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SOME WEIGHTED INEQUALITIES OF CHEBYSHEV TYPE
VIA RL-APPROACH

MOHAMED BEZZIOU, ZOUBIR DAHMANI, and AMINA KHAMELI

Abstract. By using the Riemann-Liouville fractional integral operator, we es-
tablish new weighted results of Chebyshev inequality type. Other integral in-
equalities of fractional order are also proved. Some classical results can be de-
duced as special cases.
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1. INTRODUCTION

We begin this paper by considering the well known Chebyshev functional
[4]:

bia/abf(x)g(x)dx—bia/abf(x)dxx bia/abg(x)dx,

where f and g are two integrable functions on [a, b].
If f and g are monotonic in the same direction on [a,b], it is known that
T(f,g)=0.
In the case f is bounded by some real constants m and M, and g is absolutely
continuous with ¢’ € L™ [a, ], it has been proved (see [13]) that:
b—a

) T 9l < 252 = m)lg e

Recently, P. Cerone and S. S. Dragomir [3] proved that, if f and g are abso-
lutely continuous on [a, b], with f’, ¢’ € L™ [a, b], the inequality

3) T(£,0)] < 25117 lsllgllo(b — )

is valid. Very recently, by considering the weighted Chebyshev functional [4]:

(1) T(f,9):=

b b b
T(f,9,p) == / p(x) / p(a) f (2)g () — / p(a) f () de

(4) b
x / p(2)g(x)dz,
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K. M. Awan et al. proved the following important result [1]: if ¢ is an abso-
lutely continuous function on [a, b] and p is a positive and integrable function
on [a,b], with (¢')? € L' [a, ], the following inequality is valid:

b
(5) T(¢,6.p) < 1@ / () (¢/)? (x)dz,

where P(z) = [* p(t)dt and P(z f tp(t)dt — P(b) [ tp(t)dt

Many researchers have been concerned with the functionals (1) and (4). For
more details, we refer to [3, 5, 6, 7, 8,9, 11, 12] and the references therein.

The main purpose of this paper is to establish some new inequalities for
(1) and (4) by using the Riemann-Liouville fractional integrals. We generalize
some results related to the weighted Chebyshev functional. Other classes of
the Chebyshev inequalities are also obtained as special cases. Our results have
some relationships with those obtained in the good paper [1].

2. PRELIMINARIES
DEFINITION 2.1. The Riemann-Liouville fractional integral operator of or-

der o > 0, for a continuous function f on [a,b], is defined as

« _ ! _Ta—l dr. o a
(©) Jaf(t)—r(a)/a(t )T f(T)dr, >0, a<t<b,
Jof (t)=f (1),

We remark that for a > 0, 5 > 0, we have the following property

(7) JOTPF () =TSP (1),
which implies
(8) JEIOf () = J2ISf ().

For more details, one can consult [10].
3. MAIN RESULTS
We begin by proving the following theorem, using some ideas from [1].

THEOREM 3.1. Suppose that ¢ : [a,b] — R is an absolutely continuous
function and p : [a,b] — RT is an integrable function. If (¢/)* € L'[a,b], then
for all o > 0, we have

(9) JEp(b)Tpd?(b) — (Jepo(b) / H(x 2 e,

with

(10) B 2Fta> K‘]g o) /j(" - ’f>“‘1p<t>dt) — Jep(b)

></ t(b—t)o‘_lp(t)dt}

a
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Proof. We have

Jap(b)Jipfa(b) — Jipf(b)J5pg(b)
1 b a—1 a—1
) = gm0 9 =0 ) [£6)  1(0)

x (g(s) — g(t))] dsdt.

Therefore,

Jap(b )J“pfg — Japf(b)J5pg(b)
) m / / (b— )L (b — 1) Lp(s)p(t)

<[ = sy ([ ot >dx)} dsdt.

Since a <t < x < s < b, we can write

Jap(b )Japfg J“pf( )J”‘pg(b)

W) =g [ [ 000 [0 ) - 10)

x p(s)dsdt (¢'(z)) da.

Taking f(z) = x, we obtain
Ja (b)J“b (pg) (b) — J5'bp(b)Ji'pg (D)

(14) 2r2 / / b=1)""p / (b= 5)*" (s = t)p(s)dsdt (¢'(x)) dz

:/ng
a

with

(15) / (b—
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On the other hand, we have

Jep(b) J2pe? (b) — (Jepe(b))?
b b
=QF% [ [ o= o= 0rusinio) o0 - o0 asar

16
e - 5 / / (b =) (6~ 1" pls)p(t)

(s— )
Hence,
J5p(b )J%&( ) — (Joph (b))
) e B R L Gl
(¢/(x)) da
[(t)] dsdt.

Applying Cauchy-Schwarz inequality to the right hand side of (17), it yields
that

(¢, ¢,

=or ( / / — 1) p(s)p(t)(s — t)2dsdt>

f 1dx ft (¢ m))zdm);
(s —t)

- 5 / / (b= )16 — " p()p(t)(s — 1)

X (/t (¢'(x))2dx> dsdt.

Then, using (14) and (18), we get (9). O

S]

M\H

REMARK 3.2. If we take @ = 1 in Theorem 3.1, we obtain a result similar
o [1, Lemma 2.1] (this means that our results can be seen as a fractional
equivalent version of the corresponding results in [1]).
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COROLLARY 3.3. Suppose that ¢ : [a,b] — R is an absolutely continuous
function. If (¢')? € L'[a,b], then, for all a > 0, we have

(b_a)a o « 2
ot % 264(0) - (J29(D)

(19) §21“ [(J%/ — 1) 1dt> lm/jt(b—t)a_ldt]
x (¢/(x))* da.

Proof. We take p(z) = 1,2 € [a,b] in H(z), in (10). So, we get the following
expression for Hy(z) :

W 2&&) [(Jg‘b /a x(b—t)o‘_ldt> - gz;j)f) / xt(b—t)o‘_ldt] .
Then, by Theorem 3.1, we deduce (19). 0

REMARK 3.4. If we take &« = 1 in Corollary 3.1, we obtain a result that is
similar to [1, Corollary 2.2].

We also prove the following result.

THEOREM 3.5. Suppose that f,g : [a,b] — R are two absolutely continuous
functions on [a,b] and p : [a,b] — RT. If (f")?,(¢")* € L'[a,b], then, for any
a > 0, we have

[ Jap(b)Jepfg(b) = (Ja'pf (b)) (Ja'pg(b))]

W s ([ ([ were)

Proof. Using the weighted fractional Cauchy-Schwarz inequality for double
integrals [7], we can write

| Jap ()J“pfg b) — (Japf (b)) (Jipg (b))l

—2r2 (/ / t)a_lp(S)P(t)(f(S)—f(t))zdsdt)

([ [0 0w tts) — e asar)
= [Jap)Iepf2(0) — (Jepf (0)°] x [Jen(0)Jipg () — (Jepg(b))’] -

Since (f’)? and (¢')? € L'[a,b], then, thanks to Theorem 3.1, we obtain the
desired inequality. O

[N

A no-weighted version for the above result can be given as follows.



6 Some weighted inequalities of Chebyshev type 17

COROLLARY 3.6. Suppose that f, g : [a,b] — R are two absolutely continuous
functions. If (f")2,(¢")? € L'[a,b], then, for any o > 0, we have

(b ) Ja « «
oy Ja [9(0) =I5 F(0) J5g(b)

2 b 2
</ Hy(x da:) (/ H,y (g'(m))2d:v> ,
where Hy is given by (20).
Proof. In fact, we have

(b_a’>a o e «a
R R CE O

S(b/ale(a:)(f’ > (/ H, (9 )2dx>
(e . [ 0-oma) >/ @ “dt]

eyt (5[ (s [o-neas

X /jt(b )~ ldt}( () dx)

B 2rta) (/b [(Jﬁb/j(b-t)“m) - m /z t(b—t)aldt]
X /ax t(b— t)aldt] (g/(x))zdx)Z _

oz—{—l

[

REMARK 3.7. Taking a = 1 in Corollary 3.2, we get [1, Corollary 2.4].
In the case of a nondecreasing function, we prove the following result.

THEOREM 3.8. Let g be a nondecreasing function on [a,b], f be an absolutely
continuous function on [a,b] and suppose that p is a positive and integrable
function on [a,b] . If f' € L*[a,b], then, for any a > 0, we have

b
(23) | Jap(0)Jepfa(b) — Jopf(b)Jpg(b)] < [If]]oo / H(z)g'(z)dz.
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Proof. Since
| Jap(b )Jo‘pfg Jo‘pf( )Japg(b)!

(24) ‘ / / — )% 'p(s)p(t)
) (g(s) — g(t))] dsdt],

we can write

| Jap(b )Japfg b) — Japf( )Japg(b)l

1 b .
(25) = 9 (a) / /a — 1) p(s)p(t)
'M\r 1) (9(5) — g(t))] dsd.

s—1
By f’ € L™ [a,b], we have that
| Jap(b )J“pfg J“pf( )J“pg(b)l

‘2’5;”” / / — ) p()p(t)(s — 1)
(26) X < /a "(x )dx) dsdt
= T (a) [(Jibp(b) / z(bt)a_lp(t)dt) — Jp(b)

X /jt(b — t)o‘lp(t)dt} (/ab g’(x)dx> .

Thanks to (10), we get (23). O

REMARK 3.9. Taking o = 1 in Theorem 3.3, we obtain [1, Theorem 2.5].

COROLLARY 3.10. Let g be a nondecreasing function on [a,b] and f be an
absolutely continuous function. If f' € L*>[a,b], then for any a > 0, we have

) b
on) |t s00) - g2z < 17 e [ @) e,

where Hy is given by (20).
REMARK 3.11. Taking oo =1 in Corollary 3.3, we obtain [3, Theorem 2.6].

The main result corresponding to the case of two monotonic functions is
given by the following theorem.

THEOREM 3.12. Let f, g : [a,b] — R be two absolutely monotonic functions
on [a,b] such that g be non decreasing on [a,b] . If f', g’ € L*[a,b], then, for
any positive function p defined on [a,b], we have

b
(28)  [Jgp(b)Jipfg(b) — Jipf(b)Jgpg(b)| < ||f/||oo”g/||00/ H(z)dzx
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Proof. 1t is easy to see that
[Jap()Jipfg(b) — Jipf(b)Jgpg(b)]

b
(29) <UIf e | @)y @aa

<Pl [ Y
O
REMARK 3.13. Taking o =1 in theorem 3.4, we obtain [1, Theorem 2.7].
To finish, we present the following result.

COROLLARY 3.14. let f, g : [a,b] — R be two absolutely monotonic functions
on la,b] and g be non decreasing on [a,b]. If f', g € L>[a,b], then, for « > 0,
we have the inequality

(b= a)°

(30) I'(a+1)

b
I Fgb) — J3f<b>Jsg<b>] <1 elld o [ Hi(@)a
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