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EXISTENCE AND NONEXISTENCE OF SOLUTIONS
FOR A p-FRACTIONAL KIRCHHOFF EQUATION
WITH CRITICAL GROWTH IN R¥

MOHAMMED MASSAR

Abstract. This paper deals with the following p-fractional Kirchhoff equation
(a+bul?,) (~A)su+ |ulP"u = [ul’*u+ f(u) in RY,

where a,b > 0, s € (0,1), N > sp, ps = NA_]’;p and f satisfies some hypotheses.
By transforming this equation into an equivalent system, we establish the exis-
tence of at least one nontrivial solution or two nontrivial solutions without the
well-known Ambrosetti-Rabinowitz (AR) condition. Furthermore, the nonexis-
tence case is also treated. Our result extends and completes the recent works in
the literature.
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1. INTRODUCTION AND MAIN RESULT
In this paper, we consider the p-fractional Kirchhoff equation
(1) (a+blulf,) (=A)su + |ufP~%u = |u|P* 2u+ f(u) in RV,

where [uls, = [pon %dxdy, a,b>0,s€(0,1), p>1, N > sp, p*

N]\i b = (—=A); is the fractional p-Laplacian operator defined as

(—A)Su(a:) =92 lim |U(SL‘) — u(y)|p_2(u(ﬂs) — U(y))

dy, x € RV,
P e=0" JRN\ B, (2) |z — y|NFep

with B.(x) is the ball with center at x and radius e, and f is a function

satisfying some conditions which will be specified later.

Because of the presence of the coefficient (a + b[ult,) and the operator

(=A)7, equation is nonlocal, namely it is no longer a pointwise identity.

This phenomenon produces new mathematical complications and so makes the
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study of such type of problems specially interesting. Furthermore, equation
is a p-fractional version related to the following hyperbolic equation
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which was initially introduced by Kirchhoff [3] as a generalization of the clas-
sical D’Alembert wave equation taking into consideration the change in length
of the strings produced by transverse vibrations. For additional discussions
and physical phenomena described by nonlinear vibration theory we mention
[7].

A typical approach to solve such class of fractional Kirchhoff equations is
to use the variational method, but due to the nonlocal term it seems hard to
obtain the boundedness of any Palais-Smale or Cerami sequence without the
Ambrosetti-Rabinowitz type condition:

(AR) there exists 7 > 2p such that ¢f(t) > 7F(t) :==7 fg f(s)ds for all ¢t € R.

To our knowledge, there are a few works with weaker restriction or without
(AR) assumption. When p = 2, in the low dimensions (N € {2,3}) and
without (AR) type condition or monotonicity assumptions, by applying the
monotonicity trick and the profile decomposition, Liu et al. [5] proved the
existence of ground states in the critical case. In [2], Jin and Liu considered
a general critical nonlinearity in the higher dimensions (N > 3). The authors
obtained a nontrivial solution when b is small, via a perturbation technique.
Recently, in the whole space R?, Zhang et al. [13] established the existence of
ground state solution and sign-changing solution for a fractional Schrédinger-
Kirchhoff equation with critical or supercritical nonlinearity, by adopting some
arguments which are related to the Moser iterative method and cut-off function
technique. For more related studies on the fractional Kirchhoff problems, we
refer to [4,9,12,/15] and references therein.

The main purpose of this note is to discuss the existence of solutions for
equation , where the nonlinearity f does not satisfy the classical (AR) type
condition. We point out that Theorem [I.1] can be regarded as an extension of
the main result in [6] obtained for the fractional Kirchhoff equation (p = 2)
without any growth and the corresponding result of [14] for the Laplacian
Kirchhoff problem with critical exponent. In order to get solutions, inspired
by above facts, we propose to transform equation (/1)) into an equivalent system.
Precisely, we will look for solutions of equation by finding solutions of the
following system in (u, A)

{ (=A)su+ JulP~?u = [ufPs2u+ f(u) in RY

(2) Nosp ,
a+b\ P T(u)=\° in (0,400),

where T'(u) = [u] 5. Before stating our main contribution, we give the follow-
ing assumptions on f.
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(f1) f € C(R,R) and there exist C' > 0 and ¢ € (p, p%) such that
1f()] < C(1 4+ [t)971) for all t € R;

(f2) f(t)=o(t""") as t — 0;
(f3) there exist r € (p,pZ) and p > 0 such that f(t) > ut"~! for all ¢ > 0.
If p <r <p;— P, pis assumed to be large enoughy;
(f1) tf(t) —pF(t) >0 for all t € R.
We are now in position to state the main principal result which is formulated
in the following theorem.

THEOREM 1.1. Suppose that (f1) — (f1) hold. Then

i) If N < 2sp, for all a,b > 0, equation has at least one nontrivial
solution;

ii) If N = 2sp, there exist by € (0, +00] such for all a >0 and b € (0, by),
equation has at least one nontrivial solution and has no nontrivial
solution if b > by with by < 00;

iii) If N > 2sp, there exists o9 > 0 such that equation has at least
two nontrivial solutions if ab¥ - < 00, has at least one nontrivial

solution if abN=2sp = g and has no nontrivial solution if abN=2s» > ~,
for some vy > 0.

2. PRELIMINARIES AND PROOF OF MAIN THEOREM
Let W*P(RY) be the usual fractional Sobolev space:
WP(RY) = {u € LP(RY) : [ul,, < oo},

with the norm

1
1 b
lullsp = ([ulf, + [ul}) ¥ where Jul, = (/RN \UIpdw>

It is well known that the space W*P(RY) is continuously embedded into
LY(RN) for v € [p,pZ] and locally compact for v € (p,pZ). We denote by
S, the best fractional Sobolev constant:

[U]gp

Sy = in -
ueD=P([RN)\{0} |ul},s

We recall that u € W*P(RY) is a (weak) solution of equation (1) if

(a+blult,) (u, )sp+ / ulP?upde = / |ulPs ~?updz + / fu)pdz,
’ RN RN RN

for all p € W*P(RY), where

w(z) — u(y)|P2(u(z) — u xr) —
ey = [ 1) = O 00) a0 = 60,
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PROPOSITION 2.1. Equation has at least one solution u € W3P(RY) if
and only if system (@ has at least one solution (v,\) € WP(RN) x (0, 4+00).

Proof. Assume that v € W*P(RY) is a solution of equation (1)). Let the

function v : x — u(Arz) and
1
u(z) — uly)” :
A= b —————dad .
<a+ /Rw o — Ve Y

Then

Nosp [o(x) — v()IP
X* = a+bX dad
e /]R?N [z — e

and for all ¢ € WSP(RY),
[ 1= o) o) e g [ -t
R2N RN

|z — y[Ntsp
_ e u(x) = u(y) P> (u(z) —uy))(W(x) — P(y)) .
=4 /RzN |z — y|NFsp dedy

N
+A P/ luP~2urpda
RN

= A Pi=2
A </]RN |ulPs " “urpda + /]RN f(u)wdx>

— / [P 2 opds + / f(v)pdz,
RN RN

1
where ¢ : z — (A Px). Hence (v, \) is a solution of system .
Now, suppose that (v,A) is a solution of system . Let the function
1

w:x+— v(A rx). Then

s [ Jo(2) — vl [ -y
A= bA ——————.—dzdy = b —————dad
T e et | e

and for all ¢ € WSP(RN),

[u(z) — u(y)
<a +0b ow o — gV dady

|u(z) = u(y) P> (u(z) — u(y) (e(z) — ¢(y))
X /RQN o — [N dxdy

+/ |ulP~2upda
RN

N /RQN [v(x) —v(y)rpzl(;(f)ypvi(sg))(@b(x) — ¥ g

N 2
+AP / [v[P~*vpdx
RN
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— O\ -2
= A (/RN [v|P vwdx—&—u/RN f(v)z/zdx)
= / IUI”z‘Qus&Jr/ f(u)pdz,

RN RN

where ¢ : z — go(/\%a:), which shows that u is a solution of equation 1' O

Now, we investigate the first equation of system :
(3) (=A)pu+ |ufP~?u = [ufP*"2u + f(u) in RV,

In light of the assumptions on f, it is standard to verify that the weak solutions
of this equation correspond to the critical points of the energy functional
I:WsP(RY) — R defined by

1 1 "
I(w) = ~lullz, - — / fPide — [ F(u)da.
D ’ Ds JRN RN

Under conditions of Theorem we see that I has mountain pass geometric
structure. So, in order to prove the existence of solutions of , we consider
the mountain pass level

. = inf I(~(t
o = inf max (v(®))

where
I = {yeC([0,1], WP (RN)) : v(0) = 0 and I(y(1)) < 0}.

Clearly ¢, > 0 and by |10, Theorem 3|, a (Ce).
exists such that

sequence {u,} C W*P(RY)

*

I(un) = ex and (L + [[un|lsp)] |1 (un)|l+-

Now we shall recall some useful estimates which can be founded in [8, Lemma
2.7]. According to [§], for any € > 0 there is a nonnegative function u. €
WeP(RN) satisfying the following inequalities.

LEMMA 2.2 ([§]). There exists C = C(N,s,p)) > 0 such that for any ¢ €
0.3)

p* sﬂ N
i > S7 — Cer1,
s

N N—sp
[uclf , < S +Ce 1 and |u.

LEMMA 2.3 ([§]). There exists C = C(N,s,p)) > 0 such that for any ¢ €
0,3)
Ce®P if N > sp?
ulp < CeTlog(3) i N =sp?
Ce»1 —(Ce® if N < sp’.
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LEMMA 2.4 (|8]). There exists C = C(N,s,r) > 0 such that for any ¢ €

0,3)

N if > ]\][V(ﬁ_s;)
fucly 2§ 0N log(e)| i v = D
Ce D if <Nl
LEMMA 2.5. We have
s N
I%léig([(tug) < NS*S”.

N
In particular c. < 5557

Proof. With the help of Lemmas and (f3), the proof is quite
similar to that presented in |1, Lemma 3.2], and so will be omitted. O

LEMMA 2.6. Let {u,} C W*P(RYN) be the (Ce). sequence of I with c € R,
that 1is,

(4) I(un) — ¢ and (1 + ||un|lsp) T (un)l[« — 0.
Then {uy} is bounded in W*P(RN).

Proof. From and (f4), we have

cton(l) = I(un)—;Ul(un),un)

11 . 1
= < — *> / |Un|psd$ + / (f(un)u" - F(Un)> dz
b DPs RN RN \P
1 1 *
> < - *>/ |un|P>d,
p DPs RN

which implies that {u,} is bounded in LP:(R™). For ¢ > 0, by (f1) — (f2),
there exists C; > 0 such that

|£ ()] < elt|P + CL|t|P* for all t € R.
By and the Sobolev embeddings, for some C, > 0,
on(1) = (I'(un),un)
[nl [, =l — elun ]} — Celuny;
> (Cp = )llunllZy — (1 + Co)lunly,

here we choose e < Cj,. Hence {u,,} is bounded in W*P(RY), since it is bounded
in LPs (RN). O

A\

We will use the following variant Lions lemma, whose proof is similar to
[11, Lemma 1.21].
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LEMMA 2.7. Let {u,} be a bounded sequence in W*P(RN) such that

lim sup / |up|Pdz = 0,
Br(y)

n—o0 yGRN

for some R > 0. Then u, — 0 in LY(RY) for any v € (p, pt).
LEMMA 2.8. Let {u,} C WP(RYN) be a (Ce). sequence of I, with ¢ €
N
<07 ]@Sfp> . Then

7 := limsup sup / |un |Pdz > 0.
Bi(y)

n—oo ycRN

Proof. If n = 0, by virtue of Lemma u, — 0 in LY(RM) for any
v € (p,p}). Using (f1) — (f2), we deduce that [pn f(un)updz — 0. Up to

P: — A and |[uy|[2, — B. By definition of S,, we
infer that S*Ql% < B. We know that (I'(u,),u,) — 0, thus 2 = 9B. Since
N

¢ > 0, we deduce that B > 0 and so S;.” < B. It follows from (f;) that

a subsequence, we have |u,

¢ = lim I(uy)
n—oo
1 1 = 1
> i - p _ - bs _
> nh_)nolo {pHun T \un]ps . f(un)undx]
N
_ %(1_1) e
P DS P
which contradicts our hypothesis. ]

PROPOSITION 2.9. Assume that (f1) — (f1) hold. Then equation (3) has at
least one nontrivial solution.

Proof. Let {u,} ¢ W*P(RY) a (Ce)., sequence of I. Then, according to
Lemmas [2.5] and going if necessary to a subsequence, we may assume the
existence of {y,} C RY such that

/ |vp|Pda = / lup [Pdz > 2,
B1(0) Bi(yn) 2

where v, = (- + yn). Since {v,} is also bounded in W*P(RY), v,, — v in
WsP(RN) and v, — v in LP(B1(0)). Therefore v # 0 and by a standard way,
we know that v is a solution of (3). O

THEOREM 2.10. Suppose that f satisfies (f1) — (f4). Then
1) If N < 2sp, for all a,b > 0 and any nontrivial solution v of equation

, there exists Ay > as such that (v, \y) is a solution of system (@;
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2) If N = 2sp, there exists by € (0,+00] such that for any a > 0 and
b € (0,by), there exist a nontrivial solution v of equation (@ and X\, > 0
such that (v, \y) is a solution of system (@ and has no solution if b > by
with by < 00;

3) If N > 2sp, for any nontrivial solution v of equation (@ there exists
oo > 0 such that for some AL, \2 > as, (v, A)) and (v, \2) are solutions

of system (@ if ab¥ < 00, has at least one solution (v, Amin(v))

if abN=2s» = g and has no solution if abN-2sp > g, where vy =
sp
— N—-2 .
%—i? (;;o_b;) P with by < 0.

Proof. For each u € W*P(R)\{0}, we define the function G, on [0, +00)
by

GulN) = a+ b\ 7 T(u) — A",

Case 1. N < 2sp. Let v be a nontrivial solution of equation of . Then
Gy(A) — —o0, as A — —+o0. Since Gy(A) > 0 for all A € (O,a%], there exists
Ay > a5 such that Gy(Ay) = 0. Thus (v, \y) is a solution of system .

Case 2. N = 2sp. Then G,(\) = a — A*(1 — bT'(u)). Therefore for any
a>0and 0 < b < by, where

1
by := sup {T(u) : u is a nontrivial solution of } ;

there exists a solution v of equation of such that G,(\,) = 0, where

1
Ay = (#T(U)) ° . Hence (v, \,) is a solution of system 1D

If b > by with by < oo, then for any nontrivial solution u of equation
and A > 0, we have

b
Gyu(A) > a—(1-bT(u)A\ >a— (1_1)) A*>a>0.
0
Thus system has no solution.

Case 3. N > 2ps. Let v be a nontrivial solution of equation of . Note

that for G,(A) > 0 for all A € (O,a%] and Gy(\) — +o00 as A — +o00. By
simple computation, the minimum value of G, is achieved only at the point

Amin(v) := <W_;}1W) i

and
sp

' - . B B N o 2Sp sp N—2sp
I)I\’lzlg G'L)()\) — GU()\mln(U)) =a N — Sp <(N — Sp)bT(’U)) '
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Set

N -2sp sp N-%p
TN o \(V —sp)T(0) '

If ab™ 7% < 00, then Gy, (Amin(v)) < 0, thus there exist A} € (a%, Amin(v)) and
A2 € (Amin(v), +00) such that G, (A}) = G,,(A\2) = 0. Consequently (v, \}) and
(v, A2) are solutions of system .
If ab¥ 2 = 00, then G,(Amin(v)) = 0, hence (v, Amin(v)) is a solution of
system .

__Sp
If ab¥-%7 > Yo = ]X,%QS‘Z’ (% NP with by < 00, then for any nontrivial
solution u of equation and A > 0,

sp

GulN) 2 Gul(hin(w) = a — Y 2P ((Nspbo )b> ==

- N —sp —8sp
which yields that system has no solution. O
Proof of Theorem[I.1l Theorem [I.1]is a direct consequence of Proposition [2.]]
and Theorem [2.10) O
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