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AN EXTENSION SYSTEM OF SEQUENTIAL DIFFERENTIAL
EQUATIONS OF ARBITRARY ORDER

HAMMOU BENMEHIDI and ZOUBIR DAHMANI

Abstract. We are concerned with an extension of a coupled sequential differ-
ential system of fractional type. Using the Banach contraction principle, we
establish new results for the existence and uniqueness of solutions. Then, we
prove another existence result via Schaefer’s fixed point theorem. At the end,
we illustrate one main result by an example.
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1. INTRODUCTION

The branch of differential equations is considered as an important branch
in mathematics, especially differential equations of fractional order, after the
spread of such equations in other scientific areas and it has many applica-
tions in physics, electrochemistry, biomathematics, aerodynamics, dynamics
of earthquakes, viscoelasticity, electromagnetic, control theory of dynamical
systems etc. For more details, we refer the reader to [3, 10, 11]. In particular,
the existence and uniqueness problems of differential equations of fractional
order have been investigated by many authors. For instance, we cite the papers
[1, 2, 14, 15] .

Recently, in [15] , some existence and the uniqueness results have been given
for the following system of sequential Caputo and Hadamard fractional differ-
ential equations{

cCDαHDβx (t) = f (t, x (t)) , a ≤ t ≤ b,

γ1x (a) + γH2 D
βx (a) = 0, λ1x (b) + λH2 D

βx (b) = 0,

where CDα,H Dβ denote the Caputo and Hadamard fractional derivatives of
orders α and β, respectively with, 0 < α, β ≤ 1 and γi, λi ∈ R

(
i = 1, 2

)
, f :

[a, b]× R → R is continuous function.
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Very recently, S. Asawasamrit et al. [1] studied the existence and unique-
ness of solutions for the coupled system of nonlinear sequential Caputo and
Hadamard fractional differential equations with coupled separated boundary
conditions defined by:

(1)


CDp1HDq1x (t) = f (t, x (t) , y (t)) , a ≤ t ≤ b,
HDq2CDp2y (t) = g (t, x (t) , y (t)) , a ≤ t ≤ b,

α1x (a) + αC
2 D

p2y (a) = 0, β1x (b) + βC2 D
p2y (b) = 0,

α3y (a) + αH
4 D

q1x (a) = 0, β3y (b) + βH4 D
β1x (b) = 0,

where CDpi ,H Dqi are the Caputo and Hadamard fractional derivatives of or-
ders pi and qi, respectively with, 0 < αi, βi ≤ 1, i = 1, 2 and αi, βi

(
i = 1, 4

)
are real constants and f, g : [a, b]× R3 → R are continuous functions.

Motivated by the above results, in this paper, we are concerned with extend
the study of the work of S. Asawasamrit et al. [1], by considering the following
sequential problem:

(2)


CDα1HDβ1x (t) = f

(
t, x (t) , y (t) ,H Dα2y (t)

)
, a ≤ t ≤ b,

HDβ2CDα2y (t) = g
(
t, x (t) ,H Dβ1x (t) , y (t)

)
, a ≤ t ≤ b,

γ1x (a) + γC2 D
α2y (a) = θ1, λ1x (b) + λC2 D

α2y (b) = θ2,
γ3y (a) + γH4 D

β1x (a) = θ3, λ3y (b) + λH4 D
β1x (b) = θ4,

where CDαi ,H Dβi denote the Caputo and Hadamard fractional derivatives of
orders αi and βi, respectively with, 0 < αi, βi ≤ 1, i = 1, 2 and γi, λi, θi,(
i = 1, 4

)
are real numbers such that γi, λi are no zero numbers, a, b ∈ R with

a > 0, and f, g : [a; b]× R3 → R are two given functions.

2. PRELIMINARY RESULTS

In this section, we present some definitions and lemmas for fractional deriva-
tives which are used later, for more details, see [7, 8, 9, 11].

Definition 2.1. The Riemann-Liouville fractional integral operator of or-
der α > 0, for a continuous function f on [a, b] is defined as:

Iαf (t) = 1
Γ(α)

∫ t

a
(t− τ)α−1 f (τ) dτ, α > 0, a ≤ t ≤ b.

Definition 2.2. The fractional derivative of order α, n − 1 < α ≤ n for a
continuous function f : [a, b] → R is given by

Dαf (t) = 1
Γ(n−α)

∫ t

a
(t− τ)n−α−1 f (n) (τ) dτ, a ≤ t ≤ b.

Lemma 2.3. For α > 0, the general solution of the fractional differential
equation Dαx (t) = 0 is given by

x (t) =

n−1∑
i=0

ci (t− a)i ,
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where ci ∈ R, i = 0, 1, 2, .., n− 1, n = [α] + 1.

Lemma 2.4. Let α > 0. Then

IαDαx (t) = x (t) +

n−1∑
i=0

ci (t− a)i , n = [α] + 1.

Definition 2.5. The Hadamard fractional integral of order α > 0, for a
continuous function f on [a, b] is defined as:

HIαf (t) =
1

Γ (α)

∫ t

a

(
log t

τ

)α−1

f (τ)
dτ

τ
, α > 0, a ≤ t ≤ b.

Definition 2.6. The Caputo-type Hadamard fractional derivative of order
α, n = [α]+1 for an For an at least n-times differentiable function f is defined
as:

HDαf (t) =
1

Γ (n− α)

∫ t

a

(
log t

τ

)n−α−1

δnf (τ)
dτ

τ
, a ≤ t ≤ b.

where δ = t
d

dt
and log (.) = loge (.) .

notation 2.7. We denote by ACn
δ [a, b] :=

{
g: [a, b] → R: δn−1g ∈ AC [a, b]

}
the space of functions g that have δ derivatives up to (n− 1) on [a, b] and
δn−1g ∈ AC [a, b] , where, AC [a, b] is the set of absolutely continuous functions
on [a, b] wich coincide with the space of primitives of Lebesgue measurable
functions.

The Riemann-Liouville and Hadamard fractional integrals of a function with
three variables are given by

HIq
(
RLIp (fx,y,z)

)
(ζ)

=
1

Γ (p) Γ (q)

∫ ζ

a

∫ s

a

(
log

ζ

s

)q−1

(s− r)p−1 f (r, x (r) , y(r), z (r)) dr
ds

s
,

and
RLIp

(
HIq (fx,y,z)

)
(ζ)

=
1

Γ (p) Γ (q)

∫ ζ

a

∫ s

a
(ζ − r)p−1

(
log

s

r

)q−1
f (r, x (r) , y(r), z (r))

dr

r
ds,

where 0 < p, q ≤ 1 and ζ ∈ {t, b} .
As a special case that will be needed in this paper, we consider the following

two quantities:

HIq
(
RLIp (1)

)
(ζ) =

1

Γ (p) Γ (q)

∫ ζ

a

∫ s

a

(
log

ζ

s

)q−1

(s− r)p−1 dr
ds

s
,

RLIp
(
HIq (1)

)
(ζ) =

1

Γ (p) Γ (q)

∫ ζ

a

∫ s

a
(ζ − r)p−1

(
log

s

r

)q−1 dr

r
ds.

We recall also the following lemma.
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Lemma 2.8. Let α > 0 and x ∈ ACn
δ [a, b] . Then we have

HIα
(
HDα

)
x (t) = x (t)−

n−1∑
i=0

ci

(
log

(
t

a

))i

,

where, ci ∈ R, i = 1, 2, . . . , n− 1, (n = [α] + 1) .

We introduce the following quantities

Λ1 := λ1

(
log
(
b
a

))β1

Γ (β1 + 1)
, Λ2 := λ1 − λ2

γ1
γ2
,

Λ3 := λ4 − λ3
γ4
γ3
, Λ4 := λ3

(b− a)α2

Γ (α2 + 1)

(
θ1
γ2

− γ1
γ2

)
,

Σ := Λ4Λ1 − Λ3Λ2.

In the following lemma, we prove a first auxiliary main result.

Lemma 2.9. Let the functions φ,ψ ∈ C ([a, b] ,R) . Then, the solution of the
problem

(3)


CDα1HDβ1x (t) = φ (t) , a ≤ t ≤ b,
HDβ2CDα2y (t) = ψ (t) , a ≤ t ≤ b,

γ1x (a) + γC2 D
α2y (a) = θ1, λ1x (b) + λC2 D

α2y (b) = θ2,
γ3y (a) + γH4 D

β1x (a) = θ3, λ3y (b) + λH4 D
β1x (b) = θ4

is given by (x (t) , y (t)) , where

x (t) =
1

Σ

[
− Λ3θ2 +

(
Λ3 − Λ4

(
log
(
t
a

))β1

Γ (β1 + 1)

)

×
(
λH1 I

β1
(
RLIα1φ

)
(b) + λH2 I

β2ψ (b) + λ2
θ1
γ2

)]

+
1

Σ

[
(Λ1 + Λ4) θ4 −

(
Λ1 + Λ2

(
log
(
t
a

))β1

Γ (β1 + 1)

)

×
(
λ3I

α2

(
HIβ2ψ

)
(b) + λRL

4 Iα1φ (b) + λ3
θ3
γ3

)]
+H Iβ1

(
RLIα1φ

)
(t)

and

y (t) =
θ3
γ3

+
θ1
γ2

(t− a)α2

Γ (α2 + 1)
− 1

Σ

(
γ4
γ3

Λ4 +
γ1
γ2

Λ3
(t− a)α2

Γ (α2 + 1)

)
×
(
θ2 −

(
λH1 I

β1
(
RLIα1φ

)
(b) + λH2 I

β2ψ (b)
)
− λ2

θ1
γ2

)
− 1

Σ

[
γ4
γ3

Λ4θ4 −
(
γ4
γ3

Λ4 +
γ1
γ2

Λ3
(t− a)α2

Γ (α2 + 1)

)
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×
(
λRL
3 Iα2

(
HIβ2ψ

)
(b) + λ4I

α1φ (b)− λ3
θ3
γ3

)
+
γ1
γ2
θ1Λ1

(t− a)α2

Γ (α2 + 1)

]
+RL Iα2

(
HIβ2ψ

)
(t) .

Proof. We apply lemmas 4 to the first equation of (3) , we can write

(4) HDβ1x (t) = c1 + Iα1φ (t) , c1 ∈ R.

We apply Lemma 8 to (4) , we get

(5) x (t) = c2 + c1

(
log
(
t
a

))β1

Γ (β1 + 1)
+H Iβ1

(
RLIα1φ

)
(t) , c2 ∈ R.

By using the Hadamard fractional integral of order β2 to the second equation
of (3) , it yields that

(6) CDα2y (t) = c3 +
H Iβ2ψ (t) , c3 ∈ R.

Thanks to Lemma 4 to (6) , yields the following formula

(7) y (t) = c4 + c3
(t− a)α2

Γ (α2 + 1)
+RL Iα2

(
HIβ2ψ

)
(t) , c4 ∈ R.

Thanks to the initial conditions of (3), we obtain

(8)



γ1c2 + γ2c3 = θ1,

λ1

(
c2 + c1

(log( b
a))

β1

Γ(β1+1) +H Iβ1
(
RLIα1φ

)
(b)

)
+λ2

(
c3 +

H Iβ2ψ (b)
)
= θ2,

γ3c4 + γ4c1 = θ3,

λ3

(
c4 + c3

(b−a)α2

Γ(α2+1) +
RL Iα2

(
HIβ2ψ

)
(b)
)
+ λ4 (c1 + Iα1φ (b)) = θ4

so, we have

(9)



λ1

(
log
(
b
a

))β1

Γ (β1 + 1)
c1 +

(
λ1 − λ2

γ1
γ2

)
c2

= θ2 − λH1 I
β1
(
RLIα1φ

)
(b)− λH2 I

β2ψ (b)− λ2
θ1
γ2
,(

λ4 − λ3
γ4
γ3

)
c1 + λ3

(b− a)α2

Γ (α2 + 1)

(
θ1
γ2

− γ1
γ2

)
c2

= θ4 − λRL
3 Iα2

(
HIβ2ψ

)
(b)− λ4I

α1φ (b)− λ3
θ3
γ3
,

c3 =
θ1
γ2

− γ1
γ2
c2,

c4 =
θ3
γ3

− γ4
γ3
c1.
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By solving

{
Λ1c1 + Λ2c2 = ∆1

Λ3c1 + Λ4c2 = ∆2,
where

∆1 : = θ2 − λH1 I
β1
(
RLIα1φ

)
(b)− λH2 I

β2ψ (b)− λ2
θ1
γ2
,

∆2 : = θ4 − λRL
3 Iα2

(
HIβ2ψ

)
(b)− λ4I

α1φ (b)− λ3
θ3
γ3
,

we obtain

c1 =
Λ4

Σ
∆1 +

Λ2

Σ
∆2,

c2 =
Λ1

Σ
∆2 −

Λ3

Σ
∆1.

Using (9) , we get

c3 =
θ1
γ2

− γ1Λ1

γ2Σ
∆2 +

γ1Λ3

γ2Σ
∆1,

c4 =
θ3
γ3

− γ4Λ2

γ3Σ
∆2 −

γ4Λ4

γ3Σ
∆1.

Lemma 9 is thus proved. □

3. MAIN RESULT

We introduce the spaces

X :=
{
x ∈ C ([a, b],R) ,H Dβ1x (t) ∈ C ([a, b],R)

}
,

Y :=
{
y ∈ C ([a, b],R) ,H Dα2y (t) ∈ C ([a, b],R)

}
.

We endowed the space X by the norm

∥u∥X := max
(
∥x∥ ,

∥∥∥HDβ1x
∥∥∥) , ∥x∥ = sup

a≤t≤b
|x(t)| ,∥∥∥HDβ1x

∥∥∥ = sup
a≤t≤b

∣∣∣HDβ1x(t)
∣∣∣ .

In the same manner with Y ,

∥y∥Y := max
(
∥y∥ ,

∥∥HDα2y
∥∥) , ∥y∥ = sup

a≤t≤b
|y(t)| ,∥∥HDα2y

∥∥ = sup
a≤t≤b

∣∣HDα2y(t)
∣∣ .

Thus,
(
X × Y, ∥.∥X×Y

)
is a Banach space with norm

∥(x, y)∥X×Y := max (∥x∥X , ∥x∥Y ) .
We consider the operator T defined as follows:

T : X × Y → X × Y
(x, y) (t) 7−→ (T1 (x, y) (t) , T2 (x, y) (t)) ,
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where, ∀t ∈ [a, b],

T1 (x, y) (t) :=
1

Σ

[
− Λ3θ2 +

(
Λ3 − Λ4

(
log
(
t
a

))β1

Γ (β1 + 1)

)

×

(
λH1 I

β1
(
RLIα1f

(
b, x (b) , y (b) ,H Dα2y (b)

))
× λH2 I

β2g
(
b, x (b) , y (b) ,H Dβ1x (b)

))
+ λ2

θ1
γ2

]

+
1

Σ

[
(Λ1 + Λ4) θ4 −

(
Λ1 + Λ2

(
log
(
t
a

))β1

Γ (β1 + 1)

)

×

(
λRL
3 Iα2

(
HIβ2g

(
b, x (b) , y (b) ,H Dβ1x (b)

))
+ λ4I

α1f
(
b, x (b) , y (b) ,H Dα2y (b)

))
+ λ3

θ3
γ3

]
+H Iβ1

(
RLIα1f

(
t, x (t) , y (t) ,H Dα2y (t)

))
and

T2 (x, y) (t) :=
θ3
γ3

+
θ1
γ2

(t− a)α2

Γ (α2 + 1)
− 1

Σ

(
γ4
γ3

Λ4 +
γ1
γ2

Λ3
(t− a)α2

Γ (α2 + 1)

)
×
(
θ2 −

(
λH1 I

β1
(
RLIα1f

(
b, x (b) , y (b) ,H Dα2y (b)

))
+ λH2 I

β2g
(
b, x (b) , y (b) ,H Dβ1x (b)

))
− λ2

θ1
γ2

)
− 1

Σ

[
γ4
γ3

Λ4θ4 −
(
γ4
γ3

Λ4 +
γ1
γ2

Λ3
(t− a)α2

Γ (α2 + 1)

)
×
(
λRL
3 Iα2

(
HIβ2g

(
b, x (b) , y (b) ,H Dβ1x (b)

))
+ λRL

4 Iα1f
(
b, x (b) , y (b) ,H Dα2y (b)

)
− λ3

θ3
γ3

)
+
γ1
γ2
θ1Λ1

(t− a)α2

Γ (α2 + 1)

]
+RL Iα2

(
HIβ2g

(
t, x (t) , y (t) ,H Dβ1x (t)

))
.

We need to consider the following hypothesis:
(H1): Suppose that there exist some constants lij > 0, i = 1, 2, j = 1, 3 such

that

|f (t, x2, y2, z2)− f (t, x1, y1, z1)| ≤ l11 |x2 − x1|+ l12 |y2 − y1|+ l13 |z2 − z1| ,
|g (t, x2, y2, z2)− g (t, x1, y1, z1)| ≤ l21 |x2 − x1|+ l22 |y2 − y1|+ l23 |z2 − z1| ,
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for each t ∈ [a, b] and all xi, yi, zi ∈ R.
Then, we introduce the quantities:

Q1 :=
|λ1| l1
|Σ|

(
|Λ3|+ |Λ4|

(
log
(
b
a

))β1

Γ (β1 + 1)

)H

Iβ1
(
RLIα1 (1)

)
(b)

+
|λ4| l1
|Σ|

(
|Λ1|+ |Λ2|

(
log
(
b
a

))β1

Γ (β1 + 1)

)RL

Iα1 (1) (b) + lH1 I
β1
(
RLIα1 (1)

)
(b) ,

Q2 :=
|λ2| l2
|Σ|

(
|Λ3|+ |Λ4|

(
log
(
b
a

))β1

Γ (β1 + 1)

)H

Iβ2 (1) (b)

+
|λ3| l2
|Σ|

(
|Λ1|+ |Λ2|

(
log
(
b
a

))β1

Γ (β1 + 1)

)RL

Iα2

(
HIβ2 (1)

)
(b) ,

Q3 :=
|λ1| l1
|Σ|

(
|γ4|
|γ3|

|Λ4|+
|γ1|
|γ2|

|Λ3|
(b− a)α2

Γ (α2 + 1)

)H

Iβ1
(
RLIα1 (1)

)
(b)

+
|λ4| l1
|Σ|

(
|γ4|
|γ3|

|Λ4|+
|γ1|
|γ2|

|Λ3|
(b− a)α2

Γ (α2 + 1)

)RL

Iα1 (1) (b) ,

Q4 :=
|λ2| l2
|Σ|

(
|γ4|
|γ3|

|Λ4|+
|γ1|
|γ2|

|Λ3|
(b− a)α2

Γ (α2 + 1)

)H

Iβ2 (1) (b)

+
|λ3l2|
|Σ|

(
|γ4|
|γ3|

|Λ4|+
|γ1|
|γ2|

|Λ3|
(b− a)α2

Γ (α2 + 1)

)RL

× Iα2

(
HIβ2 (1)

)
(b) + lRL

2 Iα2

(
HIβ2 (1)

)
(b) ,

M1 :=

(
log

b

a

)β1

Γ (1 + β1)
,M2 :=

(
log

b

a

)α2

Γ (1 + α2)
,

where l1 = max (l11, l12, l13) , l2 = max (l21, l22, l23) .

Theorem 3.1. Assume that (H1) is satisfied. Then, the problem (2) has a
unique solution on [a, b] , provided that Q < 1, where

Q := max {max ((Q1 +Q2) ,M1 (Q1 +Q2)) ,max ((Q3 +Q4) ,M2 (Q3 +Q4))} .

Proof. We show that the operator T is contractive. Let (x1, y1) , (x2, y2) ∈
X × Y. Then, for each t ∈ [a, b] , we have

|T1 (x2, y2) (t)− T1 (x1, y1) (t)|

≤ 1

|Σ|

[(
|Λ3|+ |Λ4|

(
log
(
b
a

))β1

Γ (β1 + 1)

)
(|λ1| l1 (∥x2 − x1∥

+ ∥y2 − y1∥+
∥∥HDα2 (y2 − y1)

∥∥)H Iβ1
(
RLIα1 (1)

)
(b)
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+ |λ2| l2
(
∥x2 − x1∥+ ∥y2 − y1∥+

∥∥∥HDβ1 (x2 − x1)
∥∥∥)

×HIβ2 (1) (b)
)]

+
1

|Σ|

[(
|Λ1|+ |Λ2|

(
log
(
b
a

))β1

Γ (β1 + 1)

)
×
(
|λ3| l2 ∥x2 − x1∥+ ∥y2 − y1∥+

∥∥∥HDβ1 (x2 − x1)
∥∥∥)

×RL Iα2

(
HIβ2 (1)

)
(b) + |λ4| l1 (∥x2 − x1∥+ ∥y2 − y1∥

+HDα2 ∥y2 − y1∥
)RL

Iα1 (1) (b)
]
+ l1 (∥x2 − x1∥+ ∥y2 − y1∥

+HDα2 ∥y2 − y1∥
)H

Iβ1
(
RLIα1 (1)

)
(b) .

Consequently,

|T1 (x2, y2) (t)− T1 (x1, y1) (t)|

≤ |λ1| l1
|Σ|

(
|Λ3|+ |Λ4|

(
log
(
b
a

))β1

Γ (β1 + 1)

)

× (∥x2 − x1∥X + ∥y2 − y1∥Y )
H Iβ1Iα1 (1) (b) +

|λ2| l2
|Σ|

×

(
|Λ3|+ |Λ4|

(
log
(
b
a

))β1

Γ (β1 + 1)

)
(∥x2 − x1∥X + ∥y2 − y1∥Y )

H Iβ2 (1) (b)

+
|λ3| l2
|Σ|

(
|Λ1|+ |Λ2|

(
log
(
b
a

))β1

Γ (β1 + 1)

)
(∥x2 − x1∥X + ∥y2 − y1∥Y )

× Iα2HIβ2 (1) (b) +
|λ4| l1
|Σ|

(
|Λ1|+ |Λ2|

(
log
(
b
a

))β1

Γ (β1 + 1)

)
+ l1 (∥x2 − x1∥X + ∥y2 − y1∥Y )

H Iβ1Iα1 (1) (b)

≤ (Q1 +Q2)max (∥x2 − x1∥∞ , ∥y2 − y1∥∞) .

(10)

On other hand, we have∣∣∣HDβ1T1 (x2, y2) (t)−H Dβ1T1 (x1, y1) (t)
∣∣∣

≤ 1

Γ (1− β1)

(
t
d

dt

)∫ t

a

(
log

t

s

)−β1

|T1 (x2, y2) (t)− T1 (x1, y1) (s)|
ds

s

≤M1 (Q1 +Q2)max (∥x2 − x1∥∞ , ∥y2 − y1∥∞) .

(11)

Similarly, we can write

|T2 (x2, y2) (t)− T2 (x1, y1) (t)| ≤ (Q3 +Q4)max (∥x2 − x1∥∞ , ∥y2 − y1∥∞) .

Also, we have ∣∣HDα2T2 (x2, y2) (t)−H Dα2T2 (x1, y1) (t)
∣∣
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≤ 1

Γ (1− α2)

(
t
d

dt

)∫ t

a

(
log

t

s

)−α2

× |T2 (x2, y2) (t)− T2 (x1, y1) (s)|
ds

s
≤M2 (Q3 +Q4)max (∥x2 − x1∥∞ , ∥y2 − y1∥∞) .

Thanks to (10) , (11), we obtain

∥T1 (x2, y2)− T1 (x1, y1)∥X ≤ max ((Q1 +Q2) ,M1 (Q1 +Q2))

×max (∥x2 − x1∥X , ∥y2 − y1∥Y ) .

With the same arguments as before, we have

∥T2 (x2, y2)− T2 (x1, y1)∥Y ≤ max ((Q3 +Q4) ,M2 (Q3 +Q4))

×max (∥x2 − x1∥X , ∥y2 − y1∥Y ) ,

consequently, we obtain

∥T (x2, y2)− T (x1, y1)∥X×Y ≤ Qmax (∥x2 − x1∥X , ∥y2 − y1∥Y ) .

Using the fact that Q < 1, we conclude that T is a contraction mapping.
As consequence of Banach’s fixed point theorem, the problem (2) admits a

unique solution over [a, b]. □

The second main result is based on Schaefer’s fixed point theorem. We
prove the following existence result.

Theorem 3.2. Assume that the following two hypotheses are valid:
(H2) : The functions f, g : [a, b]× R3 → R are continuous
(H3) : There exist two constants K1,K2, > 0 such that, ∀t ∈ [a, b] , x, y, z ∈

R, |f (t, x, y, z)| ≤ K1, |g (t, x, y, z)| ≤ K2. Then, the problem (2) has at least
one solution on [a, b] .

Proof. First of all, it is to note that the operator is continuous since the
given functions of our problem are also continuous. Then, the following steps
are needed to achieve the proof of this results.

Step 1. We show that the operator T maps bounded sets into bounded
sets in X × Y. Let Ω bounded in X × Y . For each t ∈ [a, b] and (x, y) ∈ Ω, we
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have

|T1 (x, y) (t)| ≤
1

|Σ|

[
|Λ3θ2|+

(
|Λ3|+ |Λ4|

(
log
(
t
a

))β1

Γ (β1 + 1)

)

×
(
K1 |λ1| Iβ1Iα1 (b) +K2 |λ2|H Iβ2 (b)

)
+ |λ2|

∣∣∣∣θ1γ2
∣∣∣∣
]

+
1

|Σ|

[
(|Λ1|+ |Λ4|) |θ4|+

(
|Λ1|+ |Λ2|

(
log
(
t
a

))β1

Γ (β1 + 1)

)

×
(
K2 |λ3| Iα2HIβ2 (b) + |λ4|K1I

α1 (b)
)
+ |λ3|

∣∣∣∣θ3γ3
∣∣∣∣
]
+KH

1 I
β1Iα1 (b)

≤ K1Q1 +K2Q2 +
1

|Σ|

(
|Λ3θ2|+ (|Λ1|+ |Λ4|) |θ4|+ |λ3|

∣∣∣∣θ3γ3
∣∣∣∣) .

(12)

On the other hand, we have∣∣∣HDβ1T1 (x, y) (t)
∣∣∣ ≤M1

(
K1Q1 +K2Q2

+
1

|Σ|

(
|Λ3θ2|+ (|Λ1|+ |Λ4|) |θ4|+ |λ3|

∣∣∣∣θ3γ3
∣∣∣∣)
)
.

(13)

So, (12) and (13) give us

(14) ∥T1 (x, y) (t)∥X ≤ max



K1Q1 +K2Q2 +
1
|Σ|

(
|Λ3θ2|

+(|Λ1|+ |Λ4|) |θ4|+ |λ3|
∣∣∣∣θ3γ3
∣∣∣∣ ),

M1

(
K1Q1 +K2Q2 +

1
|Σ|

(
|Λ3θ2|

+(|Λ1|+ |Λ4|) |θ4|+ |λ3|
∣∣∣∣θ3γ3
∣∣∣∣ )
)


.

Similarly, we get

|T2 (x, y) (t)| ≤
∣∣∣∣θ3γ3
∣∣∣∣+ ∣∣∣∣θ1γ2

∣∣∣∣ (b− a)α2

Γ (α2 + 1)

+
1

|Σ|

(
|θ2|+ |λ2|

∣∣∣∣θ1γ2
∣∣∣∣+ ∣∣∣∣γ4γ3

∣∣∣∣ |Λ4| |θ4|

+

∣∣∣∣γ1γ2
∣∣∣∣ |θ1| |Λ1|

(b− a)α2

Γ (α2 + 1)
+ |λ3|

∣∣∣∣θ3γ3
∣∣∣∣
)

+K1Q3 +K2Q4.
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Also, we have

∣∣HDα2T2 (x, y) (t)
∣∣ ≤M2

(
K1Q3 +K2Q4 +

∣∣∣∣θ3γ3
∣∣∣∣+ ∣∣∣∣θ1γ2

∣∣∣∣ (b− a)α2

Γ (α2 + 1)
+

1

|Σ|

×
(
|θ2|+ |λ2|

∣∣∣∣θ1γ2
∣∣∣∣+ ∣∣∣∣γ4γ3

∣∣∣∣ |Λ4| |θ4|+
∣∣∣∣γ1γ2
∣∣∣∣ |θ1| |Λ1|

(b− a)α2

Γ (α2 + 1)
+ |λ3|

∣∣∣∣θ3γ3
∣∣∣∣)
)
.

Then,

(15)

∥T2 (x, y) (t)∥Y

≤ max



∣∣∣∣θ3γ3
∣∣∣∣+ ∣∣∣∣θ1γ2

∣∣∣∣ (b−a)α2

Γ(α2+1) +
1
|Σ|

(
|θ2|

+ |λ2|
∣∣∣∣θ1γ2
∣∣∣∣+ ∣∣∣∣γ4γ3

∣∣∣∣ |Λ4| |θ4|

+

∣∣∣∣γ1γ2
∣∣∣∣ |θ1| |Λ1|

(b− a)α2

Γ (α2 + 1)

+ |λ3|
∣∣∣∣θ3γ3
∣∣∣∣ )+K1Q3 +K2Q4,

M2

(
K1Q3 +K2Q4 +

∣∣∣∣θ3γ3
∣∣∣∣+ ∣∣∣∣θ1γ2

∣∣∣∣ (b− a)α2

Γ (α2 + 1)

+
1

|Σ|

(
|θ2|+ |λ2|

∣∣∣∣θ1γ2
∣∣∣∣+ ∣∣∣∣γ4γ3

∣∣∣∣ |Λ4| |θ4|

+

∣∣∣∣γ1γ2
∣∣∣∣ |θ1| |Λ1|

(b− a)α2

Γ (α2 + 1)
+ |λ3|

∣∣∣∣θ3γ3
∣∣∣∣ ))



.

Hence, from (14) and (15), we deduce that T Ω is a uniformly bounded set.

Step 2. We prove that T maps bounded sets into equicontinuous sets. Let
t1, t2 ∈ [a, b] such that t1 < t2, and let (x, y) ∈ Ω, then

|T1 (x, y) (t2)− T1 (x, y) (t1)| ≤
|Λ4|

|Σ|Γ (β1 + 1)

∣∣∣∣∣
(
log

t2
a

)β1

−
(
log

t1
a

)β1

∣∣∣∣∣
×
(
|λ1|H Iβ1

(
RLIα1

∣∣f (b, x (b) , y (b) ,H Dα2y (b)
)∣∣)

+ |λ2|H Iβ2

∣∣∣g (b, x (b) , y (b) ,H Dβ1x (b)
)∣∣∣)

+
|Λ2|

|Σ|Γ (β1 + 1)

∣∣∣∣∣
(
log

t2
a

)β1

−
(
log

t1
a

)β1

∣∣∣∣∣
×
(
|λ3|RL Iα2

(
HIβ2

∣∣∣g (b, x (b) , y (b) ,H Dβ1x (b)
)∣∣∣)

+ |λ4|RL Iα1
∣∣f (b, x (b) , y (b) ,H Dα2y (b)

)∣∣)
+H Iβ1RLIα1

(∣∣f (t2, x (t2) , y (t2) ,H Dα2y (t2)
)

−f
(
t1, x (t1) , y (t1) ,

H Dα2y (t1)
)∣∣)
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≤ |Λ4|
|Σ|Γ (β1 + 1)

∣∣∣∣∣
(
log

t2
a

)β1

−
(
log

t1
a

)β1

∣∣∣∣∣
×
(
K1 |λ1|H Iβ1

(
RLIα1 (1)

)
(b) +K2 |λ2|H Iβ2 (1) (b)

)
+

|Λ2|
|Σ|Γ (β1 + 1)

∣∣∣∣∣
(
log

t2
a

)β1

−
(
log

t1
a

)β1

∣∣∣∣∣
×
(
K2 |λ3|RL Iα2

(
HIβ2 (1)

)
(b) + |λ4|KRL

1 Iα1 (1) (b)
)

+
K1 (b− a)α1

Γ (α1 + 1)Γ (β1 + 1)

[
2

(
log

t2
t1

)β1

+

∣∣∣∣∣
(
log

t2
a

)β1

−
(
log

t1
a

)β1

∣∣∣∣∣
]
.

As t1 → t2, the right-hand side of the above inequality tends to zero.
On the other hand, we obtain∣∣∣HDβ1T1 (x, y) (t2)−H Dβ1T1 (x, y) (t1)

∣∣∣ ≤M1 |T1 (x, y) (t2)− T1 (x, y) (t1)| .

Therefore, we obtain|T1 (x, y) (t2)− T1 (x, y) (t1)| → 0, as t1 → t2. With the
same manner, we can show that|T2 (x, y) (t2)− T2 (x, y) (t1)| → 0, as t1 → t2.
Thanks to Steps 1 and 2 and using Arzela-Ascoli theorem, we conclude that
the operator T is completely continuous.

Step 3. Now, we show that the set

E = {(x, y) ∈ X × Y : (x, y) = λT (x, y) , 0 < λ < 1}

is bounded.

If (x, y) ∈ E , this yields that

{
x (t) = λT1 (x, y) (t)
y (t) = λT2 (x, y) (t)

, ∀t ∈ [a, b] Hence, we

have|x (t)| ≤ λ ∥T1 (x, y) (t)∥ ≤ ∥T1 (x, y)∥ and |y (t)| ≤ λ ∥T2 (x, y) (t)∥ ≤
∥T2 (x, y)∥ . Thus, we get

∥(x, y)∥X×Y = max (|x (t)| , |y (t)|) ≤ max (∥T1 (x, y)∥ , ∥T2 (x, y)∥) .

Using the condition (H2) of Theorem (3.2) , we deduce that E is bounded.
At the end, in view of Schaefer’s fixed point theorem, we conclude that T

has a fixed point which is a solution of the problem (2) . □

4. AN ILLUSTRATIVE EXAMPLE

Let us consider the example:

(16)


CD

2
3
HD

1
4x (t) = f

(
t, x (t) , y (t) ,H D

6
7 y (t)

)
, 1 ≤ t ≤ 3,

HD
4
5
CD

6
7 y (t) = g

(
t, x (t) ,H D

1
4x (t) , y (t)

)
, 1 ≤ t ≤ 3,

0.2x (1) + 1.2CD
6
7 y (1) = 1.3, 0.6x (3) + 2.6CD

6
7 y (3) = 0.9,

2.15y (1) + 1.6HD
1
4x (1) = 1.7, 0.3y (1) + 1.6HD

1
4x (1) = 3.2.
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Here, α1 = 2
3 ; α2 = 6

7 ; β1 = 1
4 ; β2 = 4

5 ; γ1 = 0.2; γ2 = 1.2; γ3 = 2.15;
γ4 = 1.6; θ1 = 1.3; θ2 = 0.9; θ3 = 1.7; θ4 = 3.2; λ1 = 0.6; λ2 = 2.6; λ3 = 0.3;
λ4 = 1.6, and the functions f, g : [1; 3]× R3 → R are given by

f
(
t, x (t) , y (t) ,H D

6
7 y (t)

)
=

1

2
t+

t2x (t)

54 (1 + x (t))
+

1

6
cos y (t)

+
t

18
tan−1

(
HD

6
7 y (t)

)
g
(
t, x (t) ,H D

1
4x (t) , y (t)

)
=

1

7
tan−1 (x (t)) +

ty (t)

21 (1 + y (t))

+
t

29

HD
1
4x (t)(

1 +H D
1
4x (t)

) .
It is clear that f, g are continuous functions and we have: |f (t, x, y, z)| ≤ 13

21
=

K1 and |g (t, x, y, z)| ≤ 79
203 = K2. Thanks to Theorem 3.2, the system (2) has

at least one solution (x (t) , y (t)) , t ∈ [1, 3] .
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