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GROUP GRADED ENDOMORPHISM ALGEBRAS
AND MORITA EQUIVALENCES

ANDREI MARCUS and VIRGILIUS-AURELIAN MINUTA

Abstract. We prove a group graded Morita equivalences version of the “but-
terfly theorem” on character triples. This gives a method to construct an equiv-
alence between block extensions from another related equivalence.
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1. INTRODUCTION AND PRELIMINARIES

The Butterfly theorem, as stated by B. Spéth in [3, Theorem 2.16], gives the
possibility to construct certain relations between character triples. The result
is very useful in obtaining reduction methods for the local-global conjectures
in modular representation theory of finite groups. In this paper, we consider
group graded Morita equivalences between block extensions and we obtain an
analogue of [3, Theorem 2.16]. Our main result, Theorem 4.2, shows how to
construct a group graded Morita equivalence from a given one, under very
similar assumptions to those in [3].

In general, our notations and assumptions are standard and follow [2]. To
introduce our context, let G be a finite group, N a normal subgroup of G,
and denote by G the factor group G/N. Let A = @geé Ag be a strongly
G-graded O-algebra with the identity component B := Ay, where (K, O, K) is
a p-modular system. For a subgroup H of G, we denote by Ay = @ Ag
the truncation of A from G to H.

For the sake of simplicity, in this article we will mostly consider only crossed
products, also because the generalization of the statements to the case of
strongly graded algebras is a mere technicality. Recall that, if A is a crossed
product, we can chose an invertible homogeneous element 15 in the component
Ag, for all g € G.

Our main example for a G-graded crossed product is obtained as follows:
Regard OG as a G-graded algebra with the 1-component ON. Let b € Z(ON)
be a G-invariant block idempotent. We denote A := bOG and B := bON.
Then the block extension A is a G-graded crossed product, with 1-component
B.
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The paper is organized as follows. In Section 2, we recall from [2] the
main facts on group graded Morita equivalences and we state a graded variant
of the second Morita Theorem [1, Theorem 12.12]. In Section 3, we show
that there is a natural map, compatible with Morita equivalences, from the
centralizer C4(B) of B in A to the endomorphism algebra of a G-graded A-
module induced from a B-module. In the last section, we prove that a Morita
equivalence between the 1-components of two block extensions always lifts to
a graded equivalence between certain centralizer algebras. This is the main
ingredient in the proof of our main result, Theorem 4.2.

2. GROUP GRADED MORITA EQUIVALENCES

Let A =@ cq Ay and A" = P 5 Aj be strongly G-graded algebras, with
the 1-components B and B’ respectively.
It is clear that ARp AP is a G x G-graded algebra. Let

§(G) :={(g,9) | g € G}

be the diagonal subgroup of G x G, and let A be the diagonal subalgebra of
A®@A/0p

A= (AB0A )5 = P Az ® AL .
gelG
Then A is a G-graded algebra, with 1-component A; = B®p B'P.
Let M be a (B, B')-bimodule, or, equivalently, M is a B®oBP-module,
thus a Aj-module. Let M* := Hompg (M, B) be its B-dual. Note that if B is
a symmetric algebra, then we have the isomorphism

M?* := Homp(M, B) ~ Homp (M, O),
where Homp (M, O), is the O-dual of M.

DEFINITION 2.1. We say that the G-graded (A, A’)-bimodule M induces a
G-graded Morita equivalence between A and A’, if M@y M* ~ A as G-graded
(A, A)-bimodules and that M*® M ~ A’ as G-graded (A, A')-bimodules,
where the A-dual M* = Hom4 (M, A) of M is a G-graded (A’, A)-bimodule.

By [2, Theorem 5.1.2], the following statements are equivalent:

(1) between B and B’ we have a Morita equivalence given by the A;-
module M and M extends to a A-module;

(2) M := A®pM is a G-graded (A, A’)-bimodule and M* := A'@p M* is
a G-graded (A’, A)-bimodule, which induce a G-graded Morita equiv-
alence between A and A’, given by the functors:

AMA/®A’_
A Al
A1M2®A—
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_In this case, by [2, Lemma 1.6.3], we have the natural isomorphisms of
G-graded bimodules

M:=ARpM ~ Mg A ~ (AR AP)RAM).

Assume that B and B’ are Morita equivalent. Then, by the second Morita
Theorem [1, Theorem 12.12], we can choose the bimodule isomorphisms

©: M*®gM — B, V: Mg M* — B.
such that
PY(mm*)n = mp(m*®n), Vm,ne M, m* € M*
and that
e(m*@m)n* = m*Yp(men*), VYm*,n* e M*, m e M.

By the surjectivity of this functions, we may choose finite sets I and J and
the elements m;, n; € M* and mj, n; € M, for all i € I, j € J such that:
o> _miwpm;) =1p, P> n®pn}) = 1g.

jeJg icl

Assume that M and M* give a G-graded Morita equivalence between A and

A’. As above, by [1, Theorem 12.12], we can choose the isomorphisms
G M @M — A, Vi Moy M — A
of G-graded bimodules such that
P(m @ m*)n = mp(m* @n), Vm,ne M, m*eM*
and that
G(m* @ m)a* = m*p(m @ n*), Ym*,a*e M*, me M.

Actually, ¢1 and 1 are the same with @ and @ from before and are A-linear
isomorphisms. Moreover, we have that 14 = 1 € B and 14 = 1p € B’.

Henceforth, we may choose the same finite sets [ and J and the same elements
m;, ny € M* and m;, n; € M, Vi € I,j € J such that:

¥l )
(> _miwpm;) =1p, P> n®pny) = 1g.
jes iel
3. CENTRALIZERS AND GRADED ENDOMORPHISM ALGEBRAS

We will assume that A and A’ are G-graded crossed products, although
the results of this section can be generalized to strongly graded algebras. Let
U € B-mod and U’ € B’-mod such that U’ = M*®@gU. We denote

E{U) := End(A®pU)°P, E(U) := End(A'®@pU")P,
the G-graded endomorphism algebras of the modules induced from U and U’.
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We will prove that there exists a natural G-graded algebra homomorphism
between the centralizer of B in A and E(U), compatible with G-graded Morita
equivalences.

LEmMA 3.1. The map
0:Cs(B)— EU), 0(c)(a®u) = ac®u,
where ¢ € Cx(B), a € A and v € U is a homomorphism of G-graded algebras.

Proof. We first need to show that the map is well-defined. For ¢ € C4(B),
a€ A, be Bandu e U, we have:

0(c)(ab®pu) = ab - c®pu = acb@pu = ac@pbu = 0(c)(aRpbu).
To show that 6(c) is A-linear, let o’ € A; we have:
0(c)(d'a®@pu) = d'ac®pu = d'(ac@pu) = d'0(c)(a® pu).
To prove that the map is a ring homomorphism, let ¢, ¢’ € C'4(B); we have:

(0(c) - 0(c))(a®pu) = (6(c) 0 b(c))(a®@pu)

= 0(c)(0(c)(a®pu))
= 0(c)(ac®pu) = acd@pu
= f(cd)(a®pu).

Finally, we check that ¢ is grade-preserving. Let az®@pu € Az@pU and c €
Ca(B)j,, where g, h € G. Then the definition of § says that

0(c)(ag®@pu) = ag - c@pu € Agjp@pU.
If follows that 6(c) belongs to E(U);. The other properties are obvious. [

By [2, Lemma 1.6.3], we have
A®BM ~ M®B/A/,

and we will need an explicit isomorphism between the two. We will choose
invertible elements ug € U(A) N Ag and uj; € U(A) N Aj of degree g € G. We
have that an arbitrary element aj; € Aj can be written uniquely in the form

5 = ugt', where b' € B'. The desired G-graded bimodule isomorphism is:

ag

/
lma-

[ M@B/A/ — A®BM m®B/alg — ’LLg@Bug_ g

for m € M. We will also need the explicit isomorphism of G-graded bimodules

B:AQpM* — M*®pA a’§®3/m* — a’gm*ug_1 ®B Uug

for m* € M*. Henceforth we consider the isomorphism of G-graded A’-
modules

BRpidy : AI®B/M*®BU — M*®pARRgU.
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PROPOSITION 3.2. Assume that M and M* give a G-graded Morita equiv-
alence between A and A’. Then the diagram

E(U) - E(U")
OT G’T
Ca(B) = Cu(B')

is commutative, where the maps are defined as follows:
0(c)(a®u) = acRu,
0'(c)(d'@u’) = a'd@u
e1(f) = (BRpidy) " o (idy. ® f) o (BRpidy),
2(c) = Zm C®Bm]

jeJ
forallae A,d € A', ce Ca(B),d € Cy(B),uecU,u €U and f € E(U).

C

_ Proof. According to Lemma 3.1, we have that 6, #' are homomorphisms of
G-graded algebras. Moreover, (1 and 3 are the algebra isomorphisms induced
by the G-graded Morita equivalence. o
To prove that the diagram is commutative, let ¢ € Ca(B)j, where h € G.

We consider arbitrary elements aj, € A7, where g € G and v’ = m*®pu €
U’ = M*®pgU. By the above remarks, for all f € E(U), we have

¢1(f)(ay @pr m* @p u) = agm ug ®pB f(ug @B u),
hence, for f = 6(c) € E(U) we get

©1(0(c))(a; ®p m* @p u) = agm*ug ' ®p uge ®p u.

On the other hand, ¢ := pa(c) € Ca/(B’)n, hence, via the identification given
by the isomorphism 3, we have

9/(802(0))( ®p m* dp u)—agcm uh u ®B Ugly OB U

/
azp E m c®Bm])m uz
J

-1
ug lop Uglp QB U

! -1, -1
= aj Z m}*cqb(mj Rpr m*)u}—l Uz

J

®B Ugup, OB U

0 * . *\,, —1, -1 —1 oy
= ag g mip(m; @p m*)ug ugeuz ug @p Uy @p U

J
o * . * —1 =1 =1
—aggp(g m; ®@p mj)m Uy ®p ugcuy Uz Uzl @p U
J

= agm Ug ®B UgC QB U.

Thus the statement is proved. O
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4. THE BUTTERFLY THEOREM FOR G-GRADED MORITA EQUIVALENCES

Let N be a normal subgroup of G, G’ a subgroup of G, and N’ a nor-
mal subgroup of G’. We assume that N/ = G’ N and G = G'N, hence
G :=G/N ~G'/N'. Let b€ Z(ON) and V/ € Z(ON’) be G-invariant block
idempotents. We denote

A :=b0OG, A=V 0d, B :=bON, B :=VON'.

Then A and A’ are strongly G-graded algebras, with 1-components B and B’
respectively.

Additionally, assume that C(N) € G’, and denote Cg(N) := NCg(N)/N.
We consider the algebras

A :=b0G A =006

C = bONCg(N) C’ = VON'Cs(N)

. |
B := bON BB B :=VYON'.

~

If M induces a Morita equivalence between B and B’, the question that
arises is what can we deduce without the additional hypothesis that M extends
to a A-module. One answer is given by the following proposition.

PROPOSITION 4.1. Assume that:

(1) Ce(N) C G
(2) M induces a Morita equivalence between B and B'.
(3) zm =mz for allm € M and z € Z(N).

Then there is a Ca(N)-graded Morita equivalence between C and C', induced
by the Cg(N)-graded (C,C")-bimodule

C®BM ~ M®B/C/ ~ (C®C/0p)®A(C®Clop)M.

Proof. Firstly, it is easy to see that our assumption implies that NCq(N)/N
is isomorphic to N'Cg(N)/N’. Thus both C' and C’ are indeed strongly
Ca(N)-graded algebras.

Now, we prove that there is a Cg(IN)-graded Morita equivalence between C
and C’. Tt suffices to prove that C®pM is actually a C(N)-graded (C,C")-
bimodule.

In view of Lemma 3.1, there exists a G-graded algebra homomorphism
between C4(B) and Enda(A®pM)°P. Moreover, note that A®pM is a G-
graded (A,Ends(A®pM)°P)-bimodule, hence by restricting the scalars we
obtain that A®pM is a G-graded (A,Ca(B))-bimodule. We truncate to
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the subgroup Cg(N) of G, and we obtain that Acy(ny®BM is a Ca(N)-
graded (Ag,(nv), Ca(B)e,(vy)-Pimodule, but As,(nyy = BONCG(N) = C,
hence M := C®pM is a Cq(N)-graded (C, Ca(B)¢ég(ny)-bimodule.

We have that OCg(N) is Cg(N)-graded with the 1-component OZ(N) and
there is an algebra homomorphism from OCg(N) to Cy(B), whose image
is evidently included in C4(B)g# (- Hence, by restricting the scalars, we
obtain that M is a Cg(N)-graded (C,OCg(N))-bimodule. Finally, since M
is (B, B')-bimodule, where B’ = ¥ON’, we may define on M a structure of
a Cg(N)-graded (C,b'ON'Cq(N))-bimodule, as follows. Let ¢ € C, m € M,
d € Cq(N) C C"and n € N and define (¢ ® m)cd'n = ¢’ @ mn. To see that
this is well-defined, let z € Z(N), so ¢n = (/z)(z~'n). Then, by assumption
(3), we have

1 1

(com)(d2)(z7n) =cdz@mz"n = cd @ 2mz"tn = cd @ mn.

Consequently, M is a Cg(N)-graded (C, C’)-bimodule. O

Our main result is a version for Morita equivalences of the so-called “but-
terfly theorem” [3, Theorem 2.16].

THEOREM 4.2. Let G be another group with normal subgroup N such that
the block b is also G-invariant. Assume that:
(1) Co(N) € G
(2) M induces a G-graded Morita equivalence between A and A';
(3) zm =mz for allm € M and z € Z(N);
(4) the conjugation maps € : G — Aut(N) and é : G — Aut(N) satisfy
(@) = &(G).
Denote G' = ¢ 1(e(G')). Then there is a G/N-graded Morita equivalence
between A := bOG and A’ := ¥ OG'.

Proof. Consider the following diagram:

A :=bOG A:=bOG —=— A =V OG A =V0OG
bONCg(N) bONCG(N) —— VON'Cq(N) YON'Cg(N)
B:=ONb—2 _ B .= ON'Y.

By the proof of [3, Theorem 2.16], we have that Cp(N) < G, G=NG&
and N' = N NG". Note that NCg(N) is the kernel of the map G — Out(N)
induced by conjugation. Hence the hypothesis £(G) = &(G) implies that
G/NCg(N) ~ G/NCg(N). It follows that G/Cq(N) =~ G/Cx(N).
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Let C and C’ be as in Proposition 4.1 and denote C' = bONC4(N) and
C = YON'Cg (N). By Proposition 4.1, we know that the Morita equiva-
lence between B and B’ induced by M extends to a Cp(IN)-graded Morita
equivalence between €' and C”, induced by C®pM.

Let 7 C G’ be a complete set of representatives for the cosets of N'C(N)
in G'. Because G = NG', T is a complete set of representatives for the cosets
of NCg(N) in G.

For any t € T, we choose ¢ € G’ such that e(t) = &(f). Thus, we obtain a
complete set T of representatives of N'Cs(N) in G , SO T is also a complete
set of representatives for the cosets of NC(N) in G.

We need to define a A := A(A ® A’P)-module structure on M, knowing

that M is A(A ® A’°P)-module and a A(A@G(N) ® Agz -module, where

W)
1 270 A A70DY _
Aoy & Ac ) = AAE A™)c, v,

We define (®£°)-m = (t®t°)-m. It is a routine to verify that this definition
does not depend on the choices we made and that it gives the required A-
module structure on M.

Alternatively, one may argue as follows: The cohomology class [&] from

H%(G/N, Z(B)*) associated to the Aj-module M satisfies Resgg]XN) [a] =1,

because M extends to a A@é( ny-module. It follows that [a] € Imlnf%%( N)-
On the other hand, the class [a] € H*(G, Z(B)*) associated to the Aj-module
M is trivial, since M extends to a A-module. It is easy to see that (t®t°)@M ~
(t®1°) ® M as (B, B)-bimodules, and, since G/NCg(N) ~ G/NCG(N), we
deduce that [@] is also trivial, hence M extends to a A-module. O
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