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THE GENERALIZED NON-ABSOLUTE TYPE OF TRIPLE I
SEQUENCE SPACES DEFINED MUSIELAK-ORLICZ FUNCTION

SHYAMAL DEBNATH and NAGARAJAN SUBRAMANIAN

Abstract. In this paper, we introduce the notion of Ap,nk —T3 and A® sequences.
Further, we introduce the spaces [F?)‘, I(d(z1,0),d(z2,0), - ,d(xn-1, O))Hp]

and [AP, (d (@1,0),d (22,0), -+ d (2n-1,0)

type, and we prove that these spaces are linearly isomorphic to the spaces I'®
and A3, respectively. Moreover, we establish some inclusion relations between
these spaces.
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||p]7 which are of non-absolute

1. INTRODUCTION

A triple (real or complex) sequence can be defined as a function z : N x N x
N — R (C), where N, R and C denote the set of natural numbers, real numbers
and complex numbers, respectively. The different types of notions of triple
sequence were introduced and investigated, at the beginning, by Sahiner et al.
[10,11], Esi et al. [1-3], Datta et al. [4], Subramanian et al. [12], Debnath et
al. [5] and many others.

A triple sequence x = (Zynk) is said to be triple analytic if

1
SUD,, 1k [Tk | " FoFF < oo.

The space of all triple analytic sequences is usually denoted by A3. A triple
sequence = = (Tmnk) is called a triple entire sequence, if

1
|Tmnk | T FF — 0, as m,n, k — oo.
The space of all triple entire sequences is usually denoted by I'®. The spaces
I'3, A3 are metric spaces with respect to the metric given by

d(flf,y) = Sup {’xmnk - ymnk|m+1l+k : manak : 172737 }7

m,n,

for all © = (Zynk) and y = (Ymnr) in T3, A3,

The present paper was completed during a visit of Professor N. Subramanian to Tripura
(A Central) University (May-June, 2016). The second author is very grateful to the Tripura
(A Central) University for providing him hospitality. The research was supported by INSA
(Indian National Science Academy) visiting fellowship, while the second author was visiting
Tripura (A Central) University under the INSA visiting fellowship.



52 S. Debnath and N. Subramanian 2

The notion of difference sequence space (for single sequences) was intro-

duced by Kizmaz [6] as follows
Z(A)={x = (z1) e w: (Azy) € Z},
for Z = ¢, cg and l,, where Az = xp, — 2541, for all k£ € N.

Let w2, x3 (Apnk) ; A3 (Apunk) denote the spaces of all triple gai difference
sequences and all triple analytic difference sequences, respectively. The space
of difference triple sequences was introduced by Debnath et al. (see [5]) and
is defined as

A-Tmnk =Tmnk — Tmn+1,k — Tmn,k+1 + Tmn+1,k+1 — Tmt+1,n.k
+ Tmt+1 41,k T Tmt+1nk+1l — Tmt1,n+1,k+1

and A%z, = (Tomnk) -
2. DEFINITIONS AND PRELIMINARIES

Throughout the article w?, x3 (A), A% (A) denote the spaces of all triple gai
difference sequences and all triple analytic difference sequences, respectively.

For a triple sequence x € w?, Subramanian et al. introduced in [12] the
spaces I'3 (A), A3 (A) as follows:

I (A) = {x € Wt [ A/ 50 as mun, k — oo}

A3 (A) = {ac € w?: sup [Azpi|/™F < oo} .

m,n,k

The spaces '3 (A) , A3 (A) are metric spaces with respect to the metric given
by

d (J?, y) = SUPpy n k {’Awmnk - Aymnk’|1/m+n+lC cmyn,k=1,2,--- } )
for all 2 = (Tynk) and ¥y = (Ymnk) in T2 (A), A3 (A).

DEFINITION 2.1. An Orlicz function (see [7]) is a function M : [0,00) —
[0, 00) which is continuous, non-decreasing, convex, with M (0) = 0, M (x) > 0,
for > 0, and M(z) — oo, as x — oo. If the convexity of the Orlicz function
M is replaced by the condition M (z +y) < M(z) + M(y), then the function
is called a modulus function.

Lindenstrauss and Tzafriri [8] used the idea of Orlicz function to construct
Orlicz sequence spaces.

A sequence g = (gmn) defined by

gmn(v) = Sup{h}‘u_ (fmnk) (u) tu > 0}7m7n7k =1,2,...,
is called the complementary function of a Musielak-Orlicz function f. For a
given Musielak-Orlicz function f (see [9]), the Musielak-Orlicz sequence space
ty is defined as follows

ty= {x cwd: Iy (|Zmre) Y™ 5 0 as m,n, k — oo},

where I is a convex modular defined by
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Iy (x) = Y omq 2onet 2ot fmnk (’xmnk|)1/m+n+k , & = (Tmnk) € tf.
We consider ¢y equipped with the Luxemburg metric, given by
1/m+n+k>

d(w,y) = Yo X2y Yy S (el

which is an extended real number.

DEFINITION 2.2. Let X,Y be real vector spaces of dimension m, where
n < m. A real-valued function dp(z1,...,2,) = ||(di(21,0),...,dn(xs,0))],
on X is called the p-product metric of the Cartesian product of n metric
spaces if it satisfies the following conditions (see [13]):
(i) [1(di(21,0),...,dn(xn,0))||, = 0 if and only if di(z1,0),...,dn(xy,0)
are linearly dependent,
(ii) ||(di(x1,0),...,dn(zn,0))||, is invariant under permutation,
(iii) |[(adi(21,0),. .., dn(zn, 0))llp = | [[(d1(21,0), ..., dn(zn,0)llp, a € R,
(iv) for 1 < p < oo one has

dp ((1'1, yl)v (x27 y2)7 R (.’L‘n, yn))

1/p
= (dX(.%'l,xg,...,.’Bn)p+dy(y1,y2,...,yn)p) )

(v) ?cfr T1,T9,...,7n € X and y1,y2,...,yn € Y one has
d((z1,91), (22, 92), - - - (Tns Yn))
=sup{dx(z1,z2,...,2n),dy(Y1,Y2,- -, Yn)} -
Let n = (Annk) be a non-decreasing sequence of positive real numbers tend-

ing to infinity with A\111 = 1 and A\pynik+3 < Amgntk43+1, forallm,n, k € N.
The generalized de la Vallée-Poussin mean is defined by

trnk () = )‘;1}119 Z Tmnk, where Ly, = [mnk — Ak + 1, mnk] .

mvnakelmnk

A sequence © = (Tynk) is said to be (V) A)-summable to a number L, if
timnk () = L, as mnk — oc.

The notion of A-triple entire and triple analytic sequences are defined as
follows. Let A\ = ()‘mnk);o,n,kzo be a strictly increasing sequences of positive
real numbers tending to infinity and consider

1
B# (1’) Z Z Z Amnkxmnlc - Am,nJrl,kxm,n+1,l~c

SOTSt mEIlrst N€lrst kELrst

- Am,n,k—l—lxm,n,k—&—l + )\m,n-i—l,k—l—lxm,n—f—l,k—}—l - )‘m+1,n,k$m+1,n,k
+ Am+1,nJrl,kmerl,n+1,k + )\m+1,n,k+1xm+1,n,k+1
= A1+ 1 k1 Tm41,n41,k+1-

DEFINITION 2.3. We say that a sequence & = (Z,nx) € w? is A-convergent
to a, if BY (z) — a, as m,n, k — oo, and we write A — lim (z) = a.
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DEFINITION 2.4. A sequence & = (Z,,,1) € w? is said to be a A-triple entire
sequence, if B (z) — 0, as m,n, k — oo.

DEFINITION 2.5. A sequence = (Zynk) € w?® is said to be a A-triple
analytic sequence, if sup,,,; By (x) < oo.
We have

mElrst n€lrst k€L st
- >\m,n+1,k1’m,n+1,k - )\m,n,k—l—lxm,n,k-i—l + )\m,n—i-l,k:—i-lxm,n—&-l,k—i-l
- >\m+1,n,kxm+1,n,k + )\m+1,n+1,kwm+1,n+1,k
+ At 1k +1TmA Lk +1 = At Lot Lk+1Tm41,nt1,k+1 = Q-

So we can say that limy, ,, koo | By (2)| = a. Hence x i8 ApynkZmnk-convergent
to a.

LEMMA 2.6. FEvery convergent sequence is Apni-convergent to the same or-
dinary limit.

Proof. Omitted. O

LEMMA 2.7. If a Ak -Musielak-convergent sequence converges in the ordi-
nary sense, then it must Musielak-converge to the same \p,pni-limit.

Proof. Let = (Zyni) € w® and m,n, k > 1. We have

A i /R — B () = [ AT |

Z Z Z )\mnkxmnk’ - )\m n+1LkTmn+1,k — )\m n,k+1Tm,n,k+1

SOTSt melrst nEl st kK€L st

+ )\m,n+1,k+1$m,n+1,k+1 - )\m+1,n,kxm+1,n,k + >\m+1,n+1,kxm+1,n+1,k
+ At 1 k1T mt 1 k41 — A1t 1 k+1Tm41,n4+1,k+1-

Therefore, we have, for every z = (1) € w?, that
|A™ e/ HHE — BE (1) = Sy (2) (mym,k € N),

where the sequence S (z) = (Spnk (€))rr 1 ko is defined by Spoo (z) = 0 and

m,n,k=

Smnk ( (,0 § § § )\mnk m,n+1,k - )\m,n,k+1 + )\m,n+1,k+1
TSt

mEI'rst ne[rst ke[’r‘st
— Atk T Atttk + Al k+1 — Mkl L k+1, M, 1, k> 1

0

LEMMA 2.8. A \nk-Musielak-convergent sequence x = (Zynk) converges if
and only if 8 (x) € [[% 5, 1(d (21,0) ,d (2,0) -+ ,d (w01, 0))],]
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Proof. Let x = (Xymnk) be a Apnr-Musielak-convergent sequence. Then, by
Lemma 2.7, we have that x = (z,,,k) converges to the same \,,,-limit. We

obtain S (z) € [ fB“’H( (21,0),d(22,0),-- ,d(x,_1,0))| } Conversely, let
S (@) € [T, (@ (21,0),d (2,0 -+ ,d (w0 -1,0))]],| - We have
lim |Am)\mnkxmnk\l/m+”+k = lim BY (x).
m,n,k—00 m,n,k—oo

From the above equation, we deduce that the A,,,r-convergent sequence x =
(Tmnk) converges. O

LEMMA 2.9. Every triple analytic sequence is Ampni-triple analytic.

Proof. Let S (z) € A?BM,H(d(xl,O),d(:cg,O),--- d(2p-1,0))[|,|- Then
n
there exists M > 0 such that

SUp [A A/ = sup BY () < M.

mnk mnk

From the above equation, we deduce that the sequence = (Zynk) 18 Apnk-
triple analytic. O

LEMMA 2.10. A \jnk-Musielak-analytic sequence x = (Tynk) 18 analytic if
and only if S (2) € [A% e, (d (@1,0),d (@2,0) -+ ,d (w01, 0))],]

Proof. The assertion follows from Lemma 2.9, Spgp () = 0 and

Smnk S Z Z Z )\mnkfzmnk - )\m n+1.ETmn+1.k

mEIrsz n€lrst k€It
- )\m,n,k+1$m,n,k+l + )\m,n+1,k+1xm,n+1,k+1 - )\m+1,n,kxm+1,n,k
+ At 1,041,k TmA 1,041,k F Am1 k- 1Zm4 10,k 41 — AmA1n+1,k+1 ZmA 1 nt k41
for m,n, k > 1. D

3. THE SPACES OF ApNk-TRIPLE ENTIRE AND TRIPLE ANALYTIC SEQUENCES

In this section we introduce the sequence spaces:

[Fw I(d (21,0) ,d (22,0) -+, d (251, ))II]

(A% l(d(@1,0),d (22,0), -+ d(wn1,0))],
030 @ (@1,0).d(22,0) ... (a1, 0], |
=l [BE((@1,0),d (22,0 ..o d (@t O], ] =0
I(F)
(4% 50 k,H(d(:gl,()),d(:gz,()),...,d(g;n,l,()))up]
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:Sup[ 1(d (21,0 ,d (22,0), ..., d (z,_1, ))H]

mnk

THEOREM 3.1. The sequence spaces

T2 (21,0),d (22,0) .., d (w1,0))l,
and

[A%00 (@ (@1,0),d(22,0),....d (2n-1,0)]],
are isomorphic to the spaces

D5 1(d (21,0),d (22,0),, ..., d (201, 0))]],

and
(A3, 01(d (21,0),d (22,0) ., d (201, 0)]], |-

Proof. We consider only the case

000 @ 1,0),d22,0),...,d (n1,0))]])

= [F?},||(d(x1,0),d(x2,0),.. d (zp-1, ))H]
The case

[A%0x I (21,0),d (22,0) ..., d (21, 0)),

[Af,u( (21,0),d (22,0),...,d(xn_1, ))H

can be treated similarly.
Consider the transformation 7' defined by

To =Bl e [FB,H(d(xl,O),d(xg,O),. d (a1, 0l

tar l(d(@1,0),d(@2,0).-. d (2,-1,0)) ] - The lincanity
of T is obvious. It is tr1v1al that z = 0, whenever Tx = 0, and hence T is
injective. To show that 7' is surjective, we define the sequence x = {;ni (A)}
by

(1)

for every = € [F?’

SDTSt meElrst NElrst ]CEIrst

We can say that Bj) () = yyni from (1) and
v € [T51(d(@1,0),d(22,0), ... d (w01, 0))], ]

hence

Byt (@) € T3, (d (@1,0),d (22,0) ... d (p-1,0)]],|
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We deduce that = € [I’?}AA (d(z1,0),d(22,0),- - ,d(zp_1, ))||} and

Tz = y. Hence T is surjective. We have, for every

€ [ I@(@1,0),d(@2,0)....d @as, )] ]

that d(Tx,0) 3 = d(Tx,0),s = d(x,0
(T2,0)0 = d(T2,0)p0 = d( )[FS (d(z1,0 )d(m, Joood(n 1, )M

fax,
Hence, T4, [l(d(21,0),d(22,0) ..., d (-, ))H]
{ (d(z1,0),d(22,0),...,d(xn-1,0))] } are isomorphic. Similarly we ob-
tain the isomorphism of the other sequence spaces. O

THEOREM 3.2. The inclusion
D38 1 (@1,0) d (22,0) ... d (w1, 0))],

[rsz ,\\(d(xl,O),d(xg,()),...,d(xn_l,()))up}

mnk

holds.
Proof. Let [F?}Am,||(d(x1,o),d(x2,o),... d(zn_1,0)) ] Then we de-
duce that
DD > Ahwkmm)
SOTSt melrst ne]’rst ke[rsf
< 1 A\
SN SID DID DTSR
mel st Nn€lrst KEILyst
= Hm  [A™ Ak @i = 0.
m,n,k—00
Hence, 2 € [[%,, . |(d(21,0),d(22,0). ... d (@a—1,0)]|,| - 0

THEOREM 3.3. The inclusion

(A%, 1@ (@1,0),d (@3,0) ... d (20-1,0))],
[AfAA ) ||(d (xla 0) ,d (x27 0) oo d (xn—h O))”p]
holds.
Proof. 1t is obvious. Therefore we omit the proof. O

THEOREM 3.4. The inclusion
(T3, 11(d (21,0),d (25,0) ..., d (20 1,0)) |

[P @ (@1,0),d(22,0) - d (a1, 0D,

holds. Furthermore, the equality holds if and only if
S () € [T 1d (@1,0),d.22,0) . d (21, 0))], |
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for every sequence x € {Ffm (d(21,0),d(22,0),...,d(xn—1,0))] }
mnk

Proof. The inclusion

(2) |:F§’c,H(d(ml,O),d(Ig,O),.. (In 15 ))H
c [ 1@(@1,0).d(02,0), ... d @a1,0)]],
is obvious from Lemma 2.9. Then we have, for every
ve [P ld(@1,0),d(22,0),.,d (@a1,0))],]
that

z € [T3, 1(d(21,0),d (23,0), ... d (a1, 0))ll ]

and hence

S (@) € [T 1I(d (@1,0),d (@2,0),...d (@a1,0))], ]
by Lemma 2.10. Conversely, let

v Dha I (@1,0).d(2.0)....d (s 0]

Then we have that

S () € [T 01(d(1,0) . d (22,0)......d (w01, 0], ]
Thus, it follows by Lemma 2.9 and then by Lemma 2.10, that

v e 1% 1(d(1,0),d(25,0),. .., d (1,01, ]

We get

(3) {rji%nk, I(d (1,0) ,d (2,0) , - ,d(wn_l,O))Hp]
I(F)
c [T 1@ @,0),d@,0),.d s, 0],

From the equations (2) and (3) we get

Ti @ (@1,0),d (22,0, d (@a-1,0)]],

=[P4, 1@ (@1,0),d (22,0) ... d (a1, 0))],].



9 On triple s sequence spaces 59

REFERENCES

[1] Es1, A., On some triple almost lacunary sequence spaces defined by Orlicz functions,
Research & Reviews: Discrete Mathematical Structures, 1 (2014), 2, 16-25.

[2] Es1, A. and NECDET CATALBAS, M., Almost convergence of triple sequences, Global
Journal of Mathematical Analysis, 2 (2014), 1, 6-10.

[3] Es1, A. and Savas, E., On lacunary statistically convergent triple sequences in proba-
bilistic normed space, Appl. Math. Inf. Sci., 9 (2015), 5, 2529-2534.

[4] DaTTA, A.J., Esi, A. and TripaATHY, B.C. Statistically convergent triple sequence
spaces defined by Orlicz function, J. Math. Anal., 4 (2013), 2, 16-22.

[5] DEBNATH, S., SARMA, B. and Das, B.C. Some generalized triple sequence spaces of
real numbers, J. Nonlinear Anal. Optim., 6 (2015), 1, 71-79.

[6] KizMAz, H., On certain sequence spaces, Canad. Math. Bull., 24 (1981), 2, 169-176.

[7] KamTHAN, P.K. and GUPTA, M., Sequence spaces and series, Lecture Notes in Pure
and Appl. Math., 65, Marcel Dekker, Inc., New York, 1981.

[8] LINDENSTRAUSS, J. and TZAFRIRI, L., On Orlicz sequence spaces, Israel J. Math., 10
(1971), 379-390.

[9] MUSIELAK, J., Orlicz Spaces and Modular Spaces, Lecture Notes in Math., 1034,
Springer-Verlag, Berlin, 1983.

[10] SAHINER, A., GURDAL, M. and DUDEN, F.K. Triple sequences and their statistical
convergence, Selguk J. Appl. Math., 8 (2007), 2, 49-55.

[11] SAHINER, A. and TRIPATHY, B.C. Some I-related properties of triple sequences, Selguk
J. Appl. Math., 9 (2008), 2, 9-18.

[12] SUBRAMANIAN, N. and Es1, A. The generalized tripled difference of x* sequence spaces,
Global Journal of Mathematical Analysis, 3 (2015), 2, 54—60.

[13] SUBRAMANIAN, N. and MURUGESAN, C. The entire sequence over Musielak p-metric
space, J. Egyptian Math. Soc., 24 (2016), 2, 233-238.

Received January 21, 2016 Tripura University
Accepted September 2, 2016 (A Central University)
Department of Mathematics
Suryamaninagar, West Tripura
Agartala-799022, India
E-mail: shyamalnitamath@gmail.com
FE-mail: debnathshyamal@tripurauniv.in

Sastra University
Department of Mathematics
Thanjavur-613 401, India
E-mail: nsmaths@yahoo.com



