MATHEMATICA, Tome 56 (79), N° 2, 2014, pp. 145-157

THE INDECOMPOSABLE PREPROJECTIVE AND
PREINJECTIVE REPRESENTATIONS OF THE QUIVER Dj

ABEL LORINCZI and CSABA SZANTO

Abstract. Consider the quiver Ds and its finite dimensional representations
over the field k. We know due to Ringel in [7] that indecomposable representa-
tions without self extensions (called exceptional representations) can be exhibited
using matrices involving as coefficients 0 and 1, such that the number of nonzero
coefficients is precisely d — 1, where d is the global dimension of the represen-
tation. This means that the corresponding “coefficient quiver” is a tree, so we
will call such a presentation a “tree presentation”. In this paper we describe
explicit tree presentations for the indecomposable preprojective and preinjective
representations of the quiver Ds. In this way we extend some results obtained
by Mréz in [5] involving the Dy case.
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1. PRELIMINARIES

Let Q = (Qo,Q1) be a tame quiver without oriented cycles (i.e. of type
An, ﬁn, Eﬁ, IE7, IEg). Suppose that the vertex set Qg has n elements and for an
arrow a € Q1 we denote by t(«), h(a) € Qo the tail and head of a. The Euler
form of @ is a bilinear form on ZQo = Z" given by (z,y) = > ,co, Ti¥%i —
Zate Ty(a)Yn(a)- Its quadratic form g (called Tits form) is independent
from the orientation of ) and in the tame case it is positive semidefinite with
radical Zd, where § is a minimal positive imaginary root of the corresponding
Kac-Moody root system. The defect of x € ZQy is then 0x = (§, ).

Let k be a field and consider the path algebra kQ). The category mod-k@ of
finite dimensional right modules over k() will be identified with the category
rep-k(@Q of the finite dimensional k-representations of the quiver ). Recall
that a k-representation of () is defined as a set of finite dimensional k-spaces
{M;]i € Qo} corresponding to the vertices together with k-linear maps M, :
M) = Mp () corresponding to the arrows. Given two representations M =
(M;, M,,) and N = (N;, N,) of the quiver @, a morphism f : M — N between
them consists of a family of k-linear maps (corresponding to the vertices)
fi : M; — Nj;, such that Naft(a) = fh(a)Ma for all @ € Q5.

The dimension vector of a representation M = (M;, M,,) is

dimM = (d;)ieq, € Z", where d; = dimy, M;.

The global dimension of M is d = d;. We will denote by oM =
O(dimM) the defect of M.

1€Qo
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Following Ringel in [7] a basis B = (B;) of a representation M = (M;, M)
consists of a fixed basis B; for each space M;, where i € Qg. Let us assume
that such a basis B of M is given. For any arrow «, we may replace the
linear application M, by the corresponding dj,(q) X dy(q) matrix M, p. Given
b € Byq) and V' € By, we denote by My, p(b, V') the corresponding matrix
coefficient, so M, (b) = Zb’eBh(a> M, p(b,V')V. By definition, the coefficient
quiver of M with respect to B has the set of vertices the disjoint union of all
the bases B;, and there is an arrow (a, b,b') if M, p(b,b") # 0. We will call an
indecomposable representation M of () a tree module, provided there exists
a basis B of M such that the corresponding coefficient quiver is a tree. Note
that for a tree module M of global dimension d, there is a basis B of M such
that precisely d — 1 matrix coefficients are non-zero, and one may assume that
all these coefficients are equal to 1 (see [7] for details). Thus, any tree module
can be exhibited by (0,1)-matrices such that the number of 1-s is precisely
d — 1. Such a presentation is called a tree presentation.

An indecomposable module M is called exceptional if it has no self exten-
sions (i.e. Ext!(M, M) = 0).

It is well-known that in the tame cases the indecomposable modules in
mod-kQ are of three types: preprojectives (having negative defect), preinjec-
tives (having positive defect) and regulars (having zero defect). For all the
details we refer to [2],[3],[1],[4]. It is important to notice that indecomposable
preprojectives and preinjectives are exceptional.

Having in mind all the notions above we are able now to formulate the main
problem on which this article focuses.

In [7] Ringel proves that any exceptional representation of @) over a field k
is a tree module, so it has a tree presentation. However in many cases these
presentations are not known explicitly.

The aim of this article is to describe explicitly these tree presentations in
case of preprojective ancl preinjective indecomposable representations over the
particular tame quiver Ds. In this way we extend similar results by A. Mréz
obtained in the case Dy, with the four subspace orientation (see [5] and [6]).

We remark that it is enough to consider a specific orientation for ]155, since
using reflection functors (see [3]) one can generalize the results for all the
orientations. So we will consider the following oriented quiver of Ds type (the
numbers refer to the vertex numbering):

1\3 4/5
2/ \6

Using the quiver above, a representation M (up to isomorphism) will take
the form
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k,nl kns
T

L — = 4

SN

\Y%
kn2 knﬁ
Here the matrices X,Y, Z, T,V correspond to the linear applications asso-
ciated to the arrows (relative to the canonical bases).
Note that in this way our representation can be identifyed with the quintuple
of matrices

(X? Y> Z> Ta V) 6 Mnanl X Mngxng X Mngxn4 X Mn4><n5 X Mn4><n6~

2. TREE PRESENTATIONS FOR THE INDECOMPOSABLE PREPROJECTIVES AND
PREINJECTIVES

For n,m > 0 we denote by Op,xm € My, xm and 0, € M, »,, the zero matrix
and by I, € M, «,, the identity matrix. In addition we introduce the following
notations (taken from [6]):

1 0---01
. 1 . -
Hn,m = . S Mnxma Hn,m = ' 1 S Mnxmv

10---0 1

~|
3
I

€ My xn, En,n+1 = 11 € Mnx(n+l)
i
It is well known that the indecomposable preprojective (preinjective) rep-
resentations of our quiver are up to isomorphism P(n,i) := 77" P(i) (respec-
tively I(n,i) := 7™I(i)), where P(7) is the projective (respectively I(i) is the
injective) indecomposable representation corresponding to the vertex i and 7
is the Auslander-Reiten translation.

In what follows we exhibit tree presentations for the indecomposables P(n, )
and I(n,i):

P(6n,1), [2n+1,2n,4n + 1,4n,2n,2n|,

B 1271, -OHQn 4n i ] [ T
Iy ’ Ipp| |O2n

n Z 0 ol—[22 ;rl 1:| 5 Ian , 01,4” 5 Oz 9 Iz
L n,2n+ 01,2n_ _HgnAn_ L n_ i n_

P(6n,2), [2n,2n+ 1,4n+ 1,4n,2n,2n),

i I2n T -OHQn 4n- r ] [ T
Iy ’ Iy | |02s

n>0 Lo |y lor " 10 Ovan | 577, 1
H2n,2n+1 o 02n 12”
_017277« - _H2n,4n_ o - L -
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P(6n,5), [2n,2n,4n + 1,4n+ 1,2n + 1, 2n],
[01.2n] [ I2n ] W 1 To 7
n 2 O [2n , 01,2n , [I4n+1], 2n+1 , 2n+1,2n
I I 02n,2n+1 I2n
L £2n | L £2n | L - L -
P(6n,6), [2n,2n,4n + 1,4n + 1,2n,2n + 1],
_01,277._ [ I2n i -0 7] B T 1
n >0 Lon |, 0120, [Tany1], ntan , et
I I Ioy, O2n,2n+1
L £2n | L £2n | L - L -
P6n+1,1), [2n,2n+ 1,4n+ 1,4n + 1,2n,2n|,
[ L] T I T o 7 [01,20]
n >0 O1,2n], 2t ,[I4n+1], 2, 2n , | I2n
I O2n,2n+1 Ion I
L £2n | L - L - L “2n |
P6n+1,2), [2n+1,2n,4n + 1,4n + 1,2n,2n],
r [2 1 T I27L i _02 19 1 _01,2n-
n>0 nr , [01,2n ,[I4n+1], nLan y | I2n
02n,2n+1 I Iy, T
L - 2n i L - L 2n ]
P(6n+1,5), [2n+1,2n+1,4n+2,4n+1,2n,2n + 1],
n>0 _12n+1_ ’ —02n+1_ ’ _Ol_[02n+1,4n+1— 7 g: . Iont1 ]
O2n41|” [{2n+1 I3n41,4n41 0 I2n,2n+1
L 4 L B L - 1V1,2n -
P6n+1,6), [2n+1,2n+ 1,4n+2,4n+ 1,2n + 1, 2n|,
n Z 0 -[2n+1- , -02n+1- , -ol_[02n+1,4n+1- , -O 12n+1 , ﬁz:
_02n+1_ _I2n+1_ _H2n+1,4n+1_ | Ion 2041 01
P6n+2,1), [2n+1,2n,4n+2,4n+2,2n+ 1,2n+ 1],
_ - 01,2n
Iont1 Loy, Iopnt1| |O2n41
nz0 Ionia|’ | Ion |’ [I4n+2]’ |:02n+1:|’ |:I2n+1:|
B N 01,2n
P6n+2,2), [2n,2n+ 1,4n+2,4n+2,2n+ 1,2n + 1],
-01,271_
I2n Izt Ioni1| |O2n41
n =0 Ion | |:12n+1:| ’ [I4n+2]’ |:02n+1:| ’ |:12n+1:|
_01,2n_
P(6n+2,5), [2n+1,2n+1,4n+2,4n+2,2n + 1,2n],
_ _ - _01,271
Ioni1| |O2n41 Iong1 I2n
n 2 0 02n+1:| ) |:12n+1:| 5 [I4n+2], I2n+1 5 IZn
) ) 7 [O12n
P(6n+2,6), [2n+1,2n+ 1,4n+ 2,4n + 2,2n,2n + 1],
-01,277,- ~
12n+1 02n+1 I2n 12n+1
n Z 0 |:02n+1:| 9 |:12n+1:| ) [I4n+2], IQn 5 _12n+1

01,2n
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P6n+3,1), 2n+1,2n+2,4n+3,4n+2,2n+1,2n + 1],
Lont1 Ionqo T | Mentianse _12n+1- _02n+1_
n > 0 Ion41 sy o 5 01,4n+2 5 y
0 Mont1,2n42 e O2nt1|’ |L2nt1
V1,2n+1 4 L HMon4rant2 | L 4 L J
P(6n+3,2), 2n+2,2n+1,4n+3,4n+2,2n+ 1,2n + 1],
[ Ionqo Lot Mlant1,an42 -12n+1- -02n+1-
n>0 ofT s | L2nt |, 01,4042 |, 0 oy
L 2n+1,2n+2 01,2n+1 H§n+174n+2 L 2n+l_ K 2n+1_
P6n+3,5), 2n+1,2n+1,4n+3,4n+3,2n+ 1,2n + 2],
0 7 [01.2041] [ Toni1 Ionio 7
n >0 a2 antl s | L2nt1 |, [I4n+3], 01,2n+1], nr
Iong1 I I O2n41,2n42
L - L 2n+1 i L 2n+1 -
P(6n+3,6), [2n+1,2n+1,4n+3,4n+ 3,2n + 2,2n + 1],
-O 1 _01,2n+1— B Tonio 7] _12n+1 i
n>0 a2 2ntl , | L2ng |, [I4n+3], i , [01,2n+1
Iont1 O2n+1,2n+2
L 4| Lont1 | L 4| Len+1 |
P6n+4,1), 2n+2,2n+1,4n+3,4n+3,2n + 1,2n + 1],
B 1 1o 7 01,2041 [ I2nt1 ]
n 2 O 2n+42 , 2n+2,2n+1 [[4n+3] I2n+1 , 01,2n+1
02n+1 2n+2] Iong1 I I
2n-+1 ] L 2n+1 ]
P(6n+4,2), [2n+1, 2n+2 4dn 4+ 3, 4n+3 2n+1,2n—|—1},
O 1T I 1 01,2n+1_ _12n+1 i
n >0 2, 2ntl , a2 y [Tants], | Tans1 |, |01,2041
Ton41 02n+1,2n+2 I 1
L d 2n+1 | 2n+1 |
P(6n+4,5), [2n+2,2n+2,4n+4,4n + 3, 2n+2 o + 1
- - - - I n
n>0 é2n+2 7 ?2n+2 7 1_1;102n+2,4n+3 o Iopto Izni
O2nt2| 7 | L2nt2|” | HMantoans |7 [ l2n41, 2n+2 Oronsi
P(6n+4,6) [2n+2,2n+2,4n+4,4n+3,2n+1 2n + 2],
- - - - - - I n
n>0 ( (I)2n+2 : (I]zn+2 ’ 01_1;[()2n+274n+3 , Izni ] - Iop42 :| )
2n+2 2n+2 2n+2,4n+3 0 2n+1,2n+42
L 1 L 1L 4 01,2041
P(6n+5,1), [2n+1,2n+2,4n+4,4n+4,2n + 2,2n + 2|,
01,2n41
Iong1 Ionio O2nt2| |l2nt2
n Z O 12n+1 , |:02n+2:| y U4n+4]) |:12"+2:| ) |:12n+2:|
01,2n41
(6n+5,2), [2n+2,2n+ 1,4n+4,4n+4,2n + 2,2n + 2],
01,2n+1
12n+2 12n+1 02n+2 12n+2
n>0 |:02n+2:| | Lonas | [I4n+4], |:12n+2:| , |:12n+2:|

01,2n+1
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P(6n+5,5), [2n+2,2n+2,4n+4,4n+4,2n+ 1,2n + 2|,
01,2n+1
Ioni2| |O2n42 Iont1 Iont2
n Z 0 |:02n+2:| ’ |:12n+2:| 5 [I4n+4], [2n+1 , |:12n+2:|
01,2n+1
P(6n+5,6), [2n+2,2n+2,4n+4,4n+4,2n + 2,2n + 1],
_ 01,27z+1
Iong2| |O2n42 ITony2 Ioni1
n=0 02n+2:| ’ |:[2n+2:| ’ [I4n+4]’ |:]2n+2:| | Iznya
) 1,2n+1
P(3n,3), [2n,2n,4n + 1,4n, 2n, 2n],
[ Izn 01,2n OH2n,4n
n 2 O 7277. 5 {2% 5 01,471, 5 |:62":| 5 |:(}2n:|
01,2n, Iap 113, 4n an an
P(3n,4), [2n,2n,4n 4+ 1,4n + 1, 2n, 2n|,
r 7 I, 01,2n
n Z O < 0 ]2n , |:O2n[+1,2n:| , [I4n+1], llgn] s llzn ])
2n+1,2n 2n 0 T
L 4 1,2n 2n
P(Bn+1,3), [2n+1,2n+1,4n+2,4n + 1,2n,2n],
r r Ion 01,2n
n>0 Ton41 , O2n+1 , OHo2n+1,4n+1 : Tzn : 11;
O2n+t1|’ |L2nt1 M3n41,4n41 5
L L 01,2n Iy
PBn+1,4), 2n+1,2n+1,4n+3,4n+2,2n+ 1,2n + 1],
-£2n+1 01,2n+1 °Tl2n41,4n+2 T 0
n>0 Iont1 |, {2n+1 , 01,4n42 s |:02"+1:|, |:127L+1:|
101,2n+1 Iony1 I3,41,4n42 e et
P(Bn+2,3), 2n+1,2n+1,4n+3,4n+3,2n+ 1,2n + 1],
B I 0 £2n+1 01,2n+1
n>0 et , ant2,2ntl , [I4n+3], Tony1 |, | I2n+1
O2n+2,2n+1 Ion 41 =
L 01,2141 Ionta
P(Bn+2,4), 2n+2,2n+2,4n+4,4n+ 3,2n+1,2n + 1],
r ° I n 0 ,2n
n>0 Ionyo 7 O2n+2 ’ Ho2n+2,4n+3 ’ 7;:11 ’ };;1
O2n+2|” [L2n+2 115, 42,4n43 T
L 01,2n41 Iopta
I(6n,1), [2n 4+ 1,2n,4n,4n, 2n, 2n],
_OH2n,2n+1 02n Ion| |I2n
" Z 0 < Hgn,2n+1:| ! |:[2n:| ’ [1471]7 |:02n:| ’ |:[2n:|>
1(6n,2), [2n,2n + 1,4n,4n, 2n, 2n],
-027L OH27L,27L+1 [2n [2n
n Z 0 < [271 Hgn,2n+l:| ’ [[4"]7 |:02n:| ’ |:I2n:|>

Y
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1(6n,5), [2n,2n, 4n,4n, 2n + 1, 2n],

_1271 Ioy, °T2n,2n+1| |O2n
n Z 0 ( 0271:| ’ |:I2n:| ’ [[4n]7 Hgn,2n+1:| ’ |:12n:|>
1(6n,6), [2n, 2n,4n, 4n, 2n, 2n + 1],

-I2n IQn OQn 0H2n,2n+1
n Z 0 < _02n:| ’ |:12n:| ’ [I4n], |:12n ’ Hgn,2n+1:|>
I(6n+1,1), [2n,2n+1,4n+1,4n+1,2n+1,2n + 1],

-02n+1,2n 12n+1 [ 12n+1 12n+1
n =0 < I Ioy, :|’ |:02n,2n+1:| ’ [I4n+l]’ _H;n,2n+1 ’ OH2n,2n+1:|>
I(6n+1,2), 2n+1,2n,4n+1,4n+1,2n+1,2n + 1],

[ Ion41 O02n+1,2n [ Ton41 Tont1
n Z 0 02n,2n+1:|7 |: Ion :|7 [I4n+1], Hgn,2n+1 9 OHQn,2n+1:|>
I(6n+1,5), [2n,2n,4n,4n+1,2n,2n + 1],

- R - -o - _[2" T A -

I2n 02n H2n,4n+1 H2n,2n+1
n Z 0 02n 1271 ’ H;n,4n+1 ! 0}’2’” ’ I2n+1 >

L= 4L~ 1 L 4 | f2n | i
I(6n+1,6), [2n,2n,4n,4n+1,2n+ 1,2n],

B 1T, 7] o ] [o I2n-

Iy | |O2n Ilon ant+1 Ilon 2n+1
n Z 0 ( 02n IQn ) Hgn,4n+1 ) ]2n+1 :|7 [0[12,2n )
I(6n+2,1), 2n+1,2n,4n+ 1,4n+2,2n+ 1,2n + 1],

~ - B 1277, T ~ - — -

n Z 0 H£27L+1 P} 01,2n 3 [E4n+1,4n+2], éZ’rH»l 9 ?2n+1

§ 2n,2n+1_ I2n L 2n+1_ i 2n+1_
I(6n+2,2), [2n,2n+1,4n+1,4n+2,2n+1,2n + 1],

[ I r 1T T
n>0 01,2n], H?nﬂ , [Bant1,an42], (I)QnH , (}QnH

Ion, 2n,2n 41| L 2n+1_ i 2n+1_
I(6n+2,5), 2n+1,2n+1,4n+1,4n+1,2n+ 1,2n],

[ Iont1 ] Iont1 Iopt1 O02n+1,2n
nz0 ( 02n,2n+1|’ Hgn,2n+1:| > [ansal, [oﬂzn,2n+1]’ [ Ion ])
I(6n+2,6), [2n+1,2n+1,4n+ 1,4n+1,2n,2n + 1],

[ 12n+1 ] 12n+1 02n+1,2n 12n+1
n Z 0 < _02n,2n+1_ ) H§n72n+1:| 9 [I4n+1}7 |: Ion ) OHQn,2n+1:|>
I(6n+3,1), [2n+1,2n+ 2,4n+ 2,4n+ 2,2n + 1,2n + 1],

-12n+1 -OH2n+1,2n+2 O2n+1| [Lon+1
n Z 0 _12n+1:| ) _Hgn+172n+2:| ) [I4n+2]7 |:I2n+1:| ) |:02n+1:|>
I(6n+3,2), 2n+2,2n+1,4n+2,4n+2,2n+ 1,2n + 1],

_OH2n+1,2n+2 Iopi1 O2n+1| [Lont1
nz0 < Hgn+l,2n+2:| ’ |:12'n+1:| ’ [[4"+2]’ |:I2n+1:| ’ |:O2n+1:|>
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I(6n+3,5), 2n+1,2n+1,4n+2,4n+2,2n+ 1,2n + 2],

_12n+1 Ion 41 O2n+1| |°Ma2n+1,2n+2
n Z 0 ( 02n+1:| ) |:]2n+1:| ) [[4n+2]7 |:]2n+1 ) Hgn+l,2n+2:|>
I(6n+3,6), [2n+1,2n+ 1,4n+ 2,4n+ 2,2n + 2,2n + 1],

-12n+1 Iont1 °Man+1,2n+2| |O2n+1
n=0 < _02n+1} ’ [f2n+1} [ans2], Hgn+1,2n+2:| ’ |:I2n+1:|>
I(6n+4,1), [2n+2,2n+ 1,4n+ 3,4n+ 3,2n + 2,2n + 2],

[ Ion42 02n+2,2n+1 Ion42 Ion42
n=0 < _OH2n+l,2n+2:| ’ [ Iont :| ’ []4n+3]’ [02n+1,2n+2 ’ Hgn+1,2n+2:|>
I(6n+4,2), 2n+1,2n+2,4n+3,4n+ 3,2n + 2,2n + 2|,

_02n+2,2n+1 Iop42 Iont2 Iop42
n =0 Iont1 ’ OH2n+1,2n+2:| ’ [I4n+3]’ |:02n+1,2n+2 ’ Hgn+1,2n+2:|>
I(6n+4,5), [2n+1,2n+ 1,4n+ 2,4n+ 3,2n + 2,2n + 1],

- 4 - - - - ~ [ n T
n>0 Iopq1| [O2n41 7 01—102n+1,4n+3 : °an+t1,2n+2 : 01%2::1

O2n+1| [T2n+1|” [ H3n41,4n+3 Ionyo I

L d L m L | L 2n+1 B
I(6n+4,6), [2n+1,2n+ 1,4n+ 2,4n+ 3,2n + 1,2n + 2],

B ] [ 1 _O ] i I n (o] b
n>0 Iont1| [O2n41 ’ 1102n+1,4n+3 ’ 012,2:; 7 Ilon+t1,2n42

02n+1| |I2n+1 115 41,4n43 I Iop42

L 1L 1 L 4| L2nta J
I(6n+5,1), 2n+1,2n+2,4n+ 3,4n+4,2n + 2,2n + 2|,

[ Tong1 ] T r 1 T ]
n>0 01,2411, 012"+2 , [E4n+3,4n+4], Lon+2 , Ozn+2

I 115, 41,2042 O2n+2|’ [Lon+2

L 2n+1 ] - L i L i
I(6n+5,2), [2n+2,2n+ 1,4n+ 3,4n+4,2n + 2,2n + 2],

B T Iont1 i B T T ]
n>0 012n+2 100 2min | s [Banssansal, Iopyo : 0242

115,41 2042 I O2n+2|" |I2n+2

L - 2n+1 | L - L -
I(6n+5,5), [2n+2,2n+2,4n+3,4n+ 3,2n + 1,2n + 2],

[ Iop42 ] Iopi2 O2n+2,2n+1 Iopto
nz0 ( O3nt1,2n42|’ OH2n+1,2n+2:| s Tansa), [ Inpta ]’ [02n+1,2n+2]>
I(6n+5,6), [2n+2,2n+ 2,4n+ 3,4n+ 3,2n + 2,2n + 1],

[ IQTL+2 12n+2 12n+2 02n+2,2n+1
n Z O < _OH27’L+1,271+2 ! H§n+1,2n+2:| ’ [I4n+3]7 |:02n+1,2n+2:| ’ |: I2n+1 :|>
I(3n,3), 2n+1,2n+ 1,4n+ 1,4n + 1,2n + 1,2n + 1],

[ 12n+1 02n,2n+1 T2n+1 Hgn,2n+1
n=0 < _02n,2n+1:|7 |: Iony1 :| ’ [I4n+l]’ °Tlanon+1|’ | Tont1 :|>
1(3n,4), 2n,2n,4n,4n 4+ 1,2n + 1,2n + 1],

_1271, 02n OHZn,4n+1 72n+1 Hinﬂn-ﬁ»l
n Z 0 <_02n:|7 |:12n ’ Hgn,él’nr‘rl ’ OHQn,2n+1 ’ 12n+1 :|>
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I(3n+1,3), [2n+1,2n+ 1,4n+2,4n+ 3,2n + 2,2n + 2|,
_12n+1 02n+1 H§n+1,2n+2
n Z 0 ( _02n+1:| ’ |:[2n+1 72’n,+2 :|>
I(3n+1,4), [2n+1,2n+1,4n+ 1,4n+ 2,2n + 1,2n + 1],
[ Tont1 13, 241 Iopt1| |O2n41
n Z O < _OH27L,27L+1:| 9 72n+1 :| 3 [E4n+1,4n+2], |:02n+1:| 5 |:-[2n+1:|>

I(3n+2,3), [2n+2,2n+ 2,4n+ 3,4n +4,2n + 2,2n + 2],

o

Tonio
°Man+1,2n+2|’

Il2n+1,4n+3

) ?

o
H2n+1,4n+3

[ Tonis I3, 41,2042 Ionga| |02n42
> = E n+3,4n
nz0 < °Mapn+1,2n+2|’ Tonio ’ [ dntda +4]’ O2n+2|’ [Lon+t2
I(3n+2,4), [2n+2,2n+2,4n+ 3,4n+ 3,2n + 2,2n + 2|,
[ I2n+2 02n+1 2n+2 72n+2 Hgn+l 2n-+42
> ’ I n o =
nz0 < 02n+1,2n+2:| ’ |: Iont2 ’ [ 4 +3]’ Ion41,2n42|’ Tonya

3. THE PROOF

The presentations above were obtained more or less in an intuitive way
(using the known presentations due to Mréz in the D4 four subspace orientation
case).

To check their correctness we need to check three things: the indecom-
posability, the defect and the fact that these presentations are indeed tree
presentations.

Since for a preprojective (or preinjective) indecomposable M we have that
dimy End(M) = 1 and conversely dimy End(M) = 1 implies indecomposabil-
ity, we need to check first for each representation if its endomorphism ring is
one dimensional.

We take for example the representation P(6n + 1,5) and observe that an
endomorphism of this representation consists of a sextuple of square matrices
(A,B,C,D, E, F) corresponding to the vertices 1, 2, 3, 4, 5, 6 and satisfying
the matrix equations CX = XA,CY =YB,CZ = ZD, DT = TE,DV =
VF. Here (X,Y, Z,T,V) is the quintuple of matrices associated to P(6n+1,5).

Expanding the matrix equations we get

C1,1 v C1,2n+1 ai1 R a1.2n41
(1) Con4+1,1 --- Cont12n+1| _ |G2n+1,1 ... G2n412n+1

Cont2,1 --- Cont22n+l 0 e 0

| Cani2,1 - Cant22n41) 0 e 0
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61’2n+2 e Cl,4n—|—2 0 e 0
@) Cont12n+2 --- Contldnt2| 0 e 0
Con422n42 - Cont24n+2 big ... biony1
| Cant22n42 - Cant2,4n+2] [bont1,1 -+ b2nd12n41]
a1 ... C12n+1 + C12n+2 coo o Clan+2 dig ... digntr .. diangr |
(3) Cont1,1 -+ Contl2n41 T Cont12n42 - Contldnt2| _ [dont1,1 - dont12n41 - dongldntl
Cont2,1 -+ C2nt22n+1 + C2nt2.2n4+2 - -+ Cont24n+2 dont1,1 -+ d2n12n41 -+ d2nt14antl
|Can+2,1 -+ Cant+22n+1 + Cant2.2n4+2 - -+ Cont24n+2 dint1,1 -+ dant12n41 -+ dant1,4n+1 ]
di,1 + di2nt1 - d1,2n + di.4n €11 ... €l2n
don,1 + don 2n+t1 - donon + dop an €m,1 --- €2n
(4) dont1,1 +dont12n41 -+~ dopnti2n +dongian| = | €11 .. €12n
dan,1 + dan2nt1 - danon + danan €m,1 --- €2n
| dant11 + dant12n41 - dany1,2n + dang1an L 0 ... 0 |
di1 + diony2 e d12n + d1ant1 d12n+1 [ fin o fions |
(5) d2n+l,l + d2n+1,2n+2 ce d2n+1,2n + d2n+1,4n+1 d2n+l,2n+l _ f2n+l,1 e f2n+1,2n+1
dony21 + dopy22ns2 .. dony22n + donsoany1  dont22n41 fir oo fionsr
|dany11 + dany1ons2 - dany1on + dany1any1  dang12n41 L fon1 oo Sfononetr |

We introduce the following notations to make the deduction easier:

D = (dij) € M(4pi1)x (4n+1)»
Dy
D= : , where D; € My (4n41), for all i € {1,...,4n + 1},
Dan+1

d® = (0,...,0,d;;,0,...,0) € Myy(4ns1), for all i € {1,...,4n+ 1},

i
dol _ (07"'707di,i)di,’i+17‘-'udi72n707"‘70) € Mlx(4n+1) if 1 <2n
i (0,~--,O,di,i,---,di,4n+1) EMlX(4n+1) ifi>2n+1
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Using all the (labelled) equations above we can deduce the following:

-d2n+1,1 oo dong12n

. @ = : : = O2n+1,2n
|dant1,1 - dangion
[ diony2 .. dians

@. @) = : : = O2n+1,2n
dont12n+2 - dong14nt1

@, @, = Doy = d0 4

1. 2n + 1.
u (4n+1) = Dapy1 = dQ0, {(1,2n+1)éD1—d(1)0
@) (2n,4n + 1) = Doy, = d° B)(1,2n 4 2) = Dapyo =d30 .,
2. 2n + 2.
@) (2n,4n) = Dy, = dY}, {@)(2,2n +2) = Dy = d3°
u (2n —1,4n) = Dap1 = d3),_, H (2,2n + 3) = Dapys = d3 5

3. 2n + 3.
(2n—1,4n — 1) = Dyp—1 =don_1 | {@(3,2n + 3) = D3 = d¥°
B)(2n —2,4n— 1) = Dypo=dS} 5 | @)(3,2n +4) = Dapra =dP0.,

=

2n. 4n — 1.
[)(2,2n +2) = Dopyo = dd 5 @ (2n —1,4n — 1) = Dy, =dP
E)(1,2n +2) = Dy = d* @) (2n — 1,4n) = Dy, = dP

It follows that D; = d¥ for all i € {1,...,4n + 1}, i.e. the D matrix is
diagonal.

1.

(1,2n+1) = dopy12n+1 = d1,1 = €11
(1,2n 4+ 2) = fi1 = di,1 = dant2,2n+2
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2.
(27 2n + 2) = d2n+2,2n+2 = d272 = €22
B)(2,2n+ 3) = foo = do2 = dont3,2n+3
3.

(4)(3,2n + 3) = dopnt32n+3 = d33 = €33
(B)(3,2n +4) = f33 = d33 = donta,2n+4

2n.

" (2n7 4”) = d4n,4n = d2n,2n = €2n,2n
" (QTL, dn + 1) = f2n,2n = d2n,2n = d4n+1,4n+1

From this, we get that d;; =e€;; = fi; = A€ kforallie {1,...,4n+1}.

Now, from , and we conclude that the solutions are: a;; = b; ; =
cij = dij = e ; = fij = Mij;, where d;; is the Kronecker delta, and A € k,
which means that dim; End P(6n 4+ 1,5) = 1.

The indecomposability check for all the other representations can be per-
formed in the same way as above.

The defect of the given representations can be easily calculated using the
Euler form.

Finally, we need to check the fact that the given presentation is a tree
presentation. We know due to Ringel in [7] that if M is indecomposable, then
its coefficient tree associated to any basis is connected. Since we can easily
check that the number of 1’s in each presentation is the global dimension
minus one, in our connected coefficient quiver the number of edges equals the
number of vertices minus one. But this means that the coefficient quiver is a
tree.
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