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ON THE SOLVABILITY OF A SYSTEM OF
CAPUTO-HADAMARD FRACTIONAL HYBRID DIFFERENTIAL
EQUATIONS SUBJECT TO SOME HYBRID BOUNDARY
CONDITIONS
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Abstract. In this work, we give some existence and regularity results for a sys-
tem of a new class of hybrid Caputo-Hadamard fractional differential equations
under hybrid boundary conditions. The technique of investigation is essentially
based on the use of a well known hybrid fixed point theorem.
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1. INTRODUCTION

The theory of fractional differential equations has received much attention
over the past years and has become an important field of investigation due to
its extensive applications in numerous branches of physics, chemistry, aerody-
namics, electrodynamics of a complex medium, polymer rheology, etc. Frac-
tional differential equations also serve as an excellent tool for the description
of hereditary properties of various materials. As a consequence, the subject
of fractional differential equations is gaining much importance and attention.
The study of hybrid fractional differential equations is an attractive topic. In
fact, this kind of problems are often encountered in several branches of engi-
neering and physics, for more information, we refer the reader to [19] and the
references therein. We recall that this class of equations involves the fractional
derivative of an unknown hybrid function with the nonlinearity depending on
it. Some recent results on hybrid differential equations can be found in (see
1,3,4,5,6,7,8,9, 13, 14, 23, 24, 26, 27)).

In this work, we are concerned with the existence and uniqueness of solutions
for the following system of the fractional differential equations

L) = X1 i (7))
W) & o7, 2(r))

= h(r,z(1)), T€J.
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Here J := [1,T] and 1 < r < 2 while D} and I}, denote the Caputo-Hadamard
fractional derivatives of orders €,e € {r,p}, 0 < p < 1 and Hadamard integral
of order g;, respectively. We assume also that g € C(J x R,R — {0}) and
fih € C(J x R,R). The boundary conditions imposed to our problem are
given by

a1 [m(ﬂ—zy;l Iqifi(w(f))}

:tg(:w(T)’)n 1% f, (773—0?7))
+HDY, MR,
as [m(ﬂ—zzil I‘“fi(w(f))}

x(1)=> .~ 1% fi (1,2 (T
+62D7 [ o) ZJG{z(T)) L:T =72,
where oy, 5;, 7,1 = 1,2, are real constants.

We mention here that the study of Hybrid fractional problems was the
subject of several works. For instance, we find in [2] some regularity results
concerning this type of problems, these authors opted for the use of Kras-
noselskii’s fixed point theorem to investigate the scalar case with respect to
the classical Caputo fractional derivatives. In the same direction, in [20], the
Monch’s fixed point theorem combined with the technique of measures of weak
noncompactness was successfully used to obtain some interesting regularity re-
sults.

This paper is organized as follows. In Section 2, we recall briefly some basic
definitions and preliminary facts which will be used throughout subsequent
sections. Section 3, contains the existence of solutions for the boundary value
problem (1)—(2) which is obtained by means of an hybrid fixed point theorem
for three operators in a Banach algebra due to Dhage [10]. Finally, we illustrate
the obtained results by an example.

(2)

2. PRELIMINARIES

At first, we recall some basic concepts on fractional calculus and present
some additional properties that will be used later. For more details, we refer
to [15, 16, 18, 21, 25] and the references therein.

DEFINITION 2.1 ([18]). The Hadamard fractional integral of order a > 0
for a function w : J — R is defined as

Q aolr) = g7 | (02 )" w9 T

S

where I' is the Gamma function.

DEFINITION 2.2 ([18]). For a function w given on the interval J, and n—1 <
r < n, the Hadamard derivative of order o > 0 is defined by

w RS g (va) [ os D) et

= 0" Yw(T),
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where n = [a] + 1, and [a] denotes the integer part of the real number o and
=714,
dt

There is a recent generalization introduced in [16], where the authors define
a generalization of the Hadamard fractional derivatives and present properties
of such derivatives. This new generalization is now known as the Caputo-
Hadamard fractional derivatives and is given by the following definition:

DEFINITION 2.3 ([16, Caputo-Hadamard fractional derivative]). Let o > 0,
and n = [a] + 1, and w(7) € ACF(J), where

ACY(J) ={w:J > R: 6" tw(r) € AC(J)},

and § = T% is the Hadamard derivative.
The Caputo-type modification of Hadamard fractional derivatives of order
« is given by

2 SFw(a T\
5) DE,w(r) = Dg, <w<7> -y T (16,7 )

k=0

THEOREM 2.4 ([16]). Let a >0, and n = [o] + 1. Ifw(T) € AC§(J), where
0<a<b<oo, then DY, w(r) exists everywhere on J and
(i) if « ¢ N— {0}, D2, f(7) can be represented by

o B 1 T o Z n—a—1 n(s %
o Dieur) = gy [ (e )" oS
=17 %"w(T).
(ii) if « € N—{0}, then
(7) D% w(r) = 6"w(r).

In particular,
(8) DY w(r) = w(r).

Caputo-Hadamard fractional derivatives can also be defined on the positive half
azis RT by replacing a by 0 in formula (6) provided that w(t) € ACF(R™).
Thus one has

(9) D%, w(r) = 1) / ’ (1o E)H*I smu(s) L.

I'(n—« s

PROPOSITION 2.5 ([18]). Let a« > 0,5 > 0,n = [a] + 1, and a > 0, then

o T\ - I'(8) w B—a—1
(10) D+ (log E) (w) = TG —a) (log E) B>n,

DY, (logg> —0,k=0,1,..,n— 1.
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THEOREM 2.6 ([15]). Let w(r) € AC§(J), and o > 0,8 > 0. Then

1210 w(r) =11 w(r),
) %1% w(r) = w(r),
4 w(r) =10 %(r),

D DP, w(r) = D Puw(r).

LEMMA 2.7 ([16]). Let a >0, and n = [o] + 1. If w(T) € ACF(J), then the
Caputo-Hadamard fractional differential equation

(12) D& w(r) =0,
has a solution:
n—1 Tk
(13) w(T) = Ck (log E) ,
k=0
and the following formula holds:
n—1
« « _ T\F
(14) “ (D% w) (1) = w(r) + kzo o (log )"

where c, e Ry k=1,2,....n— 1.

Now, let us consider the usual Banach space E = C([1, T, R) endowed with

the classical supremum norm
lwl| = sup [w(7)] .
Ted

At this level, it is necessary to recall that E is a Banach algebra.

To prove the existence result for the nonlocal boundary value problem (1)
(2), we will use the following hybrid fixed point theorem for three operators
in a Banach algebra E due to Dhage, see [10].

LEMMA 2.8. Let S be a closed convex bounded nonempty subset of a Banach
algebra E, and let A,C: E — E and B: S — E be three operators such that:

(a) A and C are Lipschitzian with a Lipschitz constants 6 and p, respectively,

(b) B is compact and continuous,

(¢c) x=AzBw+Cx =z in S for allw in S,

(d) 6M + p < 1, where M = ||B(S)||.

Then the operator equation x = AzBw + Cz admits at least one solution in

S.

3. MAIN RESULTS

In this section, we prove an existence result for the boundary value problems
for hybrid differential equations with fractional order on the closed bounded
interval J.
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LEMMA 3.1. Let h be a continuous function on J. Then the solution of the
boundary value problem

o (o) = X I fi(r a(7)
(15) Diy
g9(r, z(7))
with boundary conditions

] =h(r,z(r)), 7€J, 1<r<2

[w(f) - X L i 90(7))]7:1

9(r,2(7))
p [2() - I fira(n)]
" ef, [FESRERTEEE]
X [m) -y, I?@ﬁ-(m(m]
: 9(r,2(7)) -
p [2() - SI T fira(n)]
Mt [ 97, 2(7)) LT o

satisfies the equation

(0 alr) = glratr)() + LUEDEN L Sh i),
i=1

where
H(r):=1],h(7) - (log7) {042171# h(T) + 521;;ph(T)} , and

v1
(log T)l_p> vy = 201 =N
Ir'2-p) )’ 31 ‘

Proof. Applying the Hadamard fractional integral operator of order r to
both sides of (15) and using Lemma 2.7, we get

(18) [SU(T) — i I filr 2(7))
g9(1, (7))

Consequently, the general solution of (15) is given by
(1) = g(7, (7)) 14+ h(1) + &1

v = (az(log T)+ B2

} =1I1+h(r) +c1 +ca(logT), c1,c0 €R.

19) tesllog ) + 3 1 fi(r, (7)), c1er € R

=1

Applying the boundary conditions (16) in (18), a simple calculation gives

7
1= —,
aq
1 Q _
cy = — {w — BN 1 (T - ,321§+ph(T)} :
V1 (65}

Substituting the values of ¢, ¢z into (19), we get (17). O
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Now we list the following hypotheses.

(H1) The functions g : J x R — R {0} and h, f : J x R — R are continuous.

(H2) There exist two positive functions wp, w1 with bounds ||wp|| and ||z ||
respectively, such that

(20) 9(7,2) — g(7, w)| < wo(7)|z — wl,
and
(21) fi(r, @) = fi(r,w)| < @i(7)|z — wl,

for all (1,z,w) € J x R x R.

(H3) There exist a function p € L*°(J,R™) and a continuous nondecreasing
function ¢ : [0,00) — (0, 00) such that
(22) h(r,2)| < p()e (),

forall 7 € J and x € R.
(H4) There exists R > 0 such that

Mgo+ 322 ¢ qj:z-‘rl)

(23) 1 M [l ll
- HWOH Zz 1 T(¢g;+1)
and
szH
24 M 1
(24) ol +§jF S<1,

where gy = sup,¢j|9(7,0)|, fi = sup, ¢y |fi(7, 0)|,z =1,...,m, and

| vz |(log 7) 4 [y101]
o1

(25) M = [jplle(R) K +

)

where

oo { LT o QosT o
AP +1) " Jui] T(r+1)  Jor| D(r—p+1)

THEOREM 3.2. Assume that the assumptions (H1)-(H4) are fulfilled, then
the problem (1)—(2) has at least one solution defined on J.

Proof. First, we define the set
S={z€E:|z|g <R}.

Clearly, S is a closed convex bounded subset of the Banach space E. By
Lemma 3.1 the boundary value problem (1)-(2) is equivalent to the equation

arva(log T) + y1v1
a1U1

le+ i(7,2(7)) + g(r,2(7))G(7) + lrel.

Where
G(r) = [ h(s, 2(3)) () = Y52 Lasly (s, w(5))(T) + BoTy P (s, w(5))(T) }
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Now, let us introduce the following three operators A,C: E - Eand B: S —
E defined by
Ai‘(T) = g(T,ZL‘(T)),T €J,

I
Bxhj::G@j+fhvﬂ(%7)+7“”,reJ,
a1U1

and
Z I‘{Zr fi(r,z(1)), 7 € J.

Then, the integral equation (26) can be written in the operator form as
z(1) = Az(7)Bz(1) + Cx(1), T € J.

We will show that the operators A, B and C satisfy all the conditions of Lemma
2.8. This will be achieved in the following steps.

Stepl: First, we show that A and C are Lipschitzian on E. Let z,w € E.
Then by(H2),for 7 € J, we have

[Az(r) — Ay(7)| = |g(7, (7)) — g(7,w(7))] < wo(7)]z(7) — w(7)],
for all 7 € J. Taking the supremum over 7, we obtain
[Az — Awl| < [lwollllz — wl,

for all z,w — E. Therefore A is Lipschitzian on E with Lipschitz constant

[lwoll-
Analogously, for C: E — E, z,w € E, we have

+fl7'l' ZI”ZTQ)

Ca(r) = Cutr)| =
T ds
< Z e / (108 7 wi(s) () — ()|
" il

< lz(m) —w(n) Y Tlg+ 1)

=1

which implies that

m

ICz = Cy|| < Z szll (1) —w(r)|-

Hence C: E — E is Lipschitzian on E with Lipschitz constant given by
m

Z izl

—~T(g+1)

Step 2: The operator B is completely continuous on S. We first show that
the operator B is continuous on E. Let x, be a sequence in S converging to a
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point x € S. Then by Lebesgue dominated convergence theorem, for all 7 € J,

we obtain
lim Ban(r) = —— I T(lo z)h(saz(s))%
nlanolo TnlT) = F(’r) nggo 1 & S vn S
(log7) [ ag . T T ds
_ 2 log — (5))—
o T i ) \lee s ) s za(s)
B2 . T T ds
P2 “\h a(s))—
+F(T —p) nlggo 1 log s (5, 2n(5)) s
N ave(log 7) 4+ y101
a1U1
1 T TN .. ds
= F(r)/l (log ;) nh_{go h(s,azn(s))?
(log7) [ a2 /T Ty .. ds
— log = | lim h(s, 2, (s)) =
o T J, 10875 ) Jim hls aals) -
B2 /T T\ .. ds
P2 ) lim A a(s))—
+F(r -p) 1 log s ) nboo (5, 2n(s)) s
I alvg(log 7') + 7101
a1U1
_ G+ ave(log ) + Y101
a1U1
= Bx(1),

for all 7 € J. This shows that B is a continuous operator on S.
Next, we will prove that the set B(S) is a uniformly bounded in S. For any

x € S, we have
ds

Ba(r)| < i [ (1o T) InGs.ae)I

log ) [ ool [* r s, (s ds
+ 0 {m)/l <log8>!h(, (N1
log 7) + 01|

+F(|rﬁi|p)/1T (logf) \h(S,w(S))?} + el la vy |

Using (22), we can write

< 5 [ (08T plore i) 2 = COED Loz 7 (10T gy

L(r)
| B2 /T< T> dS} laqva|(log 7) + |y101]
= log — s x|)— ¢+
Tor—p) ), 185 p(s)e (J2l) o]
aqvz2|(log 7) + |11
< lpllp(R)K + '<| )+ ]
061121‘
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Thus ||Bz|| < M for all x € S with M given in (25). This shows that B is
uniformly bounded on S.
Let 71,70 € J. Then for any x € S, by (22) we get

|Bx(12) — Bx(m1)|

! /1T2 <log 7'2) h(s )% - /171 <10g Tl) h(s)%

I(r)

(log ) — (log 71)| . r—
+ o {laallh(T) + |B2I0 P h(T) }

(Y
(log 72) — (log 1)
v

en F(T’)P“ /1 ! [(log %)H— (10g T;)H} %

T2 r—1
n e(R)||pll (log 9) ds

L) J, s s
log 79) — (log T r_
- Aoe ) = QO8O fyo () + it 7))
v
|a1va]
1 —(1 .
|am‘!(0g72) (log 71)]

Obviously, the right-hand side of inequality (27) tends to zero independently
of t € S as 79 — 7. As a consequence of the Ascoli-Arzela theorem, B is a
completely continuous operator on S.

Step 3: Hypothesis (c¢) of Lemma 2.8 is satisfied.
Let © € E and w € S be arbitrary elements such that + = AzBw + Cz.
Then we have

[2(7)] < |A(r)|[Bu ()] + [Ca(r)
Z L fi(r,@(7))]
o) s [ (08 7) I ate]

O [ (o) et

52| g o T s 2(s ds lazvg|(log 7) + [y101]
) (lgs>|h(, ())|8}+ ]

g1

ds

+ (lg(s,2(5)) — (5. 0] + la(s.0)) [F(l) / T (logg) so(R)p(s)@

S
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woen el [7 106 1) ot

+F<Lﬁi’p) /1T <log f) so(R)p(s)iS} 1 loaval(log 7) + ’W’lq

|y v1

10

m m

[l fi
< (lwolllz(T)| + g0)M + )  —————=x(7)|+ ) ———-
< eollar)l +90)M + 3 o = eI+ 3 p
Thus

Mgo+ 311 iy
()| < T

1= Mllwoll — 7 w2l

Taking the supremum over 7, we get

o < — 90 2
1= Mllwoll = S el
Step 4: Finally, we show that N + p < 1, that is, (d) of Lemma 2.8 holds.
%WN:M“W:W%QW%ﬂMUH<MW“WG

H Hw ||
lso HN+Z < o ||M+Z ’

with 0 = |lwo| and p = >0, F‘(I(Zﬂ)' Thus, all the conditions of Lemma 2.8

are satisfied, and hence the operator equation x = AzBw + Cx has a solution
in S. As a result, problem (1)-(2) has a solution on J.

<R.

g
4. EXAMPLE
Consider the following nonlocal hybrid boundary value problem:
3 x\T)— 91 T, (T —2(log T .
D7, { ™) 91(1:;(17()) ( ))} = e\jé%) sinz(r), 7Te€J:=][1,¢,
1 - -
CC(T)*I§+ fi(mx(7)) 3 % I(T)*Iqi_ fi(mx(7)) .
(28) ¢ 7 [ gra() ] 5D | Tty =
=1 -T=
1 ~ -
o | @) =12, fi(ra(r)) 2 a(r) 174 f1(r,2(7))
5 [ g(lT,x(T)) ] T35 D2 ¢
=T -

ety | _ T
We take

fi(r,x(r)) = (101%5)2 G (2(r) + Va2 +1) +1ogT> ,

B V7 (log7) x(7) log T
90 2(7) = S 5o P2 T 1 a(r) T 10
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e—2(1og7’)
h(r,z(1)) = Wore sinz(7).
We show that )
.
|f1(7—7$) - fl(Taw” S m’x - w’u

‘g(T,ZE) —g(T,W)‘ < (77‘(‘ + 15(10g7)2)2|x —OJ‘,
h(r, (1)) < p(1)¢ (|2]),
where ¢ (|z|) = |z|, p(T) = e"21°87) Hence, we have wy(7) = (101%6)2, wi(r) =
sup,ey|9(,0)| = 15, fi = sup,ey|fi(7,0)] = &5. Using these values, it

follows by (23) and (24) that the constant R satisfies the inequality 0.0035 <
R < 3.2552. As all the conditions of Theorem 3.2 are satisfied, problem (28)
has at least one solution on J.
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