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CHARACTERIZATION OF VECTOR-VALUED WEAK AFFINE
BI-FRAMES ON POSITIVE HALF LINE
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Abstract. In this paper, we introduce the notion of vector valued weak affine
bi-frames in reducing subspaces of L?(R.,C¥) and obtain a characterization of
these frames by using Walsh-Fourier transform.
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1. INTRODUCTION

The concept of vector valued frames was introduced by Han and Larson in
[18]. Having applications in signal processing, data compression and image
analysis, vector valued frames solve the problems of multiplexing in network-
ing, which consists of sending multiple signals or streams of information on
a carrier at the same time in the form of a single, complex signal and then
recovering the separate signals at the receiving end. During recent times,
the research on vector valued frames is mainly focused on Gabor and wavelet
frames in L2(R,C%) [17,[20,/24]. For vector valued wavelet frames, Han and
Larson [18] showed that there is no MRA in L?(R, C*) with L > 1 according to
usual dilation and translation and obtained characterization of vector valued
wavelets in the Fourier domain.

The theory of affine bi-frames has wide variety of applications in image
compression, signal denoising, numerical treatment of operator equations. In
constructing these frames, extension principles based on refinable functions
play a vital role [14,126,|32]. These principles are based on the fact the that
the affine systems are Bessel sequences. In reducing subspaces settings of
L?(R%), Jia and Li [19] characterized weak affine bi-frames and starting from
a pair of general refinable functions without smoothness restrictions, obtained
a construction of weak affine biframes and derived a fast algorithm associated
with them.
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In [21], Li and Jia introduced the notions of reducing subspace of a Sobolev
space and weak nonhomogeneous wavelet bi-frame in a general pair of dual
reducing subspaces of (H*(R?), H~*(R%)), obtained a refinable function-based
construction of these frames, and derived the corresponding fast wavelet algo-
rithm. Recently, Li and Tian [22] provides the characterization of weak affine
super bi-frames for reducing subspaces of L?(R, CcL ). The author in the series
of papers [1-12] established various results related to frames, Gabor frames,
framelets on real line and positive half line.

During last two decades there is a substantial body of work that has been
concerned with the wavelet and Gabor frames on positive half line. Farkov
[15] indicated several differences between the constructed wavelets in Walsh
analysis and the classical wavelets, and characterized all compactly supported
refinable functions on the Vilenkin group G, with p > 2. Albeverio et al.
[13] presented a complete characterization of scaling functions generating an
p-MRA, suggested a method for constructing sets of wavelet functions, and
proved that any set of wavelet functions generates a p-adic wavelet frame.

More Recently, Zhang [28] characterizes the shift-invariant Bessel sequences,
frame sequences and Riesz sequences in L?(R*) and gives a characterization
of dual wavelet frames using Walsh-Fourier transform.

Motivated and inspired by the above work, we in this paper introduce
the notion of vector valued weak affine bi-frames in reducing subspaces of
L?(R;,CY) and obtain a characterization of these frames by using Walsh-
Fourier transform. For more results, reader is referred to |23}29-31].

The paper is structured as follows. In Section [2| we explain certain results
about Walsh -Fourier analysis and some basic definitions that will be used in
the paper. Section [3|is devoted to the characterization of vector valued weak
affine biframes by using Walsh-Fourier transform.

2. PRELIMINARIES

As usual, let Ry = [0,400), Z+ = {0,1,2,...} and N =Z* \ {0}. Denote
by [z] the integer part of x. Let p be a fixed natural number greater than 1.
For z € R, and any positive integer j, we set

(1) zj = [pa)(modp),  x_; = [p'’a](modp),

where z;,2_; € {0,1,...,p—1}. Clearly, z; and x_; are the digits in the

p-expansion of x:
v= ap T+
7<0 7>0
Moreover, the first sum on the right is always finite. Besides,
2] =D wp 7 {z} =D ap,
j<0 7>0

where [z] and {x} are, respectively, the integer and fractional parts of x.
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Consider on R} the addition defined as follows:
roy=> GplT Y Gp,
7<0 7>0

with (; = z; + yj(modp), j € Z\ {0}, where (; € {0,1,...,p — 1} and zj, y;
are calculated by (). Clearly, [z @ y] = [z] @ [y] and {z @y} = {z} & {y}. As
usual, we write z = x © y if 2 ® y = x, where © denotes subtraction modulo p
in R+.

Let €, = exp(27i/p), we define a function ro(x) on [0, 1) by

1, ifzelol
ro(x):{ €[0,1/p)

b, ifxel[p™,((+1)p7Y), (=12 p—1

The extension of the function ro to Ry is given by the equality ro(z + 1) =
ro(x),¥ = € Ry. Then, the system of generalized Walsh functions

{wm(z) :meZt}
on [0,1) is defined by

k
wo(r) =1 and wpy(x) = H (ro(p'z))"
=0

where m = Z?:o wip’, p; € {0,1,...,p—1}, pp # 0. They have many
properties similar to those of the Haar functions and trigonometric series, and
form a complete orthogonal system.

Further, by a Walsh polynomial we shall mean a finite linear combination
of Walsh functions. For z,y € R4, let

27 o
(2) X(z,y) = exp 7 Y @iy +z5y5) |
j=1
where x;,y; are given by equation .
The Walsh-Fourier transform of a function f € L'(R,) N L?(Ry) is defined
by

f& =1 f@)x(¢€)de,

Ry
where x(z,§) is given by . The Walsh-Fourier operator F : L'(Ry) N
L*(Ry) — L*(R,), Ff = f, extends uniquely to the whole space L%(R,).
The properties of the Walsh-Fourier transform are quite similar to those of
the classic Fourier transform (see [16,225]). In particular, if f € L?(R), then
f e L*Ry) and

(3) /]

L*®,) - HfHL2(R+)'
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Moreover, if f € L?[0,1], then we can define the Walsh-Fourier coefficients of

f as

1
f(n) :/0 f(x)wy,(z) de.

The series 3, ez, f(n)wy () is called the Walsh-Fourier series of f. There-

fore, from the standard L?-theory, we conclude that the Walsh-Fourier series
of f converges to f in L?[0,1] and Parseval’s identity holds:

2 ! 2 ;
1= [ 1s@Paz= 3 |fm)

neEZ4

‘ 2

By p-adic interval I C Ry of range n, we mean intervals of the form
I=1If=[kp™", (k+1)p™), keZ .

The p-adic topology is generated by the collection of p-adic intervals and each
p-adic interval is both open and closed under the p-adic topology (see |16]).
The family {[O, pI):ije Z} forms a fundamental system of the p-adic topol-
ogy on R;. Therefore, the generalized Walsh functions w;(z),0 < j < p" —1,
assume constant values on each p-adic interval I¥ and hence are continuous
on these intervals. Thus, w;j(z) =1 for = € IY.

Let E,(R4) be the space of p-adic entire functions of order n, that is, the
set of all functions which are constant on all p-adic intervals of range n. Thus,
for every f € E,(R,), we have

fl) =Y o "k)xp(x), =Ry,
keZ+
Clearly each Walsh function of order up to p"~! belongs to E, (R ). The set
E(R;) of p-adic entire functions on R is the union of all the spaces E,(R).
It is clear that E(R;) is dense in LP(Ry),1 < p < oo and each function in
E(R}) is of compact support. Thus, we consider the following set of functions

E'Ry) ={f € ERy): feL*(Ry)and supp f Ry \{0}}.

Given a positive integer L and separable Hilbert spaces Hi, Ho, ..., Hy,, we
denote by @zL:l Hy their direct sum space endowed with the inner product

L
<f7 f> = Z<fla fl>
(=1
for f = (f1, f2, .., fL), f= (fl,fg, ...,fL) € @ZL:l H;. We also say that @eL:z Hy
is a super space. In particular, @le L?(Ry) is exactly the vector-valued space
L?(Ry, CL). A Bessel sequence, frame, tight frame, Parseval frame and a pair

of dual frames in @éL:l H, are called a vector valued Bessel sequence, frame,
tight frame, Parseval frame and a pair of super bi-frames, respectively.
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For f € L?(Ry,CF), we always denote its /-th component by f;,. Given
p > 0 and k € Z,, define the dilation operator D, and translation operator
Ty, on L2(R.,CF) by

Dpf(aj) = (\/ﬁfl(pilx)v \/ﬁfQ(pilx)’ ey \/ﬁfL(pilx)) )

Tif(z) = (fi(z © k), folz © k), ..., fL(z ©K)),
for f € L?(R;,C"), respectively. 3 o )
The vector-valued Fourier transform is defined by f = (fi, fo, ..., fr) for

f € L?*(R,,CF). Given a subset E of R, with nonzero measure, we define
closed subspaces L?(E,Cl) and FL?*(E,CF) of L?(R,CF) by

L*(E,ch) = {f € L*(R,,CE) : supp(f) E}

and
FL*(E,Ch) = {f e L*(Ry,CL) : supp(f) E}

where supp(h) = {€ € Ry : h(§) # 0} for a vector-valued measurable function
h, which is well-defined up to a set of measure zero. For simplicity, we write
L*(E) and FL?*(E) for L*(E,C) and FL*(E,C) respectively.

Let L € N, and p € R,. For f € L?(R,C¥), we define the affine system
generated by f by

A(f) = {Dpkaf 1J €Lk €E Z+}.

For a finite subset F of L?(R,,CY), the affine system A(F) generated by
F can be defined similarly, that is,

A(F) ={DyTpf: f e F,j €Lk e L}

A nonzero closed subspace X of L2(R,,C") is called a reducing subspace if
Dp,X = X and T}, X = X for each k € Z,. Then we can obtain a result, which
is similar as that on Euclidean subspaces, as follows.

PROPOSITION 2.1. Let p be a positive integer greater than 1. A nonzero
closed subspace X of L*(Ry,Cl) is a reducing subspace of L*(R,,CY) if and
only if X = FL*(Q,CL) for some Q C Ry with nonzero measure satisfying
Q = pQl.

By Proposition 2.1, to be specific, we denote a reducing subspace with
FL?(Q,CF) instead of X. In particular, FL?(R,,CF) = L?(R,,CF) and it
is a reducing subspace of L?(R,C%), and FL?((0,00),C") is also a reducing
subspace of L2(R,, CL). Let M be a closed subspace of L2(R,., CL). For ¢, 1) €
L2(R,,CL), (A(¥), X)) is called a p-adic affine bi-frame (ABF) for M if it

is a bi-frame for M, i.e., A(¢)) and A(%)) are two frames for M satisfying

(4) F=YY (£, DyuTi) Dy Tty for f € M;

JEL KEL,
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(A(1), A(¢)) is called a weak affine bi-frame for M if there exists a dense
subset V' of M such that

(5) <fag> = Z Z <fa DpJTkﬂZ;><DpJTkwag> for fvg ev,

JEZ kel

where the series in converges unconditionally in L?(R,)-norm, while, in

®)
Z <fa Dpka:1;> <Dpkaw7 g>

kJEZ+
converges unconditionally, and

SN, DpTid) (D T, g)

JEL KET,

J
=, im Y D {f DpTib) Dy Tith, g).
(T T) = (0000) 20 b,
For two finite subsets ¥ = {1)(") :1<n< N}, U={™:1<n<N}of
L?(R,,CY), we say that (A(V), A(¥)) is a p-adic weak affine bi-frame for M
if there exists a dense subset V' of M such that

N
(£.9) =D > A, DT WDy Tep™  g) for fg eV

n=1jeZ kel

with the convergence similar to the above.
Throughout the paper, we need the following sets

D= {f e L*(Ry) : f € L%(R,) and supp(f) € K for some K C Ry \ {O}}
and
D= {f€L2(R+,(CL):fg€l~)for eachlgﬁgL}.

3. CHARACTERIZATION OF VECTOR-VALUED WEAK AFFINE BI-FRAMES ON
HALF LINE

This section is devoted to the characterization of vector valued p-adic weak
affine bi-frames for reducing subspaces of L?(R,,CF). In order to prove the
main result of the paper, we first state and prove following lemmas.

LEMMA 3.1. Suppose F,G € L*(R.), and supp(F), supp(G) are bounded.
Then

> FWGE = [ 3 Flewm) p G

mGZ+
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Proof. Since F' and G are periodic, we have

F =Y Fom), and G)= > GEam).

sy meZ4

Clearly, F , Ge L2 (T), because only a finite number of terms contribute to the
above sum. Since

F(k) = /T FO@) e = F(k), k€ Zs,

by the Plancherel formula we obtain

/R+ G(e)de = / GE)de= Y F(b)G(k).

LEMMA 3.2. For ¢ € L*(Ry) and J € N, we have

(6) / Z\w (POPdE < o0
R+ =g
and thus
(7) Z \J(pJS)P < o0 a.e. onR,.
j=J

Proof. immediately follows from @ So we need to prove only @
NSRS Z/ Je)Ps = 9] Zw = R < o
Rt =g
O

LEMMA 3.3. Let ¢ € L2(R) and f € D. Then

Tim > D Il =

j<—J k€T,

Proof. We have

S (2 = /R FwouE) S F (e @m) dEam),
+ meZy

k‘eZ+
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and thus
ZZM%H—Z#/ Fwobel a+p,
j<—JkeZy j<—J
<IFIZI01* > p! + Py
j<—=J
p’ 22 152
= — P
gl 11 5 L [RRep 22
where

PJ—Zpﬂ/ FwOu©) S F € om) dEam).
j<—J meN
Now we proceed to estimate Pj.

Pl <y PEem) Foo)| (IDEF + [ &m)?) ag

j< J meN

-/ ¥ Zf (& m) Fr'e)| o) a¢.

+j<—J meN

By Lemma [3.1]
hmzzﬂz\f (€ o m) fwe)| =0

— meN

and the integral is dominated by M\|f||00]1/1( )|? which belongs to L'(R.).
Therefore, by invoking the Lebesgue dominated convergence theorem we
obtain lim;_.., P; = 0 and by . we get

Jim >0 D (el =0,

j<—J k€L,

LEMMA 3.4 (|27, Lemma 3.5]). Let f,g € D. Then
| X X (€ e bt e DEOhEOKE = Chp, < o
.

JEL KELy
fO’I“ ]’Ll, he € L2(R+).
LEMMA 3.5. Assume that 1, ¢ € L2(Ry,CE). Then
Z <f7 DpJTkIZ> <Dpka{/;7 g>

/i‘EZJr

—_ L
/R { > Zfe (€@ P k) Dl J&@k)} {Z@(zﬂé)g}«ﬁ)} d¢

keZy =1
for f,g € D and a fixed j € Z.
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LEMMA 3.6. Given J € N, assume that 1, 7:/; € L?(R,,CL). Then
Z Z f? p]Tkw DpJTk‘w7 >

j<J k€L,

/R S Ful€5n® Y €T (e

+1<01,0,<L j>—J

—+ /R+ Z Z Z J?fl (f@ﬂy)gﬁz(g)

'y€Z+ \qZ4 JEZ 1<y £2<L

for f,g € D and J suﬁiczently large.
Proof. Write

-3 [ TR

i<J

Z Do, (P (€ © 7)) e (P pIE)dE,
and

L
}{Z@ (P aE }df,
Ir(J)

>/ {z S Fworh W}{m om0

j<J keZ, 1=1
Then

(8) S T f Dy Tt ) (D Tith, g) = Li(J) + To(J)

j<J keZ,

Since D, (7€) i (7€) < L (@pw + @(pfs)?) , we have

/R S 1O @i ()T (76 |de

+ J<Jl<€1 lo<L

< 3 falelnles / S [dn ()T ()l

1<61,6o<L +i>—J
3 SRS {1000 + 190798 |
1<61,6,<L +i>—J
< 0
by Lemma Then we can rewrite I;(J) as
(9) /R Z ffl 952 Z wh pjg 7/%2 (pjg)

+ 1<t ,62<L i>—J
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Now we turn to Is(J). Observing that, for an arbitrarily fixed j € Z, there
are at most finitely many k € Z, such that fy, (¢ ® p'k) g, (€) # 0, we have

L) =Y /R S S F(€o R 7@ (i€ ® k)in, (7€) de

j<J "R ez, 1<y 6o<L
=3[ Y Y e rNm@un e N oo
j<J VR¥ <oy tr<L ke,
Since fy, gs € Dfor1<¢< L, we have

[ 3 3 1€ 0w i€ @ N©5 (0l < o0

JEL kELy
for 1 < ¢4,05 < L by Lemma [3.4] which implies that
[ 3 e hin e o Dg©dn el < oo
Ry j<Jkez,

for 1 < /1,45 < L. So

Doy (PIE @ pmy) T, (€) ey (P I E)dE.

The equality is obtained by the fact that Zy = |J,-_, p™(Z4 \pZ.). Since

if J large enough, f, (£ ® p/y)g,,(§) = 0 for all j > J and v € Zy \ pZ,. It
leads to

I(J)
-[ X X Y X facery

1<l1,02<L ’YEZ+\qZ+ m=0 jEeZ

Do (P (pIE © 7)) T O e, (P IE)de

)
:/R Yo Y faernm©

YEZ\qZy JEL 1<ty ,£2<L

(11

> D (5 (p3€ @ 7)), (0™ 7€) €
m=0

for J sufficiently large. The proof is finished by , @ and . O
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THEOREM 3.7. Let FL*(Q,CY) be a reducing subspace of L*(Ry,CF), and
Y,ap € FL2(Q,CF). Then we have that (A(v), A(v)) is a WABF associated
with D N FL*(Q, CF) if and only if

(12)  lim Zwa PIEV e, (DPE) = 80y 1y x(€) for 1 < 1,65 < L

]fJ

weakly in L*(R4.), for all compact K C Ry \ {0}, and
(13) Zwl (£ @), PE) =0

for1 < /{1,y <L,y € Z+\pZ+ and a.e. £ € Q.

Proof. Tt is easy to check that if (A(v), A(v)) is a WABF associated with
DNFL2(Q,CL), then (A(¢y), A(¥y)) is a WABF associated with DN FL2(Q)
for every 1 < ¢ < L. So, by Lemma we may as well assume that holds
f0r1§£1:£2§L.

Next we prove the theorem under this assumption. By Lemma and the
Cauchy-Schwarz inequality, the series in and are absolutely conver-
gent, and by Lemma we have

Jlim > > {f. Dy Tit)(Dyy Thab, g) = 0 for f,g € D.

j< J keZy
Then (A(), A(¢)) is a WABF associated with D N FL2(€, CL) if and only if
(14) lim 7 > (. Dy Tt} (Dy T, g) = (f,.9),
_]<J k‘GZ+

for f,g € DN FL*(Q,CF).
By Lemma 3.8, we see that is equivalent to

(15) lim (I1(J) 4 Io(J)) = (f,g) for f,g € DN FL*(Q,Ck),
J—00
where
10 D= Y ROBEEO X bein@o
Rt i< <L j>—J
and

/ YooY Y fu€er)in©

’yEZ+\pZ+ JEZ 1<l ,02<L

X Z bo, (P (p € & 7)) Doy (™I €)de,

(17)

for J large enough.
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Now we prove is equivalent to both and holding, to finish the
proof. First suppose and hold. Then I3(J) = 0 for J large enough,
and thus

lim (11(J) + Ix(J)) = lim [1(J)

j—o00 J—00
(18)
:jli)xgo/ Zfe 6)ai(€) Z 1/14 (PIE) P (p/€)dE

R+ =1 i>—J

Also observe that for every 1 < [ < L, fg(f)ﬁg(@ € L*®(K) with some
compact K C Ry \ {0} if f,g € DN FL?(Q,CL). It follows that

1 [ FOFE 3 oo e - [ et

>—J

for 1 < /¢ < L. So we have

Jim (L) +B()) = [ F&)a(€)ds = (£.9)
+
by and the Plancherel theorem. Therefore, holds.
Next we prove the converse implication. Suppose holds. First we prove
for 1 < {1,405 < L with #1 # 5.
Fix 79 € Z4 \ pZ4 and 1 < £q,0 < L with ¢; # l5. Define ¢, by

= Z ¢Z1 5@7 )d’&(p f)

fory € Z4 \ pZ.

By Lemma and the Cauchy-Schwarz inequality, ¢, € L!'(R;) for each
Y € Zy \pZy. So almost every £ € R, is a Lebesgue point of ¢, (£) xan@—)(§)
for all v € Z4 \ pZ+.

Arbitrarily fix such a point £ # 0. Without loss of generality, we assume
that & > 0. Take f,g € DN FL?*(Q,CY) in such that fy(§) = 0 for
1<l <L with ¢ +# 4y, ge(§) =0 for 1 << L with £ # {5, and

~ N 1
f€1 (5 @ ’70) = iy (5) = \/T?XEO-F&E()—FE(&)XQO(Q—%’Y()) (g)v

with 0 < e < min{Q, a+1€0}
Then we have

o:IQ(J)z/ Yo Y hEerm©

Ry vez \pz, jez
(19) YELA\PZL+ j

th pIE @), (P pIE)AE = Is(e) + La(e),
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for J large enough. We have

Eo+e
Ie) = — /§ X (1) (€ (€)E,

28 Jeo—e

e - | 3 P o (07 (€ © )70 (DTt (€)de.
Bt (1)@ \pZ4) X 2\ [(0,0)}
Observing that

[Zwl Ea)) !2+Z\w@p &)

we have

(20) [14(e)| < I5(e) + Is(e),

I5(E)

-/ S P1fe (0 (€ )7 pﬂuzh% pe)de,
Rt (1)@ \PZ1) X Z 1)\ {(70,0)} =

I@(E)

:/}R 3 V1o (7 (€ © )3 M&!erl pe) e,

(124 \PZ1 ) X Z4)\{(70,0)}

Let us first estimate I5(e). Our argument is borrowed from the proof of
[27, Theorem 2.4]. But, for reader’s convenience, we state it here.
If > 0,|pPy — 0| >1>2e. If j <0, takejo—max{j € Z :a; < 2¢}, then

jo < 0, and |p'y — 70| = ply = p7Iy0 <P > 2.
Thus fo, () (€ © )35 (7€) = 0 for 7 € Zy \ pZy and jo < j € Z by the
definition of fgl and gg,. It follows that

Jo _rp i (Gote)

1 . .
<5 _Z: Z p]/p, . X(éo—e,c0me) (P € D P’y — 0)

> [, (p€) Pdg

m=0

1 Jo _ p 7 (€ote) ' ‘
T2 p]/ Z X(€0*€,§0®€)(p]§ @’y — )

j=—oo P& ez \pz,

S [, (p76) Pde.
m=0
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It is easy to check that the cardinality of the set
— p] + p] - 07
T\ X(go—z.0+e) (P'E+ P (7 %ﬁ)%‘ -
for some § € (p77(§o — €),p77 (&0 +¢€))

is less than 8p~Je. So we have

Jo “I(&ote) ©.
£y / S i o)

(21) e WS o

/ Z G0, (7€) e,
p~I0(§o—¢)

where in the last inequality we used the fact that (pij (¢o—¢),p (& + 6)),
J € Z are mutually disjoint when € < %fo.
Also observing that

/ Z\% prE)PdE = Zp ™ [the, 2 < o0,

| /\

| A

R+ m=0
and that p=9 (¢ —¢) > 5—‘; — %, we have lim._,0 T5(g) = 0 by (21] .
For I(g), we have
Is(e)
-/ 3 PIFa @ OTH (€ =D S lbn (07 )[2de
B ()@ \PL)XZ4)\ 70,0} m=0

by a change of variables. Then, by an argument similar to above, we can prove
that lim._, I(e) = 0. So we have I4(¢) = 0 by (20), and thus I3(c) = 0. by
7 that is, XQﬁ(Q—'yo)(gO)t’yo (60) =0.

It follows that xon--)(§)t4(§) = 0 a.e. on Ry for v € Z \ pZ, by the
arbitrariness of £ and vp. This is equivalent to ¢,(§) = 0 for v € Z; \ pZy
since supp(ty) C Q ﬂ (Q—).

Now we prove ) for 1 < 01,0y < L with ¢; # l5. For h € L*°(K) with
compact K C R \ {0}, define f,g € DN FL?(Q,CL) such that f(-) = 0 for
1<?¢<Lwithl#/¥1,g/(:-)=0for 1 <¢<L with £ # ¢y, and

Fr = |h|% and/\—]h\%
Zl - arg(h) XQ gAeQ - XQ?
where
Ese 220
arg(z) =q °
0, ifz=0.

for z € C. Then

L [
= ; /R+ fe(z)ge(x)dz = 0.



15

Characterization of vector-valued weak affine bi-frames 159

From and —, we deduce that

tim [ ST G, (0900, (7€) § h(€)de =0,

iz Ry |52

This implies for ¢1 # £2 by the arbitrariness of h. The proof is completed.
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