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UNIQUENESS AND EXISTENCE OF SOLUTIONS FOR
NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS WITH
TWO FRACTIONAL ORDERS

MOHAMED HOUAS, ZOUBIR DAHMANI, and ERHAN SET

Abstract. In this work, we study the existence and uniqueness of solutions
for integro-differential equations involving two fractional orders. By using the
Banach'’s fixed point theorem, Leray-Schauder’s nonlinear alternative and Leray-
Schauder’s degree theory, the existence and uniqueness of solutions are obtained.
Some illustrative examples are also presented.
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1. INTRODUCTION AND PRELIMINARIES

The class of fractional differential equations arise in many scientific disci-
plines,such as physics, chemistry, control theory, signal processing and bio-
physics. For more details, we refer the reader to [1], [4]-]8], [17]. Recently, by
applying different techniques of nonlinear analysis such as fixed-point theo-
rems, Leray-Schauder theory, the upper and lower solution method etc., many
authors have obtained results of the existence and multiplicity of solutions or
positive solutions for various classes of fractional differential equations, for ex-
ample, we refer the reader to [2, 3] [9]-[15], [18]-[21] and the references therein.
In this work, we discuss the existence and uniqueness of solutions for the
following integro-differential equations involving two fractional orders:

) DA (DY + Nz (t) = 0f (t,z (t)) + AJ°h (t,x (1)), t€ 0,717,
JI=(x(0)) =0, J2=2 B (2(T)) — BJ**FL(x(n) =0, 0<n<T,

where DY, ¢ = «a, f denote the Riemann-Liouville fractional derivative, with

O<apf<l,l<a+p<20<d6d<1,\0,A B are real constant and

B # %, fy h:[0,7] x R — R, are continuous functions on [0, 7.

The operator J?, 9 € {§,1 — a,a +  — 1} is The Riemann-Liouville fractional
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integral, defined by
1 t
JUf (¢ :/ t—7)7 L f(r)dr,9 >0,
0=tz | =7 1)

where T' (9) := fooo e "u?~1du. The operator DY is the fractional derivative in
the sense of Riemann-Liouville, defined by

no ot
Dy (f) = F(nl_a) <5t> /0 (t— )"y () drn—1<q<n.

LEmMA 1.1 ([16]). For q > 0, the general solution of the fractional differ-

ential equation Dlx (t) = 0 is given by
z(t) =it feot?™2 et

where c; eR,i=1,2,...,n,n—1<a<n.

LeEMMA 1.2 ([16]). Let g > 0. Then for x € L' (0,T) and D92 € L' (0,T),

JIDY% (1) = x (t) + crt?™ ! + ot 2 + . Fent? ",

for somec; e R, i=1,2,....,n, n=[a] + 1.

In order to define the solution for the problem (1), we need the following
lemma:

LEMMA 1.3. For any g € C'[0,T|NL(0,T), the unique solution of boundary
value problem
@) DA DY+ Nz (t)=g(t), te[0,T],0<pb,a<]l,
J (2 (0)) =0, 2P (2(T)) = BJHP 1 (2 (n) = 0,0 <n < T,
s given by:

B t (t . S)a+ﬁfl t (t . S)afl
x (t) —/0 11((Jé+/6))g(s)ds—/\/o Wm(s)ds

| [ 99
— —5)g(s)ds
(T=N)T(@+8) | Jo !

(3) \ T (T o S)l_’B 1 Bta+’8_1

+ ————x(s)ds| +

/0 re-p) () (T-—MNT (a+5)
M (n — S)2a+2,3—2 " () — S)2a+,3—2
% [/0 F(2a+2ﬁ—1)g(s)ds_A/o TRatg_1" |
B 2a+28-2
where A := m and T # A.
Proof. By applying Lemma 1.1 and Lemma 1.2, the solution of (2) is written
as
I'(8) _ _

4 t) = JPg(t) — M (t) — 1wt tOTP7 — pp!
@) w 0= I ) = A ) e e,
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where ¢ and ¢; are arbitrary constants. By the boundary condition J!'~%x (0)
= 0, we conclude that co = 0.

Now, by taking the Riemann-Liouville fractional integral of order 2 —a — 3
and a+ 3 — 1 for (4), we get

J> By (t) = J2g (t) = A* P (t) — eiT (B) t.

and

_ _ - I'(8) -
a+p—1 t) = 2a+28—1 £) — )\ 2a+8-1 t) — t2a+25 2
J x(t)=J g(t)—AJ x (t) ClF(2a+2ﬂ—1) ,
Using the boundary condition J2~% fz (T) — BJ**#~1z (n) = 0, we obtain
that
I T 2-13 2a+28—1
= wm o [ A e (1) = B )

FABJ2 T ()]

Substituting the value of ¢ and ¢; in (4), we obtain the solution (3). O

2. MAIN RESULT

We denote by X = C'([0,7T],R) the Banach space of all continuous functions
from [0, T'] to R endowed with a topology of uniform convergence with the norm
defined by 2] = supyeio ) |2 (1)

In view of Lemma 1.3, we can transform the problem (1) into an equivalent
fixed point problem ¢x = x, where the operator ¢ : X — X is defined by:

t (4 g)oth-1
qu(t)zH/ (t()f(s,m(s))ds

I'(a+pB)
+A/ _a:jj&)lh( A/ t—s"‘ ! 2 (s) ds
ot o[ -9
(5) +A/ 5:; (s ,x(s))dsﬂ/owa(s)dS]
] e igxl)f (5,2 (5)) ds

m(n— S)2a+2,8+6—2

M (g g)20+A2
+)\/0 F(QOHLB_DJ:(S)ds].
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Observe that the existence of a fixed point for the operator ¢ implies the
existence of a solution for the problem (1).

For convenience we introduce the notations:
|9| To+B |A| Tat+p+o Ta+6-1

(6) V1 F(a+B+1) F(a+ﬁ+5+1)+r(a+6)\T—A|
|0‘ T2 ‘A| To+2 ’03’ 7]2a+25—1 ’AB| 772cz+26—i—5—1
[ > "T6+3) " T(2at28) F(2a+25+6)}
and
B T To+B8-1 T2-8 |B| n2a+ﬂ—1
D Vo= W | T N (6 Tear )

2.1. EXISTENCE AND UNIQUENESS SOLUTIONS VIA BANACH’S FIXED POINT
THEOREM

The first results are based on Banach’s fixed point theorem. We prove the
following theorem:

THEOREM 2.1. Let f, h: [0,T] x R — R be continuous functions satisfying
the hypothesis

(Hy) there exist nonnegative constants w;, i = 1,2, such that for allt € [0,T]
and all x, y € R, we have

[f () = fty) Swtle —yl, Rt x) —h(ty)| <ws |z —yl.
Then the boundary value problem (1) has a unique solution provided by wVi <

1 — Vg, where w = max {w; : i = 1,2}, V1 and Vy are defined by (6)and (7),
respectively.

Proof. Assume that N = max{N;:i= 1,2}, where N; are finite num-
bers given by N1 = supycpo g |f (£,0)], N2 = supsejo ) b (¢,0)]. Setting r >
%, we show that ¢B, C B,, where B, = {z € X : ||z|| <r}. For
x € B, we find the following estimates based on the hypothesis (Hj):

[f (5,2 (s))| < [f (5,2 (5)) = [ (5,0)] + | (5,0)] < wrr + N,

and
|h(s,z(s))] <|h(s,x(s)) —h(s,0)]+ |h(s,0)] <war+ Na.

Using these estimates, we can write

a+ﬁ 1
léll < sup {|e| / 1f (5,2 ()] ds

te[0,7) 04'1‘5
t—S a+p+0—1 t(t_s)a—l
i [ s enas ] [ e las
ta+6 1

_l’_

I'(a+B)|T - A ‘9’/ T —5)|f(s,z(s))|ds
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6—|—1
+ A |/ 5+2 (s,z( |ds+|>\|/ s)|ds
B o1 /“(n—@m“ﬁz
i || T (e elas
2a+2,3+5 2
sl [ e s ()]

_ 5)2octB2
el [ @M%}

|9’ Ta+6 |A| Ta+p+0 Ta+6-1
< (wr+ N) { +
T(a@+B+1) T(a+B+6+1) T(a+p)|T Al
|9‘ T2 |A‘ T6+2 |QB| 772a+2,371 |AB| ,,72a+2,3+571
2 r'+3) I (2a + 20) I'(2a+28+9)

\ T Tat+p-1 T2-8 ‘B’ 772a+571
W |t * T K (r=p * Toar )"
=(wr+ N)Vyi+ Vaor <r,

which implies that ¢ B, C B,. Now for =,y € B, and for all t € [0,T], we
obtain:

a B—1
Iz — ¢yl < Sup {!9\ a:B f(s,2(s)) = f(s,y(s))] ds
B a+5+6 1
A [ s @) - s )

ta+,3—1
I'(a+p)|T - Al

(t—s)*!
+|MA ol ()~ (9] ds +

T
|9|/ (T'=s)[f (5,2 () = f (5,9 (s))| ds

5+1
+14) [ 5+2 h(s,z (2)) — h (s,y ()] ds
++MA I@;;%Lu@—y@ﬂm]

|B| ta—l—,B—l

+F(a+r3)‘T—A|

_ g)20+26-2
0 [ ety (s () = £ s,y o)) s

B 2a+2ﬁ+5 2
Al [ (e (@) = h sy (o)) ds
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_ 2a+52
+|A|/ 2a+ﬁ )|x<s>—y<s>|ds”

’9’ Tat+B |A’ Toa+pB+6 To+8-1
T | T(a+5+1) F(a+6+5+)+|T—Ayr(a+B)
’9’ T2 N ‘A’ T5+2 N ‘HB‘ ,'72a+2ﬁ71 ‘AB’ 772a+2,6+671 || ”
2 T(6+3) T(2a+28) ' T(2a+28+9)

Te Tat+p-1 T2-8 |B|,’72a+,3—1
I [r<a+1> Tt B T4 <F(3—ﬁ) et )] =l

= (WVi+ Vo) [l —yl,

which leads to ||[¢z — ¢y|| < (wV1 + V2) ||z — y||. Since wV; <1— Vs, ¢ is a
contraction mapping. O

Now we give another existence and uniqueness result for problem (1) by
using Banach’s fixed point theorem and Hoélder’s inequality.

THEOREM 2.2. Suppose that the continuous functions f, h : [0,T] x R — R.
Assume that:

(Ho) |f (t,2) = fty)l < a(®) e —yl, [h(t,2) = h(t,y)] < b(t) |z —yl, for
eacht € [0,T], z,y € R, whereabEL ([0, T],RT), and o € (0,1).
Denote |9, = (fo |9 (s

If
(8) 0] [lall, A+ [A[[[o]], A2 <1 — Vs,
where
A Toz+,870' 1—0c l1-0o TaJrB,l
' T (a+B) (a+ﬁ—o> ['(a+8) [T — Al
_ 1—0o 20428—0—1 . 1—o
> T2—o’ 1 o + |B‘ n 1 g ,
2—0 N2a+2—-1) \2a+2—-0—-1
TotB+o—0 1—0 1=
0 g ()
Fa+B+0) \a+B+d—0

TotB-1 Té+2-0 1—0 \'77
+r(a+6)\T—A|<r(5+2) (5+2—0)
|B| 772a+2ﬁ-|—6—o——1 1—¢a l1—0o
+I‘(2a+2ﬁ+5—1)(2a+2ﬁ+5—0—1) >

and Vg is given by (7). Then the boundary value problem (1) has a unique
solution.
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Proof. For z,y € X and t € [0,T], by Holder inequality and using (Hz), we
have:

o[ wts 1 N
”m—@”ft:;g};]{r(aw)/o (=955 a) " ([ a7 as)

e GRS

(e

at+B—1 T . o 1 N o
+F(aiﬁ)\T—A| ]9|/0 ((T—s)mds)1 (/0 a(s)ads>
T 5+1 —0 1 1 i a+p-1
+r(lsAj‘LQ)/o <(T_S)md3)1 </0 b(s>°d5> +r(o|i|tﬁ)lT—Ay

(e

2a+28-2 g 1 1
X [F(Qoz—tggﬁ—l) /()n((r]—(f;)l—ﬁds)1 X(/o a(s)cr) ds
n 20428+5—2 - 1 1 7
" F(2a+£g|+6— 1)/0 (=55 as) </0 b d8> ]
a a+pB-1 2-8 2a+p-1
W rarD * T = (65 * Taara) }”x_y”

Toz—l—ﬁ—g 1—o 1-0o Ta+5_1
< 1 al, ( ) e

F'a+p) \a+B—-0 a+ B)|T — A

o o 1—0 1-0o |B‘ 77204—&—25—0’—1 1—0 1-0o
x| T +
2—0 F2a+2-1) \2a+2—-0—-1
Tatp+é—o 1—0o 1-0o Ta+B-1
I'(a+p+96) (a+ﬁ+5—a> [(a+B)[T — Al

To2-0 (1 1 _g \'7°
X(I‘(5+2)<5+2—0>

|B| ,’72a+2,3+5—<7—1 1—0o 1-0o
+F(2a+25+5—1)<2a+2ﬁ+5—a—1> )

T Tot+p-1 T2-8 ’B| n2a+ﬁ—1
A [r(aﬂ)*r(amnT—M <r<3—ﬁ>+ TR >] =l

= (6] lall, Ax + [A[[[bll, A2 + V2) [l =y

+ |Allbll,

Therefore,

[z — oyll < (10] lall, A + AL [[bll, A2 + Va2) [z —y]|.
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By the condition (8), it follows that ¢ is a contraction mapping. Hence, by the
Banach’s fixed point theorem ¢ has a unique fixed point which is the unique
solution of the boundary value problem (1). Then, the proof is complete. [

2.2. EXISTENCE SOLUTIONS VIA LERAY-SCHAUDER’S NONLINEAR
ALTERNATIVE AND LERAY-SCHAUDER DEGREE

Now, we prove the existence of solutions of problem (1) by applying Leray-
Schauder nonlinear alternative [21].

THEOREM 2.3 (Nonlinear alternative for single valued maps). Let E be a
Banach space, C' a closed, convex subset of I, Q0 an open subset of C' and
0 € Q. Suppose that ¢ : Q — C is a continuous, compact (that is, ¢(Q) is a
relatively compact subset of C') map. Then either

(i) ¢ has a fived point in Q, or

(ii) there is a x € O (the boundary of Q in C) and p € (0,1) with x = ppz.

THEOREM 2.4. Assume that f, h: [0, T] xR — R, are continuous functions.
Suppose that:

(H3) there ewists nondecreasing functions ¢y, : RY — RT, and functions
p,q € C([0,T],RT), such that

[F &z <p@) P lzl]), [h(t o) <q@)v2(]), forall (t,2) € [0,T]xR.
(Hy) there ezists a constant L > 0 such that
L

> 1,
0] {[pll 1 v1 (L) Av+ [Af [lgll g2 42 (L) Az + VoL
where
a+p3
Ay = _
F'a+p+1)
Tat+p-1 T2 ‘B’ n2a+2571
+ —+ = |,
0 F(a+6)!T—A<2 F(2a+2ﬁ)>
( ) Ta+B8+0
Ag =
T T(a+f+0+1)
Tat+p-1 T6+2 |B| 772044—2,6’—1-6—1
+ + ,
I'(a+ 6)|T — Al <F(6+3) F(2a+25+5)>

and Vy is given by (7). Then the problem (1) has at least one solution on
[0,T7].

Proof. Let the operator ¢ : X — X be defined by (5). Firstly, we will show
that ¢ maps bounded sets (balls) into bounded sets in X. For a number r > 0,
let B, = {x € X : ||z|]| < r} be a bounded ball in X. Then, for ¢t € [0,T], we
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have

o a+ﬁ 1
62 (1)) < |6] / ) (s (]l ds

o a+ﬁ+5 1 t _ s a—1
g [ 4 <s>w2<|ac||>ds+|A|/0 el

ta+6 1 T
R wr/ (T — ) p(s)v1 (l]) ds
+|A|/ 5+52+1 (s) 2 (1) ds+|A|/ _)6 Iw<8>ldS]
e s
14 / 2;;???: () & ([l2]]) ds + [ / Q:;B_Q)Ix@ldsl
P ] e |

To+B+6 Toth-1
1Al v 0) |5 55T+ T S

T5+2 |B| n2a+2[3+5—1
(t6+9 * reasesa)

T Tat+p—-1 T2-8 |B| 77204+ﬁfl
N [ " ( ¥ )} ,
Fa+1l) T(a+8)|T—A\I'B=p) T (2a+p)
Consequently,

[l < [01Ipll s 1 () Ax + Al llgll g1 92 (r) Az + Var,

Next, we show that ¢ maps bounded sets into equicontinuous sets of X. Let

t1,to € [0,T] with t; < t2 and = € B,. Then, we have
0] [[pll 1 ¥1 (r) ( atf a+ﬁ>
to) — t < ——= - (¢ —t

| Al HQHLl Y2 (1) a+B+6 a+B+4 Al a a
- — = t
TCa+B+6+1) <t f >+F(a+1)(t 1)

|B|772a+25 1
T []9| [Pl 1 b1 (7) < 5 T F(20z~|—26)> i

T6+1 ‘B’ 772a+2,3+571
1 Alllall 1 92 (r) (I‘ (0 +3) + I'(2a+ 26+ 5))

2P ’B’n2a+ﬁ ! a+p-1 a+p-1
W (=g * Foarar)7] (677477,
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Obviously, the right-hand side of the above inequality tends to zero indepen-
dently of x € B, asty—t; — 0. Therefore, ¢ : X — X is completely continuous
by application of the Arzela-Ascoli theorem.

Now, we can conclude the result by using the Leray-Schauder’s nonlinear
alternative theorem. Consider the equation x = pgzx for 0 < p < 1 and
assume that z be a solution. Then, using the computations in proving that ¢
is bounded, we have

]l = lloge]l < 16] el 1 ()
Ta+p-1 Tao+p-1 ‘B| 77201-i—2ﬂ—2
[F(a+6) "TarAIT-A ( " F(2a+2ﬁ—1)>}
Tat+p+i-1 Tat+B-1
Al b Ol | o555 * T 9 T

T0+2 |B| p2ot2B+6-2
X +
(rv " roatam 5 D))

T Ta+5—1 T2—6 |B’ n2a+6—1
+1l| ¥ — (Fe=g N
F(a+1) T(a+p)|T-A\I'(B=8) T (2a+p)
=10[[Ipllpr ¥1 (l[]) A1+ [Al gl ¥2 (2]]) Az + V2 ||z -
Therefore,
|zl

<1
101 1Pl 1 oo ([l]]) Ar + [Allgll L2 2 ([l2]]) A2 + Va [lz]]
By (Hy4) there exists L such that L # ||z||. Let us set

Q:={reX:|z| <L}.

We see that the operator ¢ : 2 — X is continuous and completely continuous.
From the choice of €, there is no # € 92 such that z = p¢x for some 0 <
p < 1. Consequently, by the nonlinear alternative of Leray-Schauder’s type,
we deduce that ¢ has a fixed point = € € which is a solution of the problem
(1). This completes the proof. O

THEOREM 2.5. Let f, h: [0,T] x R — R be continuous functions. Suppose
that

(Hs) there exist constants 0 < m < m and M; > 0, i = 1,2 such
that

|f (& 2)| < ma (Ja]) + My, bt 2)| < mz ([2]) + M, (¢,2) € [0,T] xR,
where m = max{m; :i=1,2}, M = max{M; : i =1,2}. Then the problem
(1) has at least one solution on [0,T].

Proof. We define an operator ¢ : X — X as in (5) and consider the fixed

point equation z = ¢x. We shall prove that there exists a fixed point z € X
satisfying (1). It is sufficient to show that ¢ : B, — X satisfies

(11) x # poz, V(x,pn) € 0B, x [0,1],



264 M. Houas, Z. Dahmani, and E. Set 11

where

B, := {xeX: max |z (t)| <, r>0}.
te[0,T

We define W (u,z) = poz, (z,n) € X x [0,1]. As shown in Theorem 2.4,
the operator ¢ is continuous, uniformly bounded, and equicontinuous. Then,
by the Arzela- Ascoli theorem, a continuous map w, defined by w, = = —
W (u, ) = x — pgz is completely continuous. If (11) holds, then the following
Leray-Schauder degrees are well defined and by the homotopy invariance of
topological degree, it follows that

deg (w,uvBTaO) = deg (I - MQSa BTaO) = deg (bi?‘aO) = deg (w0>B7'a0)
= deg(I,B;,0)=1+#0, 0€ B,,

where I denotes the identity operator. By the nonzero property of Leray-
Schauder’s degree, wi(z) = © — ¢z = 0 for at least one z € B,. In order to
prove (11), we assume that z = p¢z for some p € [0,1] and for all ¢t € [0,T].
Then

¢ (t) = |pgz ()] < (m |z ()] + M) |0)]

To+B Ta+p-1 T2 |B‘ n2a+2571
[F(a—i—ﬁ—i—l) + ['(a+B) [T — Al <2+ I' (2 4 28) )]
To+B+0 Ta+8-1
+ (mle (@) + M) 4] [F(a+,8+6+1) Tt A
T5+2 |B| ,,7211—{—26—}—5—1
(r(5+3) * F(2a+2,6’+5))}
T To+p-1 T2-8 |B| 77204-{-5—1
W |t * Fa BT E (F6-5 * Faars ) O
= (m |z (t)| + M) [|0] Ay + |A] Ag] + Vo |z (t)] .

Taking norm supcpo 7y |z (t)| = ||z, we get
]l < (m[l]l + M) [10] Ar + |A] Ag] + [[z]| Vo,
which implies that

L|0] Ay + |A] Ag]
m [|9| Aq + ‘A| AQ] — Vo

<
ol < —

L[6]A:+]A|A . . .
If r = 1—m[|“9|IAllJ:F|IA||A22]}—V2 + 1, then inequality (11) holds. This completes the

proof. O

REMARK 2.6. If p(t) = ¢(¢t) = 1 and 91 (x) = mq (|z]) + My, 12 (z) =
ma (|z|) + M2, then the theorem 2.4 can be reduced to theorem 2.5.
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3. EXAMPLES
To illustrate our main results, we treat the following examples.

ExaMPLE 3.1. Let us consider the following fractional difference nonlocal
boundary value problem:

(12) Dz (Dg + %3) z(t)=0f (t,z(t) + AJ3h(t,z (1)), t€[0,1],
JIm (2 (0)) =0, J2o7 P (z (1)) — 2J2H 1 (2 (2)) = 0.
e_m2m(t)
(32vmte=m) (1+a(1)’

h(t,z) = % Also for z,y € R and t € [0, 1], we have

For this example, we have § = A = 1 and f (t,z) =

1
If (t,z) = f(t,y)] < m|$—y|a

1
_ < ——lr—ul.
h(t2) —h(ty)l < o lv -yl

Hence,
1 1
wp = m,wg = 35 V1 =2.6872,Vy=0.162 89,
and

1
= bi=1,2} = ———.
w = max {w;,i = 1,2} N
Therefore, we havewV; = 4.6557x 1072 < 1 -V = 1—0.162 89.Hence, all the
hypotheses of Theorem 2.1 are satisfied. Thus, by the conclusion of Theorem
2.1, problem (12) has a unique solution.

EXAMPLE 3.2. As a second illustrative example, let us take

az PP (OF )@ =it )+ 1), te 1],
T (@ (0)) = 0, 20 (1)) = VBITH (2 (3)) =0

Here,
: 3+ sinh (o)
t
Flta) = ) ,
167 + cos? z (1) 27
. z(t)
2sin (T) 2 + cosh (7t + 1)

h(t,z) =
() 20ﬁ+6052x(t)+ VT +3

Then we can find thatA; = 2.0581, Ay =1.8137, Vo = 0.1396. Clearly,

sin z (t) 3+ sinh (etQ) 3 + sinh (et2>
<
167 + cos? z (¢) 27 - 167

|f (¢, z)| = (lz] +8),
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x(t)
251“( ) +2+cosh(ﬁt+1)

b o) = s e o2 (@) 37 +3
2 + cosh (7t + 1)
< .
< (B D) (o 45
_ 3+sinh et cosh(r .
Choosing p (1) = ") g 1) = et and 4y (|2) = 62, s (|2 )

— L ;
= |z| + 5, we can show that BT, (LF5) A F AT, T (L5)AaFVal = 1, which

implies L > 12,061. Hence, by Theorem 2.4, the problem (13) has at least one
solution on [0, 1].

ExXAMPLE 3.3. Our third example is the following:

ag L DH(DEHE) w0 =3F (r )+ 38R (), 1€ 0,1],
T (2(0) = 0, J2o B (z (1)) = 70701 (2 (3)) =0,

where, f(t,2) = 2sin lzly 4 2le] ,h(t,r) = 2 sin 2” z|) + |z| +1
8 3 14|z 167 142z 2

3 (2l 2Jal
t = |= — 2
1) ‘8“(3)*1 2| Sl

_.I_
3 |z| 1 1
h(t = < — 1
00) = Jggezsin (5 1el) + 55+ 3| < g bl 1

A; =1.9606, A =0.80634, Vy =0.21422.
Clearly L = max{L;,i=1,2} = 2 and m = max{m;,i=1,2} = § <
m = 0.52085. Thus, all the conditions of Theorem 2.5 are satisfied

and consequently the problem (14) has at least one solution.
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