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THE STRONG NORMAL SYSTEM OF SOME COMPACT
RIGHT TOPOLOGICAL GROUPS
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Abstract. The aim of the present paper is to characterize the strong normal
system of the Ellis groups of a well-known family of dynamical systems on the
finite and infinite dimensional tori.
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1. INTRODUCTION

A right topological group is a group G endowed with a topology 7 such that
for each t € G the mapping p; : G — G defined by p.(s) = st is continuous.
On a right topological group G, the set of all continuous left translations
As + G — G (with s € G), defined by A\s(t) = st, is called the topological
center of G and is denoted by A(G). A right topological group (G, 7) is said
to be (countably) admissible if there is a (countable) subset S of A(G) such
that S is dense in G. By a CHART group we mean a compact Hausdorff
admissible right topological group. The Furstenberg-FEllis-Namioka structure
theorem deals with the existence of a (transfinite) sequence of closed normal
subgroups in a CHART group G characterizing the structure of G explicitly
[2, 3, 8, 9]. The o-topology, introduced by Namioka [9], on a right topological
group (G, 7) is the quotient of the product topology 7 x 7 under the map
(G x G,7 x 7) = G defined by (z,y) — z~'y. For a o-closed subgroup
L of G let N(L) denote the intersection of all o-closed o-neighborhoods of
the identity element 1 in L, then N(L) is a o-closed normal subgroup of
L. Furthermore, N(G) is the smallest closed normal subgroup of G with
the property that the quotient space G/N(G) is a topological group. As a
matter of fact, if we define Ly = G, L1 = N(G), Ly = N(Ly),..., and
L¢ = Ny<eLy, for any limit ordinal £ < &p then the system of normal subgroups
{L¢}e¢ is exactly the strong normal system of G that is constructed in the
Furstenberg-Ellis-Namioka structure theorem. Namioka [9] Showed that if a
CHART group (G, ) is countably admissible, and if ¢/ denotes the family of
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all 7-open neighborhoods of its identity 1, then N(G) = {U~'UU~'U, U ¢
U}. Later, Moors and Namioka [8] removed the countability condition and
showed that the above result remains true for admissible compact Hausdorff
right topological groups. More generally, it is a result of Milnes and Pym
[7] that for a o-closed normal subgroup L of a CHART group G, the family
{U-'UNL, U € U} is a base of open neighborhoods of 1 in (L, ) and N(L) is a
normal subgroup of G and that N(L) = {(U~'UNL)~"Y(U~'UNL), U € U}.
They also proved the existence of a unique left invariant Haar measure on any
CHART group, by using the strong normal system in the Furstenberg-Ellis-
Namioka structure theorem.

For a dynamical system (X,T), the closure of the set {T" : X — X, n €
Z} in XX with the product topology is a semigroup with composition as
multiplication, is called the enveloping semigroup of the system and is denoted
by ¥(X,T). A dynamical system (X,T) is called distal if for any two points
z,y in X and any net {nq}q in Z, the identity lim, 7"z = lim, 7"y implies
that © = y. Ellis [1] showed that a dynamical system is distal if and only if
its enveloping semigroup is a group, called the Ellis group of the system.

Assume that T is the unit circle in the complex plane and let E(T) denote
the family of all endomorphisms of the group T. Consider the dynamical
systems (T*, T}) and (T, T,,) defined by

Tk(x1, 22, ..., 2%) = (A\x1, 2122, ..., T_17)), and

Too(l’l,l'g, T3, . . ) = ()\l’l,fﬁll’g, rox3, . . .),

in which A is an element of T. Such systems are distal [4], hence their envelop-
ing semigroups are actually groups. A characterization of the Ellis groups
Y(T®, Ty, B(T*,Ty) (for irrational )\), and X(T*,T}) (for rational \) as
closed subgroups of E(T>), E(T)*~! x T and E(T)*! is given in [6], [5] and
[10], respectively, as follows: If 0 € (T, T,) and o = lim,, 7™, for some net
(a)a in Z, then for each i = 1,2,... define §; € E(T) by 6;(x) = lim,, x7+("e)
for all z € T, in which for positive integer n, P;j(n) = () and for negative
integer n, Pi(n) = (—1)'(";"1), where 1 < i < |n|. Then O : 2(T®, T) —
E(T)®° defined by O (X) = (61, 62,65, ...) is an embedding isomorphism onto
its range. If A € T is irrational and o € %(T*,T}), and ¢ = lim, 7™,
for some net (ny)o in Z, then define O : X(T*,Ty) — E(T)*~! x T by
Ok(0) = (01,...,0,_1,u), where u = limq AP%() and 6;,...,6,_; are defined
as above and the mapping Oy is an embedding isomorphism onto its range.
Finally, if A € T is rational and o € X(T*, T},), and o = lim, 7™, for some net
(Na)a in Z, then define Oy : X(T*, T},) — E(T)*~! by O4(c) = (01,...,0k_1),
where 01, ...,0,_1 are defined as above and the mapping Oy is an embedding
isomorphism onto its range. Notice that the products in the groups E(T),
E(T)* ! and E(T)*~! x T are given by

(017927 . )(0,179,27 .- ) = (80179027 . ')?
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(O1,...,00_1)(0,,...,0,_ )= (p1,...,0k_1) and
(ela"'70k—17u)(9,17"'7‘9;43—17u/) = (8017---;@k—172),

where for i = 1,2, ..., one has ¢; = H;:O 0i—j 00; with 6;,0; € E(T), and also
2= Hf;ll ;o 0;-()\)u, for 6;,0; € E(T) and u,u € T.

In this paper, we characterize the Furstenberg-Ellis-Namioka structure of
the groups L(T*,T;) and (T, Ts) (Theorem 2.2) explicitly. In [11] the
structure of the group X(T3,T3) is discussed in detail.

2. THE MAIN RESULT

Assume that Q is the set of all rational numbers. Let Tq denote the torsion
subgroup of T, that is Tg = {z € T; 2™ = 1, for some n € Z} = {*™4; ¢ €
Q}. For given t € T and U C T, put B(t,U) = {¢ € E(T); ¢(t) € U}. Then
the family {B(¢t,U),t € T, U C T an open set containing 1} forms a sub-base
of E(T) around the element lp, where 1p(t) = 1, for all t € T. In fact, the
family {B(t,U); t € Tg, U C T an open set containing 1} forms a sub-base
of E(T) around 17 [11]. We need the next lemma in the sequel.

LEMMA 2.1. Let W = B(t1,Uy) X --+ X B(tg—1,Ui—1) X U, where for j =
1,...,k =1, t; € Tg and U and U; are open sets in T containing 1. Let
(11, Y2, ..y k_1,v) € B(T)*=1 x T with ;(t;) = 1, for all j =2,3,...,k—1,
then (11,2, ..., Yp_1,v) € WYWW W, where the product in E(T)*~1 x T
is given above with A € T — Tg.

Proof. Let W C E(T)*=! x T and (11,2, ...,%_1,v) € E(T)*1 x T be
as stated in the lemma. Let y = (61,...,0,_1,u) € W'W be arbitrary. Let
x=(01,...,0, ,u) €W with v'v € U and

ay=(0y,....0,_1,u)01,....00_1,u) € W.
Then (by taking 6y = idr) one has

P P2 V-1 v
ORI 0_1)_y © 0, ullFZ16,_, 00.(\)

> e wlw.

In fact, it is enough to show that (zy)z € W. A straightforward computation
shows that

(zy)z = (01,0502, 0503, ..., 0, _ytbp_1,u'v) € W,

because v¥;(t;) = 1, for j = 2,3,...,k — 1. Thus we derive that z € W~1W
and hence (17,9, ..., ¢Yp_1,v) = yz € (W ITW)(WIW). O

We are ready to prove our main result. In what follows (T*,7T.) and
(T*, T}) are the dynamical systems stated in the introduction.
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THEOREM 2.2. (i) The strong normal system {N;};en of (T, Ty) is char-
acterized by: (01,02,0s,...) € N;(X(T*,Tx)) if and only if 1 = 0 = ... =
0; = 1t.

(ii) The strong normal system {N;,1 < i < k} of 3(T*, Ty) with A € T —Tg

is characterized by: (01,...,0k_1,u) € N;(X(T*,Ty)) if and only if u € T
is arbitrary Cbnd01=02:. =0; =1t (for 1 < i < k—1) and N =
{(1p,..., 11, 1)}.

(iii) The strong normal system {N;,1 <i < k—1} of %(T*, T},) with A € Tg
is characterized by: (01,...,0k_1) € N;{(X(T*, Tx)) if and only if 61 = 0y =

=0;,=17 (for 1 <i<k—1).

Proof. We prove part (ii) by induction. The other two cases are proved
similarly. Fix £ > 2 in N. Let A € T be irrational, i.e. A € T — Tg. Define
O : X(TF,Tx) — E(T)*! x T by Or(c) = (61,...,0k_1,u), where u =
limg APk(™@) and 0y, ..., 0,_1 are defined as in the introduction. The mapping
Oy is an embedding isomorphism onto its range. Clearly ¥ = %(T*,T}) is a
CHART group. Thus

N(Z) = W) (WnE)(WnE) (WD) = (W' Was) (W 'wnx)
where W runs over the local sub-basis W of all open sets of the form
W = B(tl, Ul) X oo X B(tk_l, Uk:—l X U),

in which for j = 1,...,k—1,t; € Tg and U and U; are open sets in T containing
1. (Actually, it is easily verified that (WNX)~1{(WNYE) = W-WNX.) Hence,

NE)= (| W'Wn) (W 'wnx).
wew

Let (¢1,...,¢k—1,v) € Ny = N(X). Thus for W e W, (¢1,...,¢k_1,v) €
(W=ITW N 2)(W'W NX). Tt follows that ¢y (t1) € Uy U U Uy, for each
t1 € T, and for any open set Uy in T containing 1. Hence v; = 1. Therefore,

N(E):Nl g{(lT,Gg,...,Hk,l,u) eX; ueT, Hj EE(T), j:2,...,k—1}.

To prove the converse inclusion, let (¢1,%9,...,¥k_1,v) € ¥ with ¢} = 1. It
follows from [10, Theorem 3.9 (iii)] that for each j =1,2,...,k — 1,

ts(j l) =1, for all t € Tq,

0 ::]“

in which 1/151) denotes the composition of ! instances of i, and s(j,l) is a
Stirling number of the first kind. Furthermore, for 1 < j < k — 1, we know
that every element s of Tg can be written in the form s = ¢/ ' for some t € Tg.
Hence o(t) = ... = ¢p_1(t) =1, for all t € Tg. Let W = B(t1,U;) X -+ X
B(tg—1,Uk—1) x U, where for j = 1,...,k —1t; € Tg and U and U; are
open sets in T containing 1. By Lemma 2.1, (1,2, ...,¢r_1,v) € (WIW N
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LYWW N X). In fact, it is easily verified that if y = (01,...,0k_1,u) €
W= N E, then

L (1 Y2 V-1 v )
O (00000 T[T 6 gy 000 ull;Z1 6, 06:(N)
is in W=WNX. Hence (1T, %2, ...,k 1,v) = yz € (WIWNX)(WWN).
It follows that (1t,%2,...,%¥k_1,v) € N(X). Therefore
Ny =N(E) ={(1,0,....0h_1,u) €S weT, 0, € E(T), j=2,...,k—1}.
To continue the proof by induction, fix 1 < i < k — 1, and assume that
Ni={(lr,... . 17,0i41,... . u) €X; ueT, 0; € B(T), j=i+1,....k—1}.
We have to show that N;;1(X) coincides with the set
{(Xp, ..., 17,0i42,...,0k—1,u) €X; weT, 0, € E(T), j=i+2,...,k—1}.
To this end, with relativization of the o-topology of ¥ to N;(X), recall that
Nip1(X) = N(Ni(2)) = m (WW A Ng(2) (W W N N(R))
wew
= [ W'WAN(2)(W W N N(D)).
wew
Similar to the proof given above, for the fact that
Ni(Z) ={(1r,02,...,0,_1,u) €3; weT, 0, € E(T), j=2,...,k—1},
by looking at the i 4+ 1-th component of the product of two elements in N;(X),
it is straightforward to show that N;;1(3) is contained in the set
{(r, .. 10,0440, Oy u) €S ueT, ;€ B(T), j=i+2,....k—1}.

For the converse inclusion, let (¢1,%9,...,¢k_1,v) € ¥ with )1 =1y = ... =
ti+1 = 1r. We have to show that (Ir,..., 11, ¥it2,...,Yk_1,v) € Nip1(2).
Recall that for each j =1,2,...,k — 1,

J
;") = [T (¢209) =1, for all t € T,
=1

Hence

¢i+2(t) =...= T[)k_l(t) =1, forallt € TQ.
Let W = B(t1,U1) x- - - x B(tg—1,Ug—1) xU, where for j = 1,..., k—1,t; € Tg
and U and U, are open sets in T containing 1. To prove the result it is enough
to show that

(]-T7 ey 1T7¢i+27 ey wk—hv) € (WﬁlW N N’L(E))(Wilw N NZ(E))
Ify = (1']1‘, U T P ,kal,u) cw=lwn Nl(E), then
Ty = (9/1, ... ,9;_1,1/)(1']1‘, co Iy O, oo 01, u) €W,
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for some x = (0/1, .. '70;—17“/) e W. Let

Yit1
z = 1’]1‘,...,1’]1‘, itl 9,...,
L5 (i+1)—r O Yr

VYr—1 v
k-1 p ’ k—1 o/
Hr:l G(k—l)—r ° 97” u Hr:l ek—r o 07”()‘)
To show that z € W1, it is enough to show that (xy)z € W. A straight-
forward computation shows that

(zy)z = (01,05, .., 0,0 ig1, -, 0583, ., O 11,0 D).
But (0}, 0, ..,0;, 0 1%it1, -, 0513, ..., 0 Wp_1,u'v) € W, since 1;(t;) =
1,for j=i+1,...,k— 1. Hence z € W—'W N N;(¥). Furthermore,
(1T) cee ]-T) T/JH-Q, s 7sz)]€—1) U) =yz € (W_IW N NZ(E))(W_IW N NZ(E))

Hence part (ii) follows by induction. O
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