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LOCALIZATION OF THE EIGENVALUES
OF A MATRIX THROUGH ITS SPREAD

ABDELKADER FRAKIS

Abstract. The spread of a given matrix A is the largest distance between its
eigenvalues. We can localize the eigenvalues of the matrix A using its spread.
In the present work we propose a refinement of Samuelson’s inequality. Also, we
give some lower and upper bounds for the multiplication of the spread of two
different matrices A and B. In the particular case when A = B, we reobtain
some known results.
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1. INTRODUCTION

We assume throughout this paper that n ≥ 3. Let A = (aij) be an n× n
complex matrix with eigenvalues λ1, . . . , λn. The spread of the matrix A is
defined as

sp(A) = max
i,j
|λi − λj |.

It was introduced for the first time by L. Mirsky – see [8]. We write spRe(A) =
maxi,j |Re(λi) − Re(λj)| and spIm(A) = maxi,j |Im(λi) − Im(λj)|. Let m =
trA/n, where trA is the trace of A.

In [8], L. Mirsky gave an upper bound for the spread of an arbitrary n× n
matrix A:

(1) sp(A) ≤
{

2‖A‖2F −
2

n
|trA|2

}1/2

,

where ‖A‖F denotes the Frobenius norm. Also, he deduced from (1) that

(2) sp(A) ≤
√

2‖A‖F .

E. Deutsch [5] and E. Jiang , X. Zhan [7] presented new proofs of inequality
(1). Different bounds for the spread of a matrix are given – for more details,
the reader should consult [7, 9]. We state some of these bounds. Let A be an
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n×n Hermitian matrix. E.R. Barnes and A.J. Hoffman [2] gave the following
lower bound for the spread of A:

(3)

√
2

n

(
2‖A‖2F −

2

n
(tr(A))2

) 1
2

≤ sp(A).

A lower bound, better than (3), was given by A. Brauer and A.C. Mewborn –
see [3].

(4) sp(A) ≥


√

2
n

{
2
∑n

n=1(λi)
2 − 2

n(trA)2
}1/2

, n even,√
2n

n2−1

{
2
∑n

n=1(λi)
2 − 2

n(trA)2
}1/2

, n odd,

where λi ∈ R are the eigenvalues of A.
Samuelson [1] asserts that, for any real numbers x1, x2, . . . , xn,

max
i
|xi − x| ≤

√
n− 1

√√√√ 1

n

n∑
j=1

(xj − x)2,

i.e.

(5) (xi − x)2 ≤ n− 1

n

n∑
j=1

(xj − x)2,

where x =
∑n

i=1 xi

n .

2. PRELIMINARY LEMMAS

Lemma 2.1. If z1, z2, . . . , zn are complex numbers such that
∑n

i=1 zi = 0,
then

(6) |zi|2 ≤
n− 1

n

n∑
j=1

|zj |2,

for i = 1, 2, . . . , n.

Proof. For i = 1, . . . , n, we have −zi =
∑n

j=1j 6=i zj . Applying the Cauchy-
Schwarz inequality, it follows that

|zi|2 ≤ (n− 1)

n∑
j=1j 6=i

|zj |2 = (n− 1)

n∑
j=1

|zj |2 − (n− 1)|zi|2.

Hence the result follows immediately. �

Theorem 2.2. Let A be an n× n complex matrix. Then

(7) sp(A) ≤ 2

{(
n− 1

n

)(
‖A‖2F −

|trA|2

n

)}1/2

.
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Proof. Taking zi = (λi −m) in (6) it follows that

|λi −m| ≤

√√√√n− 1

n

n∑
j=1

|λj −m|2.

Furthermore,

n∑
i=1

|λi −m|2 =

n∑
i=1

(
|λi|2 −mλi −mλi + |m|2

)
=

n∑
i=1

|λi|2 −
|trA|2

n
≤ ‖A‖2F −

|trA|2

n
.

Hence |λi −m| ≤
√

n−1
n

(
‖A‖2F −

|trA|2
n

)
. We have sp(A) = maxi,j |λi − λj | ≤

|λi−m|+ |λj−m| ≤ 2|λi−m|, and thus sp(A) ≤ 2

√
n−1
n

(
‖A‖2F −

|trA|2
n

)
. �

Lemma 2.3 (Lagrange’s identity). Let a = (a1, a2, . . . , an) ∈ Rn and b =
(b1, b2, . . . , bn) ∈ Rn. Then(

n∑
i=1

a2
i

)(
n∑

i=1

b2i

)
−

(
n∑

i=1

aibi

)2

=
1

2

n∑
i,j=1

(aibj − ajbi)2.

In the following theorem we extend the inequality of Samuelson. Let Ωi =
{1, 2, . . . , n} \ {i}, where i = 1, . . . , n.

Theorem 2.4. Let x1, x2, . . . , xn be real numbers and let x =

∑n
i=1 xi
n

.

Then

(8) (xi − x)2 +
1

2n

∑
j,k∈Ωi

(xj − xk)2 =
n− 1

n

n∑
j=1

(xj − x)2,

for i = 1, . . . , n.

Proof. For i = 1, . . . , n, we have

(xi − x)2 +
1

2

∑
j,k∈Ωi

(xj − xk)2 =

−∑
j∈Ωi

(xj − x)

2

+
1

2

∑
j,k∈Ωi

(xj − xk)2.

On the other hand, apply the identity of Lagrange, we get

1

2

∑
j,k∈Ωi

(xj − xk)2 = (n− 1)
∑
j∈Ωi

(xj − x)2 −

∑
j∈Ωi

(xj − x)

2

.



4 Localization of the eigenvalues of a matrix 43

Then

(xi − x)2 +
1

2

∑
j,k∈Ωi

(xj − xk)2 = (n− 1)
∑
j∈Ωi

(xj − x)2

= (n− 1)

n∑
j=1

(xj − x)2 − (n− 1)(xi − x)2.

Hence the desired result is obtained. �

Lemma 2.5. Let z1, z2, . . . , zn be complex numbers. Then

(9)

n∑
i=1

|zi −m|2 =
1

n

n∑
1≤i<k≤n

|zi − zk|2.

Proof. We have
∑n

1≤i<k≤n |zi − zk|2 = n
∑n

i=1 |zi|2 − |trA|2. On the other

hand, tr(A−mI) = 0 and thus the result follows immediately. �

Corollary 2.6. Let x1, x2, . . . , xn be real numbers and let x =

∑n
i=1 xi
n

.

Then

(10) (xi − x)2 ≤ n− 1

n2

n∑
1≤j<k≤n

(xj − xk)2,

for i = 1, . . . , n.

Proof. The result follows by (5) and (9). �

In the following two theorems we will see that we can localize the eigenvalues
of a matrix A, using its spread.

3. MAIN RESULT

Theorem 3.1. Let A be an n × n matrix with real eigenvalues λ1 < λ2 <
· · · < λn. Then all the eigenvalues of A lie in the interior or on the boundary
of the circle with center m and radius R, where

R =
1

2

√
(n− 1)sp(A), if n is even and

R =
n− 1

2n

√
n+ 1sp(A), if n is odd.

Proof. From (10) we have n2

n−1(λi−m)2 ≤
∑n

1≤j<`≤n(λj − λ`)2 = Θ. Let ϕ
be an integer such that 2 ≤ ϕ ≤ n− 1. Then

d2Θ

dλ2
ϕ

=
d

dλϕ

2
∑
j 6=ϕ

(λϕ − λj)

 = 2(n− 1) > 0.



44 A. Frakis 5

So Θ, as function of λϕ, attains its maximum on the boundary of the interval
[λ1, λn]. Assume λ1 = λ2 = · · · = λk and λk+1 = λk+2 = · · · = λn, 1 < k < n.
Thus

Θ =
n∑

1≤j<`≤n
(λj − λ`)2 = k(n− k)sp2(A).

Θ attains the maximum value for k =
[
n
2

]
and thus

n∑
1≤j<`≤n

(λj − λ`)2 ≤

{
1
4n

2sp2(A), n even,
1
4(n2 − 1)sp2(A), n odd.

Hence

n2

n− 1
(λi −m)2 ≤

{
1
4n

2sp2(A), n even,
1
4(n2 − 1)sp2(A), n odd.

Therefore,

(λi −m)2 ≤

{
1
4(n− 1)sp2(A), n even,
1
4

(n2−1)(n−1)
n2 sp2(A), n odd.

This establishes the theorem. �

Theorem 3.2. Let A be an n×n normal matrix with eigenvalues λ1, λ2, . . . ,
λn. Then all the eigenvalues of A lie in the interior or on the boundary of the
rectangle

(11)

[
Re(tr(A))

n
− a, Re(tr(A))

n
+ a

]
×
[

Im(tr(A))

n
− b, Im(tr(A))

n
+ b

]
,

where {
a = 1

4(n− 1)sp2
Re(A), n even,

a = 1
4

(n2−1)(n−1)
n2 sp2

Re(A), n odd,

and {
b = 1

4(n− 1)sp2
Im(A), n even,

b = 1
4

(n2−1)(n−1)
n2 sp2

Im(A), n odd.

Proof. Since A is normal, the eigenvalues of the Hermitian matrices 1
2(A+

A∗) and 1
2i(A − A

∗) are Re(λ1), . . . ,Re(λn) and Im(λ1), . . . , Im(λn), respec-

tively. Further, we have tr(A+A∗

2 ) = Re(tr(A)) and tr(A−A
∗

2i ) = Im(tr(A)).

Also, we know that, if A is a normal matrix, then spRe(A) = sp(A+A∗

2 ) and

spIm(A) = sp(A−A
∗

2i ). The real parts and imaginary parts of the complex
numbers (λi −m), i = 1, 2, . . . , n satisfy condition (10). Hence,(

Re(λi)−
Re(tr(A))

n

)2

≤

{
1
4(n− 1)sp2

Re(A), n even,
1
4

(n2−1)(n−1)
n2 sp2

Re(A), n odd,
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and (
Im(λi)−

Im(tr(A))

n

)2

≤

{
1
4(n− 1)sp2

Im(A), n even,
1
4

(n2−1)(n−1)
n2 sp2

Im(A), n odd.

We now may write the previous inequalities as∣∣∣∣Re(λi)−
Re(tr(A))

n

∣∣∣∣ ≤ a and

∣∣∣∣Im(λi)−
Im(tr(A))

n

∣∣∣∣ ≤ b,
for i = 1, . . . , n. Hence the rectangle (11) contains all the eigenvalues of the
matrix A. �

Theorem 3.3. Let A and B be n× n Hermitian matrices with eigenvalues
α1 < α2 < · · · < αn and β1 < β2 < · · · < βn, respectively. Then

(12)

(
1

n

n∑
i=1

αiβi −
tr(A)tr(B)

n2

)
≤ 1

4
sp(A)sp(B).

Proof. We will use the well-known identity

n

n∑
i=1

αiβi −
n∑

i=1

αi

n∑
i=1

βi =
1

2

n∑
i=1

n∑
j=1

(αi − αj)(βi − βj).

We apply the Cauchy-Schwarz inequality to get

n∑
i=1

n∑
j=1

(αi − αj)(βi − βj) ≤

 n∑
i=1

n∑
j=1

(αi − αj)
2

 1
2
 n∑

i=1

n∑
j=1

(βi − βj)2

 1
2

.

On the other hand, we have

n

n∑
i=1

α2
i −

(
n∑

i=1

αi

)2

=
1

2

n∑
i=1

n∑
j=1

(αi − αj)
2

and similarly for βi. A simple calculation shows that

1

n

n∑
i=1

α2
i −

(
1

n

n∑
i=1

αi

)2

=

(
αn −

1

n

n∑
i=1

αi

)(
1

n

n∑
i=1

αi − α1

)

− 1

n

n∑
i=1

(αi − α1)(αn − αi).

Since
∑n

i=1(αi − α1)(αn − αi) ≥ 0, it follows that

1

n

n∑
i=1

α2
i −

(
1

n

n∑
i=1

αi

)2

≤

(
αn −

1

n

n∑
i=1

αi

)(
1

n

n∑
i=1

αi − α1

)

≤ 1

4

[(
αn −

1

n

n∑
i=1

αi

)
+

(
1

n

n∑
i=1

αi − α1

)]2
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=
1

4
sp2(A),

where we have used the arithmetic-geometric mean. Hence n∑
i=1

n∑
j=1

(αi − αj)
2

 1
2

≤ n√
2

sp(A).

A similar reasoning for βi yields n∑
i=1

n∑
j=1

(βi − βj)2

 1
2

≤ n√
2

sp(B).

Therefore,

n
n∑

i=1

αiβi −
n∑

i=1

αi

n∑
i=1

βi ≤
n2

4
sp(A)sp(B).

�

Remark 3.4. If we take sp(A) = sp(B) in (12) and we use the fact that if
A is a Hermitian matrix, then

∑n
i=1 α

2
i = ‖A‖2F , we obtain (3).

Corollary 3.5. Let A be an n× n normal matrix with eigenvalues λ1, λ2,
. . . , λn. Then

1

n

n∑
i=1

Re(λi)Im(λi)−
Re(tr(A))Im(tr(A))

n2
≤ 1

4
sp

(
A+A∗

2

)
sp

(
A−A∗

2i

)
.

Proof. The eigenvalues of the Hermitian matrices 1
2(A + A∗) and 1

2i(A −
A∗) are Re(λ1), . . . ,Re(λn) and Im(λ1), . . . , Im(λn), respectively. Further,
tr(A+A∗

2 ) = Re(tr(A)) and tr(A−A
∗

2i ) = Im(tr(A)). Hence, the desired result is
obtained. �

Corollary 3.6. Let A be an n× n normal matrix with eigenvalues λ1, λ2,
. . . , λn. Then

1

n

n∑
i=1

Re(λi)Im(λi)−
1

n

n∑
i=1

Re(λi)
1

n

n∑
i=1

Im(λi) ≤
1

4
spRe(A)spIm(A).

Proof. Since A is a normal matrix, spRe(A) = sp(A+A∗

2 ) and spIm(A) =

sp(A−A
∗

2i ). Hence the result follows immediately. �

In the following theorem we provide a refinement of inequality (12).

Theorem 3.7. Let A and B be n× n Hermitian matrices with eigenvalues
α1 < α2 < · · · < αn and β1 < β2 < · · · < βn, respectively. Then

(13)
1

n

n∑
i=1

αiβi −
tr(A)tr(B)

n2
≤

{
1
4sp(A)sp(B), n even,
1
4

(
1− 1

n2

)
sp(A)sp(B), n odd.
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Proof. We shall use the well-known identity

n

n∑
i=1

αiβi −
n∑

i=1

αi

n∑
i=1

βi =
1

2

n∑
i=1

n∑
j=1

(αi − αj)(βi − βj).

We apply the Cauchy-Schwarz inequality to get

n∑
i=1

n∑
j=1

(αi − αj)(βi − βj) ≤

 n∑
i=1

n∑
j=1

(αi − αj)
2

 1
2
 n∑

i=1

n∑
j=1

(βi − βj)2

 1
2

.

Let
∑

1≤i<j≤n(αi − αj)
2 = Θ1 and

∑
1≤i<j≤n(βi − βj)2 = Θ2. We have

Θ1 ≤

{
1
4n

2sp2(A), n even,
1
4(n2 − 1)sp2(A), n odd,

and

Θ2 ≤

{
1
4n

2sp2(B), n even,
1
4(n2 − 1)sp2(B), n odd.

Hence the assertion now follows immediately. �

Remark 3.8. If we take A = B in (13) we obtain inequality (4), given by
A. Brauer and A.C. Mewborn.

Theorem 3.9. Let A and B be n× n matrices with eigenvalues α1, α2, . . . ,
αn and β1, β2, . . . , βn, respectively. Then

(14) sp(A)sp(B) ≤ ‖A‖F ‖B‖F +

∣∣∣∣∣
n∑

i=1

αiβi

∣∣∣∣∣ .
Proof. We shall use M.L. Buzano’s inequality [4, 6], which states that, for

any vectors a, b, e in Cn, where ‖e‖ = 1, we have

(15) |〈a, e〉〈e, b〉| ≤ 1

2
(‖a‖‖b‖+ |〈a, b〉|),

where ‖.‖ is the spectral norm. Assume without loss of generality that sp(A) =
|αn−α1| and sp(B) = |βn−β1|. Next, we choose in (15) a = (α1, . . . , αn)t, b =
(β1, . . . , βn)t, and e = 1√

2
(−1, 0, . . . , 0, 1)t, to get

sp(A)sp(B) ≤

√√√√ n∑
i=1

|αi|2

√√√√ n∑
i=1

|βi|2 +

∣∣∣∣∣
n∑

i=1

αiβi

∣∣∣∣∣
≤ ‖A‖F ‖B‖F +

∣∣∣∣∣
n∑

i=1

αiβi

∣∣∣∣∣ .
�

Remark 3.10. If we take A = B in (14), we obtain inequality (2).
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Theorem 3.11. Let A and B be n×n matrices with eigenvalues α1, α2, . . . ,
αn and β1, β2, . . . , βn, respectively. Then

(16) sp(A)sp(B) ≤
√
M(A)M(B) +

∣∣∣∣∣
n∑

i=1

αiβi −
tr(A)tr(B)

n

∣∣∣∣∣ .,
where M(A) =

(
‖A‖2F −

|tr(A)|2
n

)
.

Proof. First we note that sp(A) = sp(A−mI), since the spectrum of (A−
mI) is obtained by a translation of the spectrum of A. On the other hand,

‖A−mI‖2F =
n∑

i=1

|aii −m|2 +
∑
i 6=k

|aik|2


=
n∑

i=1

n∑
k=1

|aik|2 −
|tr(A)|2

n
= ‖A‖2F −

|tr(A)|2

n
.

Further,
n∑

i=1

(
αi −

tr(A)

n

)(
βi −

tr(B)

n

)
=

n∑
i=1

αiβi −
tr(A)tr(B)

n
.

This completes the proof. �

Remark 3.12. If we take A = B in (16), we obtain inequality (1).
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