MATHEMATICA, Tome 54 (77), N° 2, 2012, pp. 174-180

COPURE (m,n)-INJECTIVE MODULES AND
(o, m,n)-COTORSION MODULES

M. TAMER KOSAN and SERAP SAHINKAYA

Abstract. In this paper we introduce the notions of copure (m,n)-injective
modules and («, m,n)-cotorsion modules as generalizations of (m,n)-injective
modules and (m, n)-cotorsion modules, respectively. We also obtain some prop-
erties of these modules.

MSC 2000. 16D60, 16D99, 16S90.

Key words. Cotorsion pair, copure (m, n)-injective module, (a, m, n)-cotorsion
module.

1. INTRODUCTION

The notions of right (m, n)-injective modules and right (m, n)-injective rings
were introduced and studied by Chen, Ding, Li, and Zhou in [3]. For fixed
positive integers m and n, a right R-module M is called (m, n)-injective if every
right R-homomorphism from an n-generated submodule of R™ to M extends
to one from R™ to M. So, aring R is said to be right (m, n)-injective if R is an
(m, n)-injective R-module (see [3]). In the present paper, we introduce copure
(m, n)-injective modules and obtain some properties of them. This definition
unifies several definitions of injectivity of modules. Among other results, we
also prove that if R is a right noetherian ring, then every Zy-syzygy of any
right R-module is copure (m, n)-injective.

Let M be a right R-module and « a fixed nonnegative integer. The module
M is called cotorsion if Exth(F, M) = 0 for any flat right R-module F' [5].
M is called an a-cotorsion module if Ext%t (N, M) = 0 for any flat right
R-module N. M is said to be an a-flat module if Exth(M,N) = 0 for any
a-cotorsion right R-module N. Note that M is O-cotorsion (respectively, 0-
flat) if and only if M is cotorsion (respectively, flat). By [11, Remark 3.4], if
a and B are integers with 0 < o < 3, then any a-cotorsion right R-module is
B-cotorsion, and any (-flat right R-module is a-flat (see [10, 11, 12, 13]). In
Section 3, we define and study («, m, n)-cotorsion modules.

We prove the following theorems.
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THEOREM. FEwvery right R-module is (o, m, n)-cotorsion if and only if every
copure (m,n)-flat right R-module is (a, m,n)-cotorsion.

THEOREM. FEvery right R-module is copure (m,n)-flat if and only if every
(o, m, n)-cotorsion right R-module is copure (m,n)-flat.

Let C be a class of right R-modules and M a right R-module. A homo-
morphism ¢ : M — F with F € C is called a C-preenvelope of M if, for any
homomorphism f: M — F "with F' € C , there is a homomorphism g : F' — F '
such that g¢ = f (see [4]). On the other hand, if the only such g are auto-
morphisms of F when F' = F and f = ¢, the C-preenvelope ¢ is called a
C-envelope of M. Tt is well known that C-envelopes (C-covers) may not exist
in general, but if they exist, they are unique up to an isomorphism. According
to [6, Definition 7.1.6], a monomorphism a: M — C with C' € C is said to be
a special C-preenvelope of M if coker(a) € *C.

Dually we have the definitions of a (special) C- precover and a C-cover. Spe-
cial C-preenvelopes (resp. special C-precovers) are obviously C-preenvelopes
(resp. C-precovers). C-envelopes (C-covers) may not exist in general, but if
they exist, they are unique up to an isomorphism.

Throughout this paper, R is an associative ring with identity and all mod-
ules are unitary, and we freely use the conventions of the notions for homolog-
ical algebra from the books Enochs-Jenda [6] and Rotman [14]. The symbols
E(M) and C(M) will denote the injective envelope and cotorsion envelope of
an R-module M, respectively. The latter always exists by a result of Bican,
ElBashir and Enochs [1].

2. COPURE (m, n)-INJECTIVE MODULES

According to Enochs and Jenda [7], a left R-module M is called copure
injective if Exth(N, M) = 0 for all injective left R-modules N. Now we recall
that an R-module M is called (m, n)-presented if there exists an exact sequence
of right R-modules 0 - K — R™ — M — 0, where K is n-generated. We call
M a copure (m,n)-injective module if Exth(N, M) = 0 for all (m, n)-injective
modules N.

Let Zy, ) denote the class of all (m, n)-injective modules. So a module N
belongs to Z(,, ) if and only if the following diagram is commutative for any
map f: K — N, where K is n-generated

%l\
|9
@ |
00— K ——RM.

Theorem 2.1 below generalizes [9, Proposition 2.4] to (m, n)-injective mod-
ules.

THEOREM 2.1. The following are equivalent for an R-module M :
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(1) M is a copure (m,n)-injective module.

(2) For any exact sequence 0 — M — E 2 N — 0 with E € Zimm)s
E % N — 0 is a precover of N in Ly, -

(3) M is a kernel of an L, n)-precover ™ : A — A/M with A injective.

(4) M is an injective module with respect to every exact sequence 0 —
A—-B—-C—=0 w’ithCEZ(m’n).

Proof. (1) = (2) Let 0 » M — E % N — 0 be any exact sequence with
E € Iy, ) and let E' € T, ). Consider the following diagram:

El

/
A
ya

0 M E—>N 0.

If we apply Homp(E', —), we obtain from (1) that
Homp(E', M) — Homp(E', E) £ Homp(E', N) — ExtL(E', M) = 0.

Since E’ is (m, n)-injective by assumption, there exists g € Hompg(F’, F) such
that ¢*(g) = f, so gp = f.

(2) = (3) Obviously the sequence 0 — M — E(M) % E(M)/M — 0 is
exact. Since E(M) is injective, it is (m, n)-injective. Using (2), we get that
E(M) % E(M)/M is an Z(sm,n)-Precover.

(3) = (1) By (3), M is a kernel of an Z,, ,)-precover 3 : E — E/M. So
there is an exact sequence 0 — M = FE ﬁ) E/M — 0, where E is injective.
Let N be any (m,n)-injective module. Then the sequence

Homp(N, E) 25 Homp(N, E/M) <5 ExtL(N, M) — 0

is exact. Since 8 : E — E/M is an I, ,)-precover with E injective, every
map from N to E/M lifts to E. Therefore

Hompg(N, E) 25 Homp(N, E/M) <5 0.

Hence Exth(N, M) =0, and so M is an (m,n)-injective module.
(1) = (4) Consider the following diagram with C' € Z(,, ,)

M
ya
|
|
0 A—2>pB C 0.

If we apply Homp(—, M), we obtain the exact sequence

Homp(B, M) > Homp (A, M) — ExthL(C, M) = 0.
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By (1), C is (m,n)-injective. Hence there exists ¢ € Hompg(B, M) such that
a*(g) = f, ie., ga=f.
(4) = (1). Let 0 = M Iy B N = 0 be an exact sequence such that N

is an (m, n)-injective module. By (4), the identity map 15; of M extends to a
map f: E — M such that gf = 1y, so Exth(N, M) = 0. O

COROLLARY 2.2. Let R be a right noetherian ring. Then every Lo-syzygy
of any right R-module is copure (m,n)-injective.

Proof. Let --- — Fy — Ey - M — 0 be a right Zy-resolution of a right
R-module M. By [8, Lemma 8.4.34], E; — K is an Z,,-precover, where K is
the nth Zp-syzygy of M, that is, K; = ker(F;_1 — F;_3), and so, by Theorem
2.1, the module K; is copure (m,n)-injective for i > 1. O

Given a class L of right R-modules, the right orthogonal class of £ is defined
as

Lt ={C e Mod — R | Exth(L,C) =0 for all L € L},
and, similarly, the left orthogonal class of L is
1L ={C e Mod— R |Exth(C,L) =0 for all L € L}.

According to Enochs and Jenda [6], a right R-module F is said to be copure
flat if Tor®(F,N) = 0 for every injective left R-module N. So we call the
module My copure (m,n)-flat if Tor®(M, N) = 0 for every (m,n)-injective
left R-module N. Clearly, Mg is a copure (m,n)-flat module if and only if
Mp is a copure; (m,n)-flat module.

For any module M, we write M = Homy (M, Q/Z). The following theorem
generalizes Theorem 2.6 in [9].

THEOREM 2.3. The following are equivalent for any right R-module M :
(1) M is a copure (m,n)-flat module.
(2) M is a copure (m,n)-injective module.
(3) M belongs to the class L(I(J;TW)) where I(J;nvn) ={NT|N €Ly}
(4) For any exact sequence 0 — A — B — C — 0 of left R-modules with
C € L), the functor M ®@p — is exact.

Proof. By [2, VI, 5.1] or [14, p. 360], there are the following standard
isomorphisms: Exth(N, M) = Torf(M, N)* = ExthL(M, N*) for any (m, n)-
injective left R-module N. Thus the equivalences (1) < (2) < (3) hold.

(1) = (4) Let 0 = A — B — C — 0 be any exact sequence of left R-
modules with C' € Z,, ,,j. We apply the functor M ®g — to this sequence to
obtain the exact sequence

oo = Torf(M,0) - M ®@p A —- M ®r B - M @ C — 0.

Since C'is (m, n)-injective, we have Torf'(M,C) = 0 for all C' € L, ,), by (1).
Hence M ®p — is exact. This proves (4).
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(4) = (1) Let C be an (m,n)-injective module and consider a short exact
sequence 0 - A — B — C — 0 with B projective. By applying the functor
M ®pgr — to this sequence, we obtain the exact sequence

0 = Tor(M, B) — Torl(M,C) - M ®@pr A - M @ B - M ® C — 0.
Using the hypothesis we get Tor{%(M, C) = 0. This completes the proof. [

3. (@, m,n)-COTORSION MODULES

Let M be a right R-module and « a fixed nonnegative integer. Recall
that M is called a cotorsion module if Exth(F,M) = 0 for any flat right
R-module F' (see [5]), and the module M is called an a-cotorsion module if
Ext%H(N , M) = 0 for any flat right R-module N. We call the module Mg
(a,m, n)-cotorsion if Ext® (N, M) = 0 for any copure (m,n)-flat right R-
module N.

For a right R-module M, C,, (M) will denote an n-cotorsion envelope of M.

THEOREM 3.1. The following are equivalent for a ring R:
(1) Ewvery right R-module is (o, m, n)-cotorsion.
(2) Every copure (m,n)-flat right R-module is (c, m,n)-cotorsion.
(3) For any right R-homomorphism f : My — My such that My and My
are (o, m, n)-cotorsion modules, ker(f) is (o, m,n)-cotorsion.
Proof. The equivalence (1) < (2) follows from [11, Theorem 4.1].
(1) = (3) is obvious.
(3) = (2) Let M be a copure (m,n)-flat module R-module. Then we have
the sequences () —> M —> Cp(M)——0 and 0 —— N *92>C’n(N) .

Hence we obtain the following exact commutative diagram

0

n

0—> M —2 Cp(M) N’ 0

|
g2

Cn(N)

and so
0——= M ——Ch(M)—— Cp(N)

is exact with C, (M) and C,(M’) copure (m,n)-flat modules. By (3), this
implies that M = ker(h) = ker(f) is a copure (m, n)-flat module. O

For a right R-module M, F,,(M) will denote an n-flat cover of M.

THEOREM 3.2. The following are equivalent for a ring R:
(1) Ewvery right R-module is copure (m,n)-flat.
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(2) Ewvery (a, m,n)-cotorsion right R-module is copure (m,n)-flat.

(3) Every (a,m,n)-cotorsion right R-module is injective.

(4) For any right R-homomorphism f : My — My such that My and M,
are copure (m,n)-flat modules, coker(f) is copure (m,n)-flat.

(5) Ewvery non-zero right R-module contains a non-zero copure (m,n)-flat
submodule.

Proof. The equivalences (1) < (2) < (3) follow from [11, Theorem 4.1].
(1) = (4) and (1) = (5) are clear.
(4) = (2) Let M be an (a, m,n)-cotorsion right R-module. Then we have

the sequences F),(N) A > N—>0 and F.(M) L M —>0.

Hence we obtain the following exact commutative diagram

)

Fo(N

glJ, f%
N
l
0

— Fn(M) o~ M —=0

and so

is exact with F,(N) and F,(M) n-flat. Thus M = coker(h) = coker(f) is
copure (m,n)-flat, by (4).

(5) = (3). Assume that 0 = A — B — C — 0 is any exact sequence and A
is a submodule of B. Let M be an (a, m,n)-cotorsion right R-module and let
f: A— M be any homomorphism. By Zorn’s Lemma, we have g : D — M,
where A C D C B, g|a = f, such that g cannot be extended to any submodule
of B properly containing D. We claim that D = B. By (5), there exists a
non-zero submodule N/D of B/D such that N/D is copure (m,n)-flat. Since
M is (e, m,n)-cotorsion, there is a map h : N — M such that h|p = g. It is
obvious that h extends g, hence we get the desired contradiction, and so M is
injective. O

THEOREM 3.3. Let u : N — M be a monomorphism. If coker(u) is cop-
ure (m,n)-flat, then iy : N — H is an (a, m,n)-cotorsion preenvelope of N
whenever i : M — H is an (a, m,n)-cotorsion preenvelope of M.

Proof. Let L be an (a, m,n)-cotorsion right R-module and g : N — L be
any R-homomorphism. The exactness of the sequence

0 N> M coker(p) —=0

induces an exact sequence

Homp(M, L) — Homp(N, L) — Ext}(coker(u), L) .
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Since coker(u) is copure (m,n)-flat, Homp(M, L) —— Hompg(N, L) is epic.
Therefore there exists 5 : M — L with g = Su. Then there exists v: H — L

such that § = vi. Hence y(ip) = (yi)p = Bu = g. O
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