MATHEMATICA, 64 (87), N° 1, 2022, pp. 117-128

ZERO-HOPF BIFURCATION OF PERIODIC ORBITS
IN THE GENERALIZED ROSSLER SYSTEM

AHLEM ROUBACHE and ELBAHI HADIDI

Abstract. We apply a technique of Llibre based on the averaging method to a
Rossler-type system and we prove the existence of a periodic orbit. The system
studied is a three-dimensional quadratic system and has the form

T=—-y—z+kuz,

y=2x+ay,

z=bx —cz+ xz,
where a, b, c and k are real arbitrary parameters.
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1. INTRODUCTION

The Rossler system
T=—Y— 2
(1) §=+ay,
z2=bxr —cz+xz,
where a,b and ¢ are real arbitrary parameters, was obtained by O. E. Rossler
in [9].

In [6] J. Llibre studied the zero-Hopf bifurcation using averaging theory of
first order, and applied it to the system (1). This method can be applied to
any differential system in R™, n > 3. Recently, it was successfully applied for
other interesting models (see for example [1, 2, 3, 4, 5, 7, 8] and references
therein).

Our objective in this paper is to study the zero-Hopf bifurcation using
averaging theory of first order, and apply it to the generalized Rossler system.
We use the computer software MAPLE to perform the tedious computations.

2. LIMIT CYCLES VIA AVERAGING THEORY

The averaging theory of first order for studying periodic orbits can be found
in Verhulst [10].

The authors thank the referee for his helpful comments and suggestions.
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Consider the differential equation
(2) & =eF(t,x) + Gt x,¢), x(0) = xo,

with x € D, where D is an open subset of R, ¢ > 0. Moreover, we assume
that both F(¢,x) and G(t,z,¢) are T-periodic in t. We also consider in D the
averaged differential equation

(3) y=cf(y), w(0)= o,
where
. T
(4) f0) = 7 [ Ft.o)at.
0

Under certain conditions, equilibrium solutions of the averaged equation (3)
turn out to correspond with T-periodic solutions of equation (2).

THEOREM 2.1. Consider the two initial value problems (2) and (3). Suppose
OF 2 G
(i) F, its Jacobian ——, its Hessian ——, G and its Jacobian 5, e

x
defined, continuous and bounded by a constant independent of € in
[0,00[x D and ¢ €]0, o).

(ii) F and G are T-periodic in t (T independent of ).

Then the following statements hold:
(a) If p is an equilibrium point of the averaged equation (3) and

) aee(50) 2o

y=p
then there exists a T-periodic solution (t,€) of equation (2) such that

»(0,e) > pase—0.

(b) The stability or instability of the limit cycle ¢(t,e) is given by the sta-
bility or instability of the equilibrium point p of the averaged system (3).
In fact the singular point p has the stability behavior of the Poincaré
map associated to the limit cycle o(t,¢).

Our objective in this paper, is to study analytically the periodic solutions
of the zero-Hopf bifurcation for the generalized Rossler differential system.

3. MAIN RESULTS

In this paper, using Llibre method [6], we study the zero-Hopf bifurcation
for the generalized Rossler system in R3:

T =-y—z+kx,

(S) U=+ ay,
Z=bxr —cz+xz,
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where a,b,c and k are real arbitrary parameters. System (S) possesses the
equilibrium points p; = (0,0,0) and
c+ack —ab cH+ack—ab c+ ack — ab
p2=< l+ak = a(l+ak) ’ a >’
with ¢+ ack — ab # 0 and a(1 + ak) # 0.

PROPOSITION 3.1. There is one two-parameter families of system (S) for
which the origin of coordinates is a zero-Hopf equilibrium point. Namely:
(a+k)(14+ak) —a®+2a+k

c=a+k,b= , >0 and a # 0.
a a

The next result gives sufficient conditions for the bifurcation of a limit cycle
from the origin when it is a zero-Hopf equilibrium.

THEOREM 3.2. Let

(a,b,c, k) = <a+€a, (a+k)(1+ ak)

~I—sﬁ,a—|—kz+57,aw2—|—a3—2a+55>

be with a # 0,w # 0 and € a sufficiently small parameter. Assume that
(6) a(@ 4+ w? - 1)(2a" + (2u? —4)a* —w?4+2) >0 and T >0
with
I = (@v+ (2uw?—4)ya® - ga° + y(w* — 4w? + 6)a*

+(=pw? +28)a’ + (2w? — 4)ya® + (Bw® — B)a+7)

@y +y(w® = 2)a — fa + (—w? + 1)7).
Then, the system (S) has a zero-Hopf bifurcation at the equilibrium point local-
ized at the origin of coordinates, and a periodic orbit exists at this equilibrium

when € = 0, and it exists for € > 0 sufficiently small. Moreover, the stability
or instability of this periodic orbit is given by the eigenvalues

) A+ VB
4w((a? %)w2 + (@ - 1)2)’
where A = (—ya*w? + (—a*y + 2vya® — fa — v))w? and
B = —8a’y? <4 2&2 + 2) w® — 32a (a (64 — 262 + 136> (@+1)>2

1
(@—1)%y — g <a6 ;’4 + % - ) yw® + ((—48a'? + 228a"

4
— 435a° + 420a° — 210a* + 48a* — 3)~* + 48Ba(a + 1)*(a — 1)*

7(64—a +8) 85%a 2( ga2+:)>w4—32('y(64—2a2+1)
—Ba)(a+1)2<<a—:> @+1)*a—1)° 7—5;<a —2))
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(@—1)%w? —8((@ —2a%> + 1)y — a)*(@+ 1)@ - 1)~

Our main results, Proposition 3.1 and Theorem 3.2, are proved in the next
section. Note that we can obtain similar results for the equilibrium ps.

4. PROOFS

Proof of Proposition 3.1. The Jacobian of system (.S) at the origin p; is

kE -1 -1
1 a 0
b 0 -—c

The characteristic polynomial of the linear part of system (5) at p; is
pN) ==X+ (a+k—c)\ + (ac+ ck — ak — 1 —b)\ + ab — ¢ — ack.
In order to study the zero-Hopf bifurcation we force that
p(A) = =X\ + w?).
This occurs if and only if we have
a+k—c=0,
ac+ck—ak—1—-b+w?=0,
ab—c—ack = 0.
We obtain
(i) c=a+k,
(i) b= (a + k)C(Ll + ak)
(iii) M =w? and a # 0.
This completez the proof of Proposition 3.1. g

Proof of Theorem 3.2. If
(a+ k)(1+ ak)
a

(a,b,c,k) = (@a+ea, +eB,a+ k + ey, aw® + a® — 2a + £6)

be with £ € R, a # 0 and ¢ is a sufficiently small parameter, then the gener-
alized Rossler system (S) becomes
i =—y—z+ (@ + (w? - 2)a+ e(aw? + 3a%a + 3aea?
+e%2a® — 2a+0))z,
y=z+ (a+ea)y,
. (@ + (w? - 1)@+ e(aw?® + 3a*a + 3aea® + 20’ —
(8) e=l a-texa

N M1+ (@+ea))(@ + (w? — 2)a + e(aw? + 3a%a
a+ex
3aza? + 203 — 2a +6))

— +eB)r — (@ + (w? — 1)a
a+ea
[ +e(aw? +3@%a + 3asa® +e%2a® —a + 0+ 7))z + z2.
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By scaling the variables (z,y,2) = (eX,eY,eZ), system (8) in the new vari-
ables (X,Y, Z) writes
X =-Y - Z+ (@ + (w? - 2)a)X + e(aw? + 3a%a + 3asa?
+e2a — 2a +6)X,
Y = X +aY +eaY,
p ((53 + (w? = 1)@ + e(aw? + 3a%a + 3asa?® + £%a3
a+

EQ
Lot N (1 + (@+ea)@ + (w? — 2)a + e(aw? + 3@«

) 5 3 5 a+ex
3a —2
aea +ia€ ot ))+55)X—(a3+(w2—1)a
a (6%
[ +e(aw? +3a%a +3asa? +e2® —a+5+7))Z +eXZ.

We need to write the linear part of system (9) at the equilibrium point (0,0, 0)

0 —w O
when € = 0 in its real Jordan normal form as | w 0 0 | . In order to
0 0 O
facilitate the application of the averaging theory, given in Theorem 2.1, we
X
perform the change of variables (X,Y,Z) — (u,v,s), given by | Y | =
Z
u
B~'| v |, where
s
-1 a
T n2
5 - “1
B = 0 —
w
—a(-1+w?+a?) -2a®+awi+at+1—w?
w w?
a
a2
9
2
w
—2a% + a*w? +at + 1
w?
In the new variables (u, v, s) the differential system (9) writes
i = —w((@w? + w?ea + @ + 3a%ca + 3ac’a? + 303 — 2a — 2ea
—u v s v s u
+ed)(—+a—+a—)+— +— +a(-1+w’ +a*)—
(10) w w w w ; w w )
— (2@ +vw'@ +at +1—w?)— — (-2 +w'@ +at +1)—)
w w
_-u _v s . W s v s
— G,UJ(; + aﬁ + aﬁ + a(_ﬁ - ﬁ) + EO((—E — ﬁ)),
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v = (@ — a+ aw?)((aw?® + w?ea + @ + 3a’eca + 3ac’a? + 3
—u v s v s

92 -2 N rarayr L4 2
a 50z—|—6)(w+a +aw2)+w2+w2

2
w
+a(—1+uw’ +a) = — (—28° + 0@ +at +1—w)—
w w

N 252 4 =4 4 1) 5 2 1)(—%
(—2a° + w’a —|—a+)w2)+(a )(w
v S v S S

= =l + ) - m(% + )~ ((-a—<a
+aw? + w?ea + @ + 3a%ca + 3ac’a? + 30 + £6)(1 + w?a?
+ 2aw?ca + @' + 4aca + 6a%c%a? + 4acda’® — 2a
— daeo + aed + 20w? + e*at — 26202 + £2ad)

1
a+ex
+ wlea + @ + 3a%ca + 3aa® + 303 + &0

—Uu _ v _ S _ —_ 92
+EB)(w +aw2+aw2)+( a—ea+aw

+ey)(—al—1+w? + @) — + (—2a% + w2a?
w

v S
+at+1- wz)ﬁ + (—2a% + w?a@® + @t + 1-5)

- s(%‘ +a§ +a%)(—a(—1 + +52)%
+ (28 + v’ +at + 1 - wQ)% + (—2a* + w’a?
+at+ 1)%),

$ = —a(—1+w? + @) ((aw? + w?ea + @ + 3a%ca + 3as?a®
+ &%ad — 2a — 26044-65)(% —1—6;}2 —i—ﬁ%) + % + %

+a(—1+w? + @)= — (—2a% + wa® + @t + 1 — w?)—
w

w2
—2 2-2 | 4 s 2 oy, w U
—(—2a" +wa" +a —i—l)ﬁ)—l—(l—w —a)(?—i-aﬁ
s v S v s _
—i—aﬁ—a(ﬁ—kﬁ)—aa(ﬁ#—ﬁ))—k((—a—ea

+aw? + w?ea + @ + 3a*ca + 3ac?a? + 30 + £0)(1 + w?a?

+ 2aw’eca + @t + 4a’ca + 6a%c2a® + dasta’

—2a% — 4aea + @ed + 2’w? + ot — 2620”4 2a) =
a+ea
—Uu _ v _ S _ — 2 2 =3
+ef)(— +a—5 +a—)— (—a—ea+aw” +twea+a
w w w
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+ 3% + 366202 + 303 + €0 + e) (—a(—1 + w? + @) —

w
+(—28° + w’@ + @ + 1 — w?)— + (=28 + w?a® + a
w
S —-u  _ v _ 8 _ 2  _2\ U —2

+w'a +at +1 - wQ)% + (—2a® + w?a® +at + 1)%)),

Consider the cylindrical coordinates (r,6,s) defined by u = rcosf,v =
rsinf and s = s. Then, the differential system (10) becomes

(11)

r=-

—rsin(@)w? — w?eaar sin(6) + 3a*ear cos(f)w

1 (r C(Z(H) (

,
+ 3ae2a’r cos(0)w — 3a3cas — 3a’e%a’s — asdals + 3aecas
—@eds + wiear cos() — w?eaas — 3@ car sin(f) — 3a2e?a’r sin(6)

+ 3a3rw cos(f) — as3alr sin(f) — 2earw cos(8) 4 3caar sin(h)

+ edrw cos(0) — edarsin(f)) + rsin(0)((@ — @ + aw?)((@w? + wea

— 0
+ @ + 3a%ca + 3ae’a® + 30 — 2a — 2ea + 65)(LS()

ar sin(0) N @) 7 sin(0) L5 a(—1 + w? +62)7‘COS(0)
w? w? w2 w

w2

in(f
— (2@’ +w?a@ +at+1 - wz)rSH;(z ) _ (—2a° +w?a@® +a* + 1)%)

_ —rcos(0 arsin(f s sin(0 s
+(a2_1)( w()+ wQ()‘i‘an‘i‘C(—T w(2)_2)

w
sin(d) s
+ea(-r w? w?

+ 3a%ca + 3aga® + £3a® + £0) (1 + w?a® + 2aw’ea + a*
2. 2
w

) — (=@ — ea + aw? + w?ea + @

+ 4a3ca + 6220 + das3a’® — 2a% — dasa + asd + 2o

—rcos(f) arsin(d) as

4.4 2 2 2
.y 5 as
e = +€a)6+€oz+€ﬁ)( w + w? w2)
+ (=@ — ea 4 aw? + wea + @ + 3a%ca + 3ac’a® + 30 + €6 + )
0 in(0
(ca-1+ 0+ ) SO | Lo Lyt - w2)T81n2( )
w
_ 9, _ s —rcos(f) arsin(f) as
+(-28° +w'd® + @t + 1)) —e(—— = b )
r cos(6) ain(6)

+ (-2 + w'a + @' + 1 - w’)——;
w w

+ (—2a® + w?a@® +a* + 1)%))),

(—a(—1+w* +a°)
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= - @ — @+ aw?)((aw?® + w? 3, a2
0= T—Q(TCOS(G)((G —a+ aw”)((aw” + wea + @’ + 3a°cx

—rcos(f) N arsin(0) n as

+ 3ae%a? + e3a® — 2a — 2ea + €6)( )

w w? w?
in(6 0
+T‘SlIl2( )-1-%4—6( 14 w? +a%)r w—(—?#—i—uﬁ#
w w
+at +1—w?)r (2) (—2a® + w?a® +a* + 1) 2)
() arsm( ) -5 ( ) s
+ (@ = D— 2 Tt ——3)

sin(d) s
+ea(—r T2

5)) — (@ —ea +aw? + w?ea + @
w
+ 3@%ca + 3ae%a® + 302 + £0)(1 + w?a® + 2aw’ea + @’
+4a%ca + 6a°e*a? + dac®a® — 2a* — daca + aed + 2atw?
1

- +eb)(

—rcos(6)

+etat — 22202 + 52045)7
a

sin(d) @
arsin(9) E)+(—6—5044—6102+w2€oz—i-a3

w? w2
+ 3a%ea + 3ag’a® + e 4 8 + ey) (—a(—1 + w? + 2)TC(;S)(6)
+ (=2 +w'@ +at 1 — w%W + (—2a* + w?@ +at + 1)
- a(_m;s(e) Lo i;l(g) + %)(—a(—l +w?+ a2)mc§(9)

in(0
(2@ +wi@ a1 - w) 2 sin(6)
1

E(r sin(0)(—r sin(8)w? — w?eaar sin(6) + 3a2earw cos()

+ 3as’a

w

2 3

rwcos(f) — 3adeas — 3a’e%a’s — e3a%as + 3eaas — das
+ wiear cos(§) — weaas — 3a3carsin(f) — 3a%e?a’rsin()
+ 3a3rw cos() — 30 ar sin(h) — 2earw cos(0) + 3eaar sin(6)

+ edrw cos(0) — edar sin(h)),
§ = —a(—1+w?+ @) ((aw® + w’ea + @’ + 3a*ca + 3as*a®

—rcos(6) N arsin() @)

— (—2a* + w’a

+ &30 — 2a — 2ea + £0)(

0

i rsm( )
w?

w w? w2
0
N R

w
0
+at+l —wQ)TSIDQ( ) _(Co?+wi@+ 3+ 1))
w w

2

—rcos(6) n arsin(f) = as

+ (1 —w? —@)( 5 5

w w w

S
o + (—2a” + w'a® + @' + -5

S
2)

)
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_, rsin(f) s v s B
+aw?® + w?ea + @ + 3a%ca + 3aea? + £3a® + £0)(1 + w?a?
+ 2aw’ea + @t + 4@ca + 6a%2a? + 4asta® — 2a% — daca
1
+aed + 2w? + e'at — 2620 + fad) ——
a—+ ca

_ 0 arsin(d) @
r cos(6) arsm()+as

+ed)( ” + 2 ) — (=@ — ea + aw?

2

w

+ w?ca@® 4 3a%ca + 3ac’a® + 30 + ea + £6)(—a(—1

r cos(f) 7 sin(0)
w

+ (—2a% + w’@® +at + 1 — w?)
w

+w? + @)

2
—rcos(6) n arsin(0)

w?

S
+ (—2a® + w?a@® +at + 1))+

as r cos(6)
w

+ —)(-a(-1+w® + @)

’U)2
rsin(6 S
+at+1—w? 2( ) + (-2a° + wa® + @' +1)—).
w w

+ (—2a° 4+ w?a@?

Therefore, taking ¢ as the new independent variable of the differential system
(11), its solutions in the region 6 > 0 can be studied by analyzing the solution
of the differential system

do

dr

=e( (—2rsin 0 cos Ow3ads — 2r sin 6 cos Qwa’ s

wda
— rsin 6 cos Qwas — sin Qw3ayr cos(8) + sin faw’yr cos

+ sin Oatwyr cos 0 + 2a%sr + 2@ w?yr — aw?yr — sin Or2w’a?
+ sin Orw?at + w?Balr + 2atrw?s + wlaar + 3wi@dar

+ wiadr — 2wtaor + sin 0ats*w? + cos® far’w

— 3cos® 0r?wa® — cos® 0r?w?a + 2 cos® 0r2w3a@® + 2 cos® Or’wa®
— 2a%rs cos? 0 + 4a*rs cos® 0 — 2a%sr cos? 0 + r’aw> cos 0

2 4—-3 5 2

—rfawcosf —w a’yr —a sin 6 cos? 0

— @%r?sin 0 cos® 0 + 2a*r? sin 0 cos® 0 — 2r? cos Hw3a>
3

w2fw‘ + w46'yr — 667“

+ 3r2wa® cos 6 — 2r?wa® cos O + 6 cos Owatar sin 6

+ 2 cos Qw3a?dr sin O — 6 cos Qw3a®ar sin @ — sin Bw> Bar cos 0

+ 3sin 0 cos Orwa’s — w?Ba’r cos® 0 — 2a*rw?s cos? 0
2

+ @2srw? cos?® 0 4+ a>w?yr cos? § — wrayr cos? 0

+ aw?~r cos? 0 — 2@ w3 yr cos® 0 + wiadyr cos? 0
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— 2cos? bwlaar + cos bw @ as — 6 cos® bwaar

+ 3 cos bwatas — 2 cos® Qwrasdr + cos uwads

+ 4 cos? Owraar — 3 cos Ow @l as + 2 sin 0a w?ys

— sin @’ w?ys — sin Gw3dr cos  + sin bw?Fa’s

— sin Qwad@s + sin 012 cos? Owa® — sin a3 wys

— sin faw?ys + 2 cos Ow’ @ ar sin 6 — a>srw?

— 2sin fa's® + sin #a’s® + sin fa’s® + 2aSrs — 4a’'rs
+ @%r? sin 0 + @*r? sin @ — 2a*r?sin 0) + O(e?),

= SFl(g,Ta S) + 0(82)3

= (@wlys — abs* — a?s® + 2a'r® 4 2a’s?
— r2w?a@t — @t s?w? + r?w?a® + aPw?ys + 2r cos bwa’s
+ ar cos Qws + aw3yr cos 0 — aw’yr cos O — d4w3'yr cos )

2 g 3 3 4 252 4,
— r“sinfaw” cos § — 3a’w ar sin 0 — w*fa“r sin 0 + w™aar sin
— 3r? cos Qwa® sin 6 + 2r% cos w3a® sin O + 212 cos fwa® sin O

—4, 2. =2, 2, =2 . —3 4
— 2a"rsin Qw”s + a“r sin Osw* 4 ar” cos Ow sin § + a°w yrsin 6
— awSarsin@ — aw*orsin @ — 2a3w?yrsin 6 + @ wyrsin 6

3

— aw'yrsin § + aw?yrsin @ + 3a2w3ar cos § — 3atw3ar cos f

— @w3dr cos § — @wlar cos § + w?Bar cos § — 3r cos Pwasw
+ 21 cos Qw3ass + a*r’cos®0 + @rcos’0 — 2a'rcos®0
+ 4a*r sin 0s — 2aw?ys — a®r? — @r? — 2a’rsin Os
— w?Ba?s + wor cos O — rlcos?w'a® — 2a%r sin s + aw’ys) + O(e?)
=cl(0,r,8) + O(e%).
We shall apply the averaging theory described in Theorem 2.1 to the differen-
tial system (12). Using the notations of Section 2, we have

t=0, T=2r, X = (r,s)T,

rorw = (500 )

e =(hs) )

and
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It is readily checked that system (12) satisfies all the assumptions of Theorem
2.1.
Now, we compute the integrals (4), i.e.

2m
filr,s) = %fFl(H,r, s)do
0
= 2%(4635 —2as — 2a°s + atw?y + aw?s
_ww4 a2An 20 L 22wy — 952w~ — 283w
v —w fa + wy + a*w*y a“wy a’w?s)
2
fa(r,s) = %ng(Q,r, s)do
0
1
= —ﬁ@dr?@uz —2a3s%w? — 2a3r?w? + 2ysw?
—a’r? + 4a3s? + 2a3r? — 2as® — 2a°s® — ar?w?
+ 2atysw? + 2a%yswt — da’ysw? — 2afsw? — ar?)

\
The system fi(r,s) = fa(r,s) = 0 has a unique solution (r*,s*) with r* > 0,
given by
. 2uw2\/T
rt = ,
V2a(a? + w? — 1)(2a* + (2w? — 4)a® — w? + 2)

o= W@y +y(w? - 2)a - fat (-w? + 1)y)
B a(2a* + (2w? — 4)a? — w? + 2) ’
provided that Condition (6) holds. We note that the Jacobian (5) at (r*,s*)
takes the value

1
wh(2a* + (2w? — 4)a® — w? + 2)
+y(w* — 4w? 4 6)at + (—pw?* 4 28)a + (2w? — 4)ya>
+(Bw? = B)a+ )@y +y(w? - 2)a - fa+ (—w? +1)y).

The eigenvalues of the Jacobian matrix % are the ones given

(r,s)=(r*,s*)
in (7).

The rest of the proof of Theorem 3.2 follows immediately from Theorem
2.1 if we show that the periodic solution corresponding to (r*,s*) provides
a periodic orbit bifurcating from the origin of coordinates of the differential
system (8) at € = 0.

Theorem 2.1 guarantees, for € # 0 sufficiently small, the existence of a
periodic solution (7(6,¢), s(6,¢)) of system (12) such that

(R(0,¢),V(8,¢)) — (R*,V*) when £ — 0.

@y + (2w? — 4)ya® — pa’

That is, system (10) has the periodic solution
(13)  ((0,2),0(0,2), 5(0,€)) = (r(0,€) cos 0, r(0, ) sin ), 5(0, ),
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for ¢ > 0 sufficiently small. Consequently, system (9) has the periodic solution
(X(0),Y(0),Z(0)) obtained from (13) through the change of variables

(X,Y,2)T = B~ (u,v,s)T.
Finally, for € > 0 sufficiently small system (8) has a periodic solution
(2(0),y(0),2(0)) = (X(0),eY(0),eZ(0))

which tends to the origin of coordinates when € — 0. Therefore, it is a periodic
solution starting at the zero-Hopf equilibrium point, located at the origin of
coordinates when € = 0. This completes the proof of Theorem 3.2. O

REFERENCES

[1] C. Buzzi, J. Llibre and J. Medrado, Hopf and zero-Hopf bifurcations in the Hindmarsh-
Rose system, Nonlinear Dyn., 83 (2016), 1549-1556.

[2] L. Cid-Montiel, J. Llibre and C. Stoica, Zero-Hopf bifurcation in a hyperchaotic Lorenz
system, Nonlinear Dyn., 75 (2014), 561-568.

[3] P.T. Cardin and J. Llibre, Transcritical and zero-Hopf bifurcations in the Genesio sys-
tem, Nonlinear Dyn., 88 (2017), 547-553.

[4] V. Castellanos, J. Llibre and I. Quilantan, Simultaneous periodic orbits bifurcating from
two zero-Hopf equilibria in a tritrophic food chain model, Journal of Applied Mathemat-
ics and Physics, 7 (2013), 31-38.

[5] S. Kassa, J. Llibre and A. Makhlouf. N-Dimensional zero-Hopf bifurcation of polynomial
differential systems via averaging theory of second order, J. Dyn. Control Syst., 27
(2021), 283-291.

[6] J. Llibre, Periodic orbits in the zero-Hopf bifurcation of the Rdssler system, Romanian
Astron. J., 24 (2014) 49-60.

[7] J. Llibre, R.D.S. Oliveira and C. Valls, On the integrability and the zero-Hopf bifurcation
of a Chen-Wang differential system, Nonlinear Dyn., 80 (2015), 353-361.

[8] J. Llibre and A. Makhlouf, Zero-Hopf bifurcation in the generalized Michelson system,
Chaos, Solitons & Fractals, 89 (2016), 228-231.

[9] O.E. Réssler, Continuous chaos-four prototype equations, Ann. N.Y. Acad. Sci., 316
(1979), 376-392.

[10] F. Verhulst, Nonlinear Differential Equations and Dynamical Systems, Springer, 1991.

Received May 15, 2020 Badji Mokhtar-Annaba University
Accepted May 4, 2021 Laboratory of Applied Mathematics
Annaba, Algeria
FE-mail: amorahlemrouba@gmail.com
E-mail: ehadidi71@yahoo.fr
https://orcid.org/0000-0002-2200-4729



