) Let JE(L) be a k-regular graph. Suppose L contains a proper essential
element z. Then x is adjacent to all other vertices of JE(L) by Remark
which implies that k& + 1 is the number of vertices of JE(L). Since JE(L) is
k-regular, we deduce that JE(L) is a complete graph. O

The following example shows that the condition “L has a proper essential
element” in Remark (iii) can not be omitted

EXAMPLE 2.6. Let L = {0,a,b,c,1} be a lattice with the relations b < a,
aNc=0and bV c=1. An inspection will show that the set of all essential
elements of L is {0}. Its join-essential element graph is the regular graph K o
with {c} and {a,b} as the two partite sets, but it is not a complete graph.

We say that an element z in a lattice L is an atom (resp. coatom) if there
is no y € L such that 0 < y < x (resp. = < y < 1). We need the following
theorem proved in |10, Theorem 3.2].

THEOREM 2.7. JE(L) is a complete graph if and only if every nonzero non-
essential element in L is an atom.

An element u € L is called uniform if for every x,y € L the following
implication holds: if 0 < x < wand 0 < y < u, then z Ay # 0 (i.e. all nonzero
elements from [0, u] are essential in [0, u]). A lattice L is called uniform if 1 is
uniform in L [5].

REMARK 2.8. (i) If wis uniform in L and = < w, then x is uniform in L
(for if 0 < b <z and 0 < ¢ < x, then u uniform shows that b A ¢ # 0).

(ii) It is clear that a lattice L is uniform if and only if every non-zero
element of L is essential in L.

LEMMA 2.9. Let ¢ be a universal vertex of JE(L). If ¢ is not essential in L,
then ¢ is an atom in L.

Proof. Assume to the contrary, that ¢ is a nonessential element of L with
¢ # 1 that is not atom. Let b be an element of L such that 0 < b < ¢. Then c is
a universal vertex, hence ¢V b = ¢ is an essential element which is impossible.
Thus c is atom. 0



166 S. E. Atani 6

PROPOSITION 2.10. If the graph JE(L) is complete, then one of the following
conditions hold:

(i) L is a uniform lattice;

(ii) There exist atoms a1 and ag of L such that a; A az = 0.

Proof. Assume that JE(L) is a complete graph and assume L is not uniform.
So there exists a nontrivial element a; of L such that it is not essential in L
which implies that a; is an atom of L by Lemma Now a; not essential in
L implies there is a nontrivial nonessential element as such that a; A as = 0
(so ag is an atom by Lemma , as required. ]

3. BASIC PROPERTIES OF JE(L)
Let us begin this section with the following theorem:

THEOREM 3.1. Let L be a modular lattice. Then the graph JE(L) is complete
if one of the following conditions hold:

(i) L is a uniform lattice;
(ii) There exist different coatoms c1 and co of L such that ¢1 A ca = 0.

Proof. Assume that L is a uniform lattice and let a, b be two distinct vertices
of the graph JE(L) (so a,b < L). Hence a V b is essential in L by Lemma
Suppose that the conditions of (2) holds. Let = be a nontrivial element of L.
It is easy to see that either xVe; =1lorx <¢; (i =1,2). If x < ¢ and z < ¢g,
then « = 0 which is impossible. Without loss of generality, let z < ¢; and
xVea=1 Thenz =2V (c1 Ac2) =c1 A(c2 V&) = c¢1. Thus every nontrivial
element of L is a coatom. Let x,y be two distinct vertices of the graph JE(L).
If zVy # 1, then z = y, a contradiction. Hence zVy =1 < L. Therefore
JE(L) is a complete graph. O

In the next example we show that the condition “L is a modular lattice” is
not superficial in Theorem

EXAMPLE 3.2. Let L = {0,a,b,c,1} be a lattice with the relations b < a,
aNc=0and bVe=1. Clearly, the set of all essential elements of L is {0} (so
L is not uniform). By assumption, (¢cAa)Vb=b# (cVb) Aa = a implies that
L is not modular. Moreover, a A ¢ = 0, with a,c coatoms in L. But aVb=a
demonstrates that L is not complete.

PROPOSITION 3.3. Assume that L is a modular lattice and let ¢ be an ele-
ment of V(JE(L)) with degree 1. If ¢ < L which is not an atom, then there
exists an atom a < ¢ such that V(JE(L)) = {c,a}.

Proof. Let a be an element of L such that 0 < a < ¢. Since cVa =c¢, ¢
and a are adjacent in JE(L). If b is an element of L such that 0 < b < a, then
¢V b= cimplies degyg( L)(c) > 2, which is a contradiction. Thus a is an atom
and V(JE(L)) = {c,a}. O
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REMARK 3.4. Let a be an element of a distributive lattice L.
(i) If a £ ¢1,c1, where ¢1, g are coatoms of L, then a V (¢1 A cg) = 1;

(ii) If a A b < ¢, where ¢ is a coatom, then either a < cor b < c.
Proof. (i) By assumption, aV (ci Ac2) = (aVer) A(aVe) =1A1=1.

(ii) Assume to the contrary, that a £ cand b £ ¢;s0 c=cV (aAb) =1, a
contradiction. O

DEFINITION 3.5. (i) A nonzero element z of a lattice L is called semi-
simple, if for each element y of L with y < z, there exists an element
z of L such that x = yV z and y A z = 0. In this case, we say that y
is a direct join of x, and we write z =y @ z.

(ii) A lattice L is called semisimple if 1 is semisimple in L

LEMMA 3.6. Let ¢ be a coatom of a modular lattice L. If 1 = c¢P a for some
element a € L, then a is an atom.

Proof. Let 0 < @’ < a. The a’ Ac = 0results in @’ £ ¢; so a’ Ve = 1. Hence,
a=aAl(cvad)=dV(cAa)=ad. Thusais atom. O

LEMMA 3.7. Let L be a modular lattice. If s is semisimple and 0 # u < s,
then u is semisimple.

Proof. Let w be an element of L such that w < u. By assumption, s = wVv
and wAv = 0 for some element v of L. Then u = uAs = uA(wVv) = wV(vAu)
and w A (v Au) =0, as needed. O

REMARK 3.8. If b is semisimple, a < b and a < [0,b], then a = 0.

Proof. Assume to the contrary, that a # 0. By assumption, b = a V a/ and
aNa' =0 for some a’ € L. Then a is essential in [0, b], hence a’ = 0. Therefore
a = b, which is a contradiction. O

A subset {a;}ien of non-zero elements of a complete lattice L (with 0)
is called independent if for every i € A the equality a; A (\/z‘;éj,je rGj) =0
holds [5]. Henceforth we will assume that all considered lattices are complete
distributive lattices with 0 and 1.

THEOREM 3.9. If s is a nonzero element of a lattice L, then s is semisimple
if and only if s = \/,cp ai, where {a;}icn is the set of all atoms a; of L with
a; < s.

Proof. Suppose that s = \/,c5 a;, where {a;}ica is the set of all atoms a; of
L with a; < sand let b <s. Set Q@ ={I CA:bA(V,c;a;) =0} and {a;}ier
is independent. If for each i € A, a; < b, then a = b, a contradiction. Thus
there exists ¢ € A such that a; £ b; so b A a; = 0. Hence Q # (. Therefore by
Zorn’s lemma () has a maximal element H (so b A (\/,cp ai) = 0}).

Put z = bV h, where h = \/,. a;. It is enough to show that s = 2.
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We claim that for each j € A, zAa; # 0. Assume to the contrary, that there
exists j € A such that z Aa; = 0. If j € H, then a; < \/;,cy a; < z, which is
a contradiction. So j ¢ H. If H' = H U {j}, then it can be easily seen that
{a;}ien is independent and also bDA/ ;. gy a; = bA(ajVh) = bAa; < zAaj =0,
which is a contradiction by maximality of H. Hence for each j € A, zAa; #0
(so aj < z); hence s < z and so s = z. Thus s is semisimple.

Conversely, assume that s is semisimple and let e = \/,., a;, where {a;};en
is the set of all atoms a; of L with a; < s. It is enough to show that s = e.
Suppose to the contrary, that s # e (so e < s). Then we have Y = {e < z:
2 < s} # () since e € Y. Hence Y has a maximal element by Zorn’s Lemma,
say g (so e < g and g < s). By assumption, there is an element ¢’ of L such
that s =gV ¢ and g A g = 0. If ¢’ is an atom, then ¢’ < e < g implies s = g,
a contradiction. So there exists an element g; such that 0 < g; < ¢’. Again
s = g1 Vk and g1 Ak = 0 for some element k of L. Moreover, (gVg1)A(gVEk) =
gV (g1 Nk)=g IfgVk=g,then k <gentailsg=gAs=gA (g1 VE)=k.
Thus ¢ = ¢ A (g1 V k) = g1, a contradiction. Hence g A gV k. If gV g1 = g,
the g1 < g results in g; < g A ¢’ = 0, which is impossible. Thus gV g1 # g. It
follows that g V g1,9 V k ¢ > by maximality of g, but gV ¢g1,9 Vk < s and
e<gVgi,gVk. Thuss=e. O

PROPOSITION 3.10. For the lattice L, the following conditions hold.

(i) An element s € L is semisimple if and only if for every x € L the
following implication holds: if x < s, then x is not essential in [0, s].

(ii) The lattice L is semisimple if and only if L contains no proper essential
element.

Proof. (i) Let s be semisimple. By Theorem s = V;er ¢i, where {c;}icr
is a set of independent atoms of L with ¢; < s for every i € I. Suppose to the
contrary, that v < s with v < [0, s]. Then for each i € I, ¢; < u; hence u = s,
a contradiction. Conversely, let ¢ be any element of L such that ¢ < s . If ¢
is a complement of ¢ in [0, s], then ¢ & ¢ < [0, s] by Lemma socVcd =s,
as needed.

(ii) By (i), 1 is semisimple if and only if for every = € L the following
implication holds: if x < 1, then z is not essential in [0, 1]. This completes the
proof. O

PROPOSITION 3.11. Let ¢ be an element of V(JE(L)) with degree 1. If ¢ is
not an essential element in L, then it is an atom.

Proof. Suppose that s is an element of L such that 0 < s < ¢ and let ¢
be a complement of ¢ in L; so ¢ and ¢ are adjacent in JE(L) by Lemma
If svd # 1, then ¢V (sV ) =cV is essential in L, which implies that
¢ is adjacent to ¢ and s V ¢/. This yields s = 0 which is impossible. Thus
sVd =1=cV. By assumption, ¢ = ¢ A (s V ¢/) = s. This shows that c is
an atom. g
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THEOREM 3.12. Assume that L is a semisimple lattice and let ¢ € L. Then
degyr(r)(c) = 1 if and only if ¢ is an atom and has a unique nonzero comple-
ment in L.

Proof. Suppose degr(z,) (¢) = 1. Then by Proposition c is an atom.
By Lemma [2.3] it is clear that the complement to ¢ in L is unique. For the
reverse implication, assume that ¢ # 0 is the unique complement of ¢ in L
and let b and ¢ be adjacent in JE(L) with ¢ # b; so bVe=1=¢ V¢ since
L is semisimple. If ¢ Ab = ¢, then ¢ < b, hence b = 1, which is impossible.
So we may assume that b A ¢ = 0, as ¢ is an atom. Thus b < ¢, hence
¢ =c A (cVb) = b, which leads to a contradiction. Thus degygzy(c) =1. O

THEOREM 3.13. JE(L) is a connected graph with diam(JE(L)) < 3.

Proof. Suppose there are nontrivial elements f # k such that f and k are
not adjacent. Let h, A’ denote complements to fVk and fAk in L, respectively.
If fANk=0,then hA(fVEk)=0,thus hAf=0=hAEk and we have the
path f k@ h o fOh~k,ashV (fVk)IL If fAkFD0, then we have
the path f b «~k, as 'V (f AN k) < L, as required. O

In the next example we show that the condition that “L is a distributive
lattice” is not superficial in Theorem [3.13

EXAMPLE 3.14. Let L be the lattice as described in Example Then
(bvdyhne=dNe=0+# (eANb)V(eAd) =bV 0 =>bshows that L is not
distributive. Matczuk and Majidinya [9, Theorem 1.5 and Corollary 3.8] have
proved that for a module over a commutative ring, the diameter of the sum-
essential graphs of modules is at most 3 and its girth is 3 or co. This example
shows that these bounds do not hold for the join-essential element graph of a
lattice (also, see Theorems 3.1 and 3.2 in [1]). So the condition that “L is a
distributive lattice” in Theorem B.13] can not be omitted

The set of all coatom (resp. atom) elements of L is denoted by CA(L) (resp.
A(L)). The radical of L is the meet of all coatom elements of L, and is denoted

as rad(L) (i.e. rad(L) = Accear) ©)-

THEOREM 3.15. If rad(L) = 0 and CA(L) = {c1,c2,...,¢cn}, then L is
semisimple.

Proof. By Remark(3.4} c1 V(A y¢) =1, e= Al_yci #0and eAc; =0;s0¢€
is an atom by Lemma By a similar way, Ai_; ;,; ¢; # 0is an atom element

for each 1 < j < n. An easy inspection will show that \/7_;(AiL; ;4;¢i) = 1,
which implies that 1 is semisimple by Theorem [3.9, as needed.

LEMMA 3.16. Let a1,a2 € A(L). If ay @ as = 1, then V(JE(L)) = {a1,a2}.
In particular, JE(L) is a complete graph.
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Proof. Let b € V(JE(L)). We claim that either b = a; or b = ag. It is easy to
see that either bAa; =0ora; <b (i=1,2). If a; < band as < b, then b =1,
which is impossible. If a3 Ab =0 and ag Ab =0, then b = b A (a1 V az) =0,
a contradiction. Without loss of generality, let a; < b and b A ag = 0. Then
b=0bA (a1 Vaz) =ayV (aa ANb) = a;. Thus every vertex of JE(L) is an atom.

Finally, let x,y be two distinct vertices of the graph JE(L). If z Vy # 1,
then x = y, a contradiction. Hence x Vy = 1 < L. Therefore JE(L) is a
complete graph. O

Compare the next theorem with Theorem 2.8 in [1].

THEOREM 3.17. Let CA(L) = {c1,c2}. If JE(L) is triangle-free, then the
following conditions hold:

(i) ¢1 and co are nonessential elements of L;
(ii) L is a semisimple lattice;
(iii) JE(L) = Ky the complete graph with two vertices.

Proof. (i) Suppose, to the contrary, that ¢; is essential for some i, say i = 1.
If ¢ is essential, then ¢ V ¢2,¢1 A co < L by Lemma (ii) which implies
that c1,co and ¢; A co would form a triangle, a contradiction. Henceforth, we
may assume that ¢y is not essential. Let s be a complement to ¢z in L (so
ca Vs < L by Lemma . Then co A s = 0, from which we have s f_ ¢ (so
sV ey =1). We claim that s < ¢;. Assume to the contrary, that s € ¢; (so
sVep=1). Thenec;Vea=1,801=(sVer)A(caVe) =1 V(sAea) =cy, a
contradiction. Thus s < ¢;. If s = ¢1, then ¢; Acg = 0 which is impossible since
c1 is essential; hence s < ¢;. It follows that ¢p, co and s would form a triangle,
a contradiction. Thus, c; is not essential. Similarly, co is not essential.

(ii) It suffices to show that rad(L) = 0 by Theorem Assume to the
contrary, that rad(L) # 0. As c1Acy < ¢1, we get that rad(L) is not essential in
L by Lemma Now JE(L) is a connected triangle-free graph, which shows
that rad(L) Vb is essential for some element b of L. We claim that either b < ¢;
or b < ¢y. Otherwise, b £ ¢; and b £ ¢o. Then (¢1 Aca) Vb < e Vbea Vb
implies that c1,co and b would form a triangle, which is a contradiction. So
we may assume that b < ¢;. It follows that ¢ is an essential element of L
which again is a contradiction. Thus, rad(L) = 0.

(iii) Clearly, 1 = ¢1 @ c2. By Lemma it is enough to show that ¢; and
co are atoms. If ¢1 is not atom, then 0 < ¢ < ¢1, for some ¢ € L with ¢ f co
(so ¢V eca =1). Hence, ¢1 = ¢1 A(cV ) =c1 Ac = c, a contradiction. Thus
c1 is atom. Similarly, co is an atom, as needed. ]

In the next example we show that the condition that “L is a distributive
lattice” is not superficial in Theorem
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EXAMPLE 3.18. Let L be the lattice as described in the Example[3.14] This
lattice is triangle-free and has two coatoms d and e. However, d A e # 0 and
JE(L) # Ky. This shows that Theorem does not hold in the lattice

context.

LEMMA 3.19. If a is a proper element of the lattice L, then there exists a
coatom ¢ such that a < c.

Proof. Set Q = {g : g is an element of L with a < g,g # 1}. Then Q #
since a € . Moreover, (2, <) is a partial order. Clearly, Q is closed under
taking joins of chains and so the result follows by Zorn’s Lemma. O

PROPOSITION 3.20. For the lattice L, the girth of the graph JE(L) is either
3 or oo.

Proof. At first, we note that if ¢; and ¢y are distinct coatoms of L, then
c1 Ve =1 < L; so ¢; and ¢y are adjacent in JE(L). If JE(L) contains a
triangle, then gr(JE(L)) = 3. If JE(L) is triangle-free, then |[CA(L)| < 2.
If CA(L) = {c}, then c is adjacent to all vertices of JE(L) by Lemma
As JE(L) is triangle-free, JE(L) is a star graph and so gr(JE(L)) = co. We
may assume that CA(L) = {c1,c2}. By Theorem JE(L) = Ko; hence
gr(JE(L)) = oc. O

LeEmMA 3.21. If JE(L) is a k-regular graph, then every atom is a coatom.

Proof. Let a be an atom of L. If ¢ is a coatom of L with a £ ¢, then
cVa =1 implies that a and ¢ are adjacent in JE(L). As degyg(a) = k,
k is the number of coatoms ¢; of L such that a € ¢. Let ¢1,cg,...,cx be
such coatom elements. If a < b, then a V ¢; < ¢1 V b, which leads to ¢; and b
being adjacent in JE(L). It follows that ¢; is adjacent to cg,cs,...,cx and to
an arbitrary proper element b of L with a < b which is a contradiction since
JE(L) is k-regular; hence there is no b € L such that a < b < 1. Thus a is a
coatom. ]

Compare the next theorem with Theorem 2.4 in |1] and Theorem 3.6 in [9].

THEOREM 3.22. JE(L) is a k-regular graph if and only if JE(L) is a complete
graph and |V (JE(L))| =k + 1.

Proof. One side is clear. To prove the other side, let JE(L) be a k-regular
graph. Suppose L contains a proper essential element. Then JE(L) is a finite
complete graph by Remark (iii). Suppose now that L does not have proper
essential element, i.e. L is semisimple by Proposition We want to show
that JE(L) = Ky, the complete graph with two vertices. Let a be an atom of
L. Then a is a coatom by Lemma By assumption, 1 = a @ o’ for some
a’ € L. By Lemma a’ is an atom (so it is a coatom). An easy inspection
will show that if ¢ is an atom (resp. a coatom) of L, then ¢ = a or ¢ = d;
hence A(L) = {a,a’}. Now the assertion follows from Lemma O
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a = Pjcra; is said to be a direct decomposition of a into the join of the
elements {a; : i € I'} if a = \/,c; a; and {a; : i € I} is independent.

LEMMA 3.23. Let there exist distinct atoms ay,...,a, of L such that 1 =
@ ya;. Then A(L) = {ai,...,an} and V (JE(L)) is a finite set.

Proof. Suppose that a is an atom of L; we show that a € {ai,...,a,}.
Assume to the contrary, that a # a; (1 < i < n); so aAa; =0. Then a =
an(Viyai)=Vii(aNa;) =0, a contradiction. Thus A(L) = {a1,...,an}.
Finally, since L is semisimple, every vertex of JE(L) is finite join of atoms, as
needed. g

Compare the next theorem with Theorem 2.1 in [9].

THEOREM 3.24. For the lattice L, the following conditions are equivalent:
(i) L has only finitely many elements;
(ii) Every vertex of JE(L) is of finite degree;
(iii) Either
(a) L contains a proper essential element ¢ of finite degree in JE(L)
or
(b) There exist atoms ai,...,an of L such that 1 = @& ja; and V
(JE(L)) is a finite set.

Proof. (i)=(ii) is clear.

(ii)=-(iii) Suppose L does not contain a proper essential element, i.e. L is
semisimple by Proposition Let 1 = @®jera;, where {a;}ier is the set of all
atoms of L. Pick k € I. For any proper subset J of I'\ {k}, set a = \/} ;s a;
and b = \/,c ; a;. Since aV(a;Vb) = 1 < L, a is adjacent to az Vb, which implies
that the set I\ {k} has finitely many subsets, so [ is finite, say I = {1,...,n}
which yields 1 = @' ;a;. Now the result is a consequence of Lemma

(iii)=-(i). If L is as in (iii) (a), then Remark [2.1| proves that a is a universal
vertex; hence L has only finitely many elements. Suppose (iii) (b) holds. Now
(i) is a consequence of (iii) (b). O

The following theorem is a lattice counterpart of Proposition 3.14 in [9]
describing the structure of n-partite graphs.

THEOREM 3.25. Let the lattice L have exactly 2 < n < oo coatom elements.
Then JE(L) is a n-partite graph if and only if L is a semisimple lattice.

Proof. Suppose that cq,co,...,c, are the coatom elements of L and let
JE(L) be a n-partite graph.

It is enough to show that rad(L) = 0 by Theorem

Assume to the contrary, that rad(L) # 0. Suppose that ¢ is the complement
of rad(L) in L (so rad(L) V¢ < L). As rad(L) V¢ C ¢V ¢, we obtain that
cVe <L foreachi, 1 <i<n.
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Then ¢, ci,...,c¢, would generate a complete subgraph of JE(L) which is
impossible, since JE(L) is a n-partite graph; so rad(L) = 0.

Conversely, assume that L is semisimple. For each 1 < k < n, we put

Vi={a € VJE(L)):a <c¢; and a £ ¢; for i < k}.

Let z,y € V; (so zVy < ¢;). If x adjacent to y, then ¢; is essential in L which
is impossible since L is semisimple. Let a € V; and b € V; (1 < i < j < n).
Then a < ¢;, a £ ¢j and b < ¢;. We claim that ¢; A ¢; = 0. Suppose the result
is false. Then there exists k such that k # ¢ and k # j with ¢; A ¢; < ¢ which
is impossible by Remark Thus ¢; ©¢; = 1, from which we have that ¢; and
¢; are atoms of L, by Lemma Hence avb=1< L. Therefore V1,...,V,
form n-partitioning subsets of V (JE(L)). O

4. BASIC PROPERTIES OF PE(L)

In this section, we will investigate the proper join-essential element graph
of L, denoted by PE(L), which is a subgraph of JE(L) induced by vertices
which are not essential elements of L. As a direct application of Proposition
we obtain the following proposition.

PROPOSITION 4.1. For the lattice L the following hold:

(i) L is semisimple if and only if PE(L) = JE(L);
(ii) L is semisimple if and only if there exists a vertex ¢ of PE(L) such
that degpgr)(c) = degyr(z)(c)-

PROPOSITION 4.2. PE(L) is a complete graph if and only if every non-zero
vertex of PE(L) is an atom.

Proof. Let us notice that every universal vertex PE(L) is also universal in
JE(L) and hence a nonempty graph PE(L) is complete if and only if JE(L) is
such. Now the assertion follows from Theorem 2.7 [l

THEOREM 4.3. For a semisimple lattice L, the following conditions are
equivalent:

(i) PE(L) is a complete graph;
(ii) PE(L) contains a universal vertex;

(iii) 1= aj @ ag for some atoms a; and as.

Proof. (i)=(ii) By (i), every vertex is universal, and so (ii) holds.

(ii)=(iii) Let a; be a universal vertex of PE(L) (so it is not essential in
L). Then Lemma shows that a; is an atom. By assumption, there is an
element as of L such that 1 = a1 @ as. It suffices to show that a9 is an atom.
Let 0 < ¢ < ap for some ¢ € L. By Lemma[3.7, az = ¢ ® ¢ for some ¢ € L
which implies that 1 = (a1 V ¢) V ¢ with (a1 V ¢) A ¢ = 0 which is impossible
since a; V ¢ < L. Thus as is an atom.

The implication (iii)=-(i) follows from Lemma O
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The join of all the atoms of L, denoted s(L), is called the socle of the
lattice L (i.e. s(L) = Vyeaya)- If b € L, then the join of all the atoms
a of L with a < b, denoted s(b), is called the socle of the element b (i.e.
$(b) = Vsea(r),a<p @)- An inspection will show that if b is an element of L,
then s(b) is the largest semisimple element of L such that s(b) < b. Moreover,
b = s(b) if and only if b is semisimple by Theorem We need the following

lemma proved in [8, Lemma 2 and Lemma 3.

LEMMA 4.4. (i) Leta < b < c < d be elements of L. If b is essential in
[a,c] and ¢ is essential in [a,d], then b is essential in [a,d).
(ii) Let a,b,e,d € L and bAd = 0. If a and ¢ are essential in [0,b] and
[0,d] respectively, then a V ¢ is essential in [0,bV d].

PROPOSITION 4.5. If a € V(JE(L)) with degree 1, then the following hold:
(i) a is uniform in L;

(i) degpr(r)(x) =1 for every vertex x < a;

(iii) The complement of a in L is a semisimple element.

(iv) If b is an element of L witha Ab=0 and aV b < L, then s(L) <b.

Proof. (i) Assume to contrary, that there exist 0 < b < aand 0 < ¢ < a
with b A ¢ = 0. By Lemma [2.3] there is an element y € L such that a Vy < L
and a Ay = 0 (so y is not essential in L). If y Vb = y, then b < y and so
b= aAb < aAy = 0, which is impossible. Thus yVb # y. Now degpgz)(a) = 1,
y#bVyand aV (yVb) =aVy <L, which leads to y Vb < L. Similarly,
cVy < L. It follows from Lemma (i) that (y V) A(yVe) =y <L, a
contradiction. Thus a is uniform in L.

(ii) By Lemma there is an element y € L such that a Vy < L and
a Ay = 0. By an argument like that in (i), we have 2 Vy < L and so = and
y are adjacent in PE(L). If z and = are adjacent in PE(L) with z # y, then
zVz<aVzand xVz L, we have that a and z are adjacent in PE(L),
which is a contradiction. Thus degpgp)(z) = 1.

(iii) Suppose that s is the complement of a in L; so a Vs < L = [0,1]. If
b < sis an element of L with b < [0, s], then a < [0,a] and aAs = 0 shows that
aV b is essential in [0,a V s], by Lemma [4.4] (ii), which implies that a Vb < L,
by Lemma (i), as 0 <aVb<aVs <1 Thus, as degpg)(a) = 1, if
x < s, then z is not essential in [0, s], so it is semisimple and (iii) holds by
Proposition [3.10}

(iv) By (i), a is uniform. Let b be an element of L satisfying the assumptions
of (iv) and ¢ be an atom of L. If ¢ < a, then c is essential in [0,a], which
implies that ¢ A (a Ab) # 0 and so ¢ = ¢ A (a A b) < b. Now suppose that
cNa=0 (soc<s, where s is a complement of a in L). If ¢ < b, then we are
done. So suppose that ¢ Ab =0 (so b # s). Then b would not be essential in
L and a would be adjacent to two different vertices, b and s. Hence ¢ < b and
so s(L) <b. O
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COROLLARY 4.6. If the graph PE(L) has only finitely many vertices of degree
1, then for every such vertex x, there exists an atom a such that a < x.

Proof. Let z be an element of PE(L) with degree 1. Assume the result is
false. Then there exist infinitely many elements with degree 1 by Proposition
(ii), which is a contradiction. O

PROPOSITION 4.7. Suppose that a is a proper uniform element of L and let
c=aAs(L). Assume that for any element b of L with a Nb =0, b < s(L).
Then the following hold:

(i) aV s(L) is essential in L;
(ii) If c =0, then s = s(L) is the unique complement to a in L;
(iii) If ¢ # 0, then c is an atom and an element s is a complement to a in

L if and only if s is the complement to ¢ in [0,s(L)]. In particular, if
s is a complement to a in L, then s ® ¢ = s(L).

Proof. (i) If s is a complement to a in L, then a A s =0 and a Vs < L by
Lemma Since by assumption s < s(L), aV s < aV s(L), which implies
that a vV s(L) 9 L.

(ii) If s is a complement to a in L, then s < s(L), from which we get that
s(L) is maximal with respect to a A s(L) = 0; hence s = s(L).

(iii) Suppose now that ¢ # 0. By Lemma ¢ < s(L) implies that c is
semisimple. If ¢ < ¢, then ¢ is essential in [0, ¢|, as a is uniform. This yields
¢ =0 by Remark hence c is an atom.

Let s be a complement to a in L (so s < s(L)) which implies that s A (a A
s(L)) =sAc=0. Let g < s(L) be any element of L such that g A (a As(L) =
a A g=0. It follows that ¢ < s and so s is maximal with respect to s A ¢ = 0.
Thus s is a complement to ¢ in [0,s(L)]. The reverse implication is similar.
Finally, if s is a complement to @ in L, then s V ¢ < [0,s(L)]; so s @ ¢ = s(L),
as s(L) is semisimple. This completes the proof. ]

COROLLARY 4.8. Suppose a € V(JE(L)) is a vertex of degree one. Let s be
the unique complement to a in L and ¢ = a A\ s(L). Then the following hold:
(i) If bAa =0 for some element b of L, then b < s(L);
(ii) ¢=0 if and only if s = s(L);
(iii) ¢ # 0 if and only if s # s(L) and in this case, s is the unique comple-
ment of ¢ in [0, s(L)].
Proof. (i) Since s is semisimple by Proposition (iii) and b A a = 0,
b<s<s(L).
(ii) If ¢ = 0, then s(L) < s; hence s = s(L). The reverse implication is

similar.

(iii) If ¢ # 0, then (iii) is just Proposition [4.7] (iii). O
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PROPOSITION 4.9. Suppose u is a nontrivial uniform element of L with a
nonzero complement s < s(L) and let there exist an atom element a of L such
that a & w. Then degpgr)(u) > 1.

Proof. If u has two different complements in L, then we are done. So we
may assume that s is the unique complement of u in L (so uV s < L and
uANs =0). Let 0 # f < wu. Since wu is uniform, f < [0,u], which implies
that f Vs < [0,uV s] by Lemma [4.4] (i), as s < [0,s] and u A s = 0. Now
0< fVs<uVs<1shows that fVs<[0,1] = L, by Lemma [£.4] (i). Since
afu,ahu=0 (so fAa=0), which implies that a < s. Then s semisimple
yields s = aVw and a Aw = 0, for some w € L. Moreover, aV (fVw) = fVs
is essential in L. Now from (f V w) Aa =0, we get that fV w is not essential
in L and the essentiality of a V (f Vw) in L shows that a is adjacent with two
distinct vertices s and f V w. Hence degp, (1) (F) > 1. O

We next give three other characterizations of vertices of degree one in PE(L).
Compare the next theorem with Theorem 2.13 in [9].

THEOREM 4.10. If u is an element of V(JE(L)), then the following condi-
tions are equivalent:

(i) degpg(ry(u) = 1;
(ii) (a) w is uniform and the complement to u in L is unique and semisim-

ple;
(b) For every atom element a of L, a < u;

iii) (a) w s uniform and the complement to u in L is unique and semisim-
(iii) (a) f p q
ple;

(b) IfeAnu#0 anduVe < L, for an element e of L, then s(L) < e;
(iv) For any element e of L the following conditions hold:

(a) Ifune=0, then e < s(L);
(b) Ifune#0 anduV e <L, then s(L) < e;
(c) w is uniform and u A s(L) has a unique complement in s(L).

Proof. (1)=(ii) Let degp,)(#) = 1. Then part (a) holds by Proposition
(i) and Proposition (iii). Part (b) follows from Proposition

(ii)=-(iii) Let a be an atom of L. Then condition (ii) (b) implies that a < u.
Let e be an element of L such that e Au # 0 and uV e < L. As u is uniform,
al (e Nu)=aAe#0; hence a < e and (b) follows.

(iii)=(i) Let s be a complement of v in L. By (iii) (a), s is unique and
semisimple. Let e be an element of L such that eV u < L. If e < s, then
eANu # 0, and so s < s(L) < e by (iii) (b); hence e = s. Thus, to prove
the implication, it is enough to show that if e ﬁ s, then e < L. To this end,
suppose € £ s. Then eAu # 0, as the complement s is unique. Hence, s(L) < e
by (iii) (b). Notice also that the condition (iii) (a) guarantees that u satisfies
assumptions of Corollary Set c =uAs(L).
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If c =0, then s = s(L) (souVs(L) < L). Since u is uniform, eAw is essential
in [0, u], which implies that (e A u) V s(L) < [0,u V s(L)] by Corollary as
s(L) < [0,s(L)]. Now, by Corollary 0<(eAnu)Vs(L)<uVs(L) <1
establishes that (e Au) Vv s(L) < [0,1] = L, which implies that e is essential in
L,as (eAu)Vs(L)<e.

If ¢ # 0, then Proposition (iii) implies that ¢ is an atom, s is the unique
complement to ¢ in [0,s(L)] and s(L) = s V ¢. Since ¢ < [0,u] and s < [0, 5],
¢V s is essential in [0,u V s|; hence s(L) = sV ¢ is essential in [0,1] = L by
Corollary So e < L follows, as s(L) < e. This completes the proof of
(i). Note that the condition (iii) (a) guarantees that u satisfies assumptions of
Corollary Then the equivalence (iii)<(iv) follows from this lemma. O

LEMMA 4.11. Let L contain no infinite direct join of monzero elements.
Then the following hold:

(i) For every nonzero element a, [0,a] contains a uniform element;

(ii) There exists a direct join of uniform elements which is essential in L,
so that L has a rank, and in fact, the rank is then finite.

Proof. (i) If a is not itself uniform, then [0, a] contains a direct join a; ® af.
Now either a} is uniform or [0, a}] contains a direct join as @ al, and continuing
in this way we get in L the direct join a1 ®as @ ..., which is impossible. Thus
[0, a] contains a uniform element.

(i) Let \/_, a; be a direct join of uniform elements in L. Either it is
essential in L or there is an nonzero element g such that g A \/;_, = 0. By
(i), [0, g] contains a uniform element a, 11 and \/?7}" a; is a direct join of n+ 1
terms. By continuing this way, we obtain in L a direct join a; ® a2 & ...,
which is a contradiction. This shows that L has a rank and that this rank is
finite. O

If L has finite rank (or finite uniform dimension), say n, then we write
udim(L) = n. If L does not satisfy this conditions, we put udim(L) = oco. It
is easy to see that if udim(L) = 2, then every nonessential nonzero element a
is uniform.

PROPOSITION 4.12. If every vertex of PE(L) is of finite degree, then s(L)
is essential in L and [0,s(L)] contains only finitely many elements.

Proof. Assume that PE(L) is not an empty graph and let there be nonzero
elements a; such that @:°, a; is essential in L. Then b = @;°, a; would be
adjacent to infinitely many vertices a; @ a,, for positive integer m which is
impossible since the degree of b is finite; hence udim(L) is finite, say n, by
Lemma [£.11] Then there exist uniform elements wui,...,u, of L such that

iz wi < L.
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Let ¢; be a complement of w; in L (so ¢; V u; < L). If k; is any nonzero
element of [0,u;] (so k; < [0,u)), then k; V ¢; < [0,u; V ¢, by Lemma
which implies that k; V ¢; < L by Lemma (iii). This shows that [0, ;]
contains only finitely many elements, and in particular, it contains an atom
(1 <i<n).

Let a; be an atom with a; < u; (1 <14 < n). Since V! ;a; C s(L) and
Viciai < [0,V wl], Vioyai < L; hence s(L) is essential in L. It fol-
lows from the assumption and Proposition that every vertex of the graph
PE([0,s(L)]) = JE([0,s(L)]) is of finite degree; hence [0, s(L)] contains only
finitely many elements by Theorem [3.24] O

Compare the next theorem with Theorem 2.3 in [9].

THEOREM 4.13. For the lattice L the following conditions are equivalent:
(i) Every vertex of PE(L) is of finite degree;
(ii) The graph PE(L) is finite.

Proof. (i)=(ii) By Proposition x A s(L) # 0 for every nontrivial ele-
ment x of L and [0, s(L)] contains only finitely many elements. Assume that
k is any nontrivial element of [0,s(L)] and let Ay ={c€ L:cAs(L) =k}.

At first we show that V(PE(L)) = Usz)repo,s(1] Ak Since the inclusion
V(PE(L)) € Uy(r)refo,s(1)) Ak is clear, we will prove the reverse inclusion.

Suppose that e € g1 zxep0,.5(1) Ak Then there is a s(L) # c € [0, s(L)]
such that eAs(L) = ¢. Then c is not essential, hence e is not essential; therefore
e € V(PE(L)) and so we have equality. Now it is enough to show that Ay is a
finite set for every nontrivial element k of [0, s(L)]. Let ¢, be a complement
of k in L. Clearly, ¢, # 0. Let u € Ag. Then cx Vk=cpV(uAs(L)) <cxVu
and ¢, V k < L, which implies that ¢, Vu < L; hence ¢ is adjacent to any
u € Ap. As ¢ is of finite degree, we obtain that Ay is finite. This completes
the proof.

The implication (ii)=-(i) is clear. O
DEFINITION 4.14. We say that nonzero elements a and b of L are strongly
distinct if a A b = 0.

It is easy to see that if @ and b are strongly distinct, then a # b.
Compare the next theorem with Theorem 3.11 in [9].

THEOREM 4.15. If PE(L) is not an empty graph, then the following condi-
tions are equivalent:
(i) PE(L) is a triangle-free graph;
(ii) (a) udim(L) = 2;
(b) If a and b are elements of V (PE(L)) with aV b < L, then a and
b are strongly distinct.

(iii) If a and b are elements of V (PE(L)) with aV b < L, then a and b are
strongly distinct.
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Proof. (i)=(ii) Assume that PE(L) is triangle-free and that there are non-
trivial elements a, b and ¢ such that abdc < L. Then aVb, aVe, bV c would
form a triangle, which is a contradiction. Thus udim(L) < 2. If udim(L) = 1,
then any two vertexes are adjacent, which is impossible. Thus udim(L) = 2;
so (ii) (a) holds. Let a,b be elements of V (PE(L)) such that a Vb I L. We
show that a and b are strongly distinct. Let ¢’ be the complement of ¢ = a Ab
in L. If ¢ # 0, then ¢ is a proper nonessential element of L, a V¢ < L and
bV 9L (ascvd <aAd,bAc), which implies that b,a,c would form a
triangle. This is impossible, so ¢ = 0.

The implication (ii)=-(iii) is clear.

(iii)=(i) Let a,b,c be elements of V (PE(L)) such that a V¢ < L and
bVe <L Then aNec=0and bAc = 0 by (ili). It is enough to show
that a V b is not essential in L. Assume to the contrary, that a Vb < L, so
cA(aVb) = (cAa)V (cNb) # 0, which is impossible. This completes the
proof. O

THEOREM 4.16. If PE(L) is not an empty graph, then the following condi-
tions are equivalent:
(i) PE(L) is a tree;
(ii) If a and b are elements of V (PE(L)) with aV b < L, then a and b are
strongly distinct and one of a and b is an atom element;

(iii) PE(L) is a star graph with the center c, for an atom element ¢ of L.

Proof. (1)=-(ii) Since every tree is triangle-free, Theorem shows that
the first part of the statement (ii) holds. Let 0 < o’ < a and 0 < ¥’ < b. Since
every tree is a bipartite graph, we have a cycle a’ «~ b« a ~ 0 ' in a tree,
which is impossible. Thus one of @ and b is an atom element and so (ii) holds.

(ii)=-(iii) By (ii), L contains an atom element. Moreover, PE(L) is triangle-
free and udim(L) = 2 by Theorem so L has at most two atom elements
a,a’ with a # d'.

If s(L) = a, then PE(L) is a star graph with center a by (ii). If s(L) is not
simple, then udim(L) = 2 implies that a V o’ = s(L) is essential in L.

Let « be any element of V (PE(L)). Then 2 A(aVa') = (xAa)V(xzAd') #0,
which implies [0,z] contains one of a or a/. Let a < [0,u] # L and o’ <
[0,u'] # L. Then uV «' < L implies u, u V u/, v’ would form a triangle,
which is impossible. So one of the atoms, say a, does not have proper essential
extensions in L. Hence, if z is an element of V (PE(L)) with  # a, then
a’ <z and PE(L) is a star graph with center a.

The implication (iii)=-(i) is clear. O

THEOREM 4.17. If PE(L) is not an empty graph, then the following hold.
(i) PE(L) is a connected graph with diam(PE(L)) < 3.
(i) gr(Tp(L) € {3,4, 50},
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Proof. (i) Suppose there are nontrivial elements f # k such that f and
k are not adjacent. Let h,h’ denote complements to fV k and f Ak in L,
respectively. If f Ak =0, then h A (f V k) =0 implies hA f =0=hAk and
so(hV f)ANk=0= (hVEk)A f; hence hV f and h V k are not essential in L.
Then hV (f V k) < L, which establishes that f ~ k@ h « f @ h « k is a path
of length 3 in PE(L). If f Ak # 0, then f «~ b’ «~ k is a path of length 2 in
PE(L), as b’ V (f Ak) < L and f,h' and k are not essential in L, as needed.

(ii) If PE(L) contains a triangle, then gr(PE(L)) = 3. So we can assume
that PE(L) is triangle-free. If PE(L) is tree, then gr(PE(L)) = oco. If PE(L)
is not tree, then there exist two strongly distinct uniform elements a and
bin V (PE(L)) such that a V b is essential in L and neither a nor b is an

atom by Theorems and Let a’,b" be nontrivial elements of [0, a]
and [0,b], respectively. Since a’ < [0,a] and & < [0,b], we have a cycle
a ~V «awbd, which implies that gr(I'a (L)) = 4. O
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