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NEARLY PARTIAL TERNARY CUBIC DERIVATIONS
ON BANACH TERNARY ALGEBRAS
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and ALI EBADIAN

Abstract. Let Aq, Ag, ..., A, be normed ternary algebras over the complex field
C and let B be a Banach ternary algebra over C. A mapping dy from A; X---xX A,
into B is called a k-th partial ternary cubic derivation if there exists a cubic
mapping gi : Ar — B such that
Or(r, - lawbrck], -+ s @n) = [gr(ar)gr(br)Ok(@1, -+ chye o @n))]
+lgr(ar)dr(zr, - br, -+ wn)gr(er)] + Ok (@1, -+ s an, -+ 2 ) gk (bk) gk (cr)],
and
6k(x17 2ak+bk7 o 7x7l)+6k($17 72ak_bk7"' 7xn)
:26k($1,"' akerk, ,azn)
+26k($1,"',ak_ -7"’7$n)+126k(l‘1, ',dk,"',fl)n),
for all ak, by, cr € Ag and all z; € A; (i # k). We prove the generalized Hyers-

Ulam-Rassias stability of the partial ternary cubic derivations on Banach ternary
algebras.
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1. INTRODUCTION

Ternary algebraic operations were considered in the 19 th century by several
mathematicians such as A. Cayley [5] who introduced the notion of cubic
matrix which in turn was generalized by Kapranov, Gelfand and Zelevinskii
in 1990 ([30]). The comments on physical applications of ternary structures
can be found in [3, 4, 7, 33, 37].

A ternary (associative) algebra (A,[ |) is a linear space A over a scalar
field F = R or C equipped with a linear mapping, the so-called ternary prod-
uct, [ | : A x A x A — A such that [[abc]de] = [a[bcd]e] = [ablcde]] for all
a,b,c,d,e € A. This notion is a natural generalization of the binary case. In-
deed if (A, ®) is a usual (binary) algebra then [abc] := (a ® b) ® ¢ induced a
ternary product making A in to a ternary algebra which will be called triv-
ial. By a Banach ternary algebra we mean a ternary algebra equipped with
a complete norm || - || such that |[[abel|| < ||all||b||||c||, for all a,b,c € A. The
study of stability problems for functional equations is related to a question of
Ulam [36] concerning the stability of group homomorphisms and affirmatively
answered for Banach spaces by Hyers [28]. Subsequently, the result of Hyers
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was generalized by Aoki [1] for additive mappings and by Th. M. Rassias
[35] for linear mappings by considering an unbounded Cauchy difference. The
paper of Th.M. Rassias has provided a lot of influence in the development of
what we now call a generalized Hyers-Ulam stability of functional equations.
We refer the interested readers for more information on such problems to the
papers [24, 25, 27, 31, 32] and [34].
The cubic function f(z) = az® satisfies the functional equation [29]
(%) fRe+y)+f2e—y) =2f(x+y) +2f(x —y) +12f(2).

(See [8]-]23], [26] and [31]-[34]). Recently, the stability of derivations has been
investigated by some authors; see [2, 6, 18, 23] and references therein. For more
detailed definitions of such terminologies, we can refer to [3, 11, 13, 16, 22]
and [33].

2. MAIN RESULTS

Let Ay, Ao, ..., A, be normed ternary algebras over the complex field C and
let B be a Banach ternary algebra over C. A mapping d; from A; x --- x A,
into B is called a k-th partial ternary cubic derivation if there exists a cubic
mapping gi : Ax — B such that

Or(w1, -+, [awbrer], -+ 2n) = [gr(ar) gk (Or) Ok (21, -+ Cry - -+, 0]

gk (ar)Or(z1, - bks s+ 2n)gr(cr)] + [Ok(@1, -+ s ans -+, 20 ) gr(br) g (cr)]
and

6k($1,"' 72ak +bk7..' 7'1‘71) +6k($1,"' 72ak _bk/‘7." 7'%.”)
=20k(z1,+ ,ak + bk, xn)
+2(5k(.%’1, e, 0 — bk’7 e ,.’L‘n) + 125]6('7;17 ERREEE 7 P 7£CTL)>
for all ag, by, cr € Ar and all x; € A; (i # k). We denote that O, 0p are zero

elements of Ay, B, respectively.

THEOREM 2.1. Let p > 0 be given with p < 3 and let 6 be nonnegative real
numbers. Let Fj, : Ay x --- x A, — B be a mapping with

Fu(zy, - 0 2p) = 0p.
Suppose that there exist a cubic mapping gy : A — B such that
||Fk($1> ,2ap, + b, - - - 7xn)+sz(~7517"‘ ,2ap, — b, - - 71»”)
(1) —2Fi (21, yap + b, - ,xn) — 2Fk (21, -+ yap — b, -+, xy)
—12F, (21, ag, -+ @] < 0(/al|” + [[0e]?),

| Fx(z1, -, [akbrer], - -+ s 2n) — [gr(ar)gr(Ok) Fr(21, - -+ ey 5 0]
(2)  —lgn(ar)Fr(z1, - bk, -+, 20)gr(cr)]
—[Fr(@1, - s ap, - 2n) gk (br) gk ()| < Oar||” + |k |[” + llekl?),
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for all ay, by, c € Ak, x; € A; (i # k). Then there exists a unique k-th partial
ternary cubic derivation 0 : A1 X -+ X A, — B such that

0

(3) | Fi(zy, - @) — 01, 2p) || < E—2)

2k ]”

holds for all x; € A; (i =1,2,--- ,n).
Proof. In (1), putting a = zx and b = O, we have
(4) ”2Fk(l’1,‘ oo 2Ty, e 7xn) — 16Fk($1’ Ce T, 73771)” < 9||$k||p>
that is,
1

(5) HFk(mla y Ly 73771) - ng(JIl, 721;167'” » L )H = 16||.’13k||p
for all x; € A; (i =1,2,--- ,n). One can use induction on m to show that
”Fk(xla y Ly ™" ° 7xn) 23ka('T17 72mxk7”' ,.Tn)”
0 m—1
© <52 20Nl
1=
for all x; € A; (z =1,2,---,n) and all non-negative integers m. Hence
. 1 )
+
||23] Fk($17 ,2].1‘145, e 7-7;n) - ka(xla T ’2(m J)':Uk‘a o ,wn)”
9 m—+j—1

) S1e D 2O,
i=j

for all non-negative integers m and j with m > j and all z; € A; (i =
1,2,-+,n).

It follows from p < 3 that the sequence {23+ka(:61, e 2Mag e xy) b i
Cauchy. Due to the completeness of B, this sequence is convergent. So one
can define the mapping 0 : A; x --- x A, — B given by

(8) 5k(x1? T ,.I‘n) - Trlgnoo 93m Fk('rl’ T 72mxk7 T 7xn),
forall z; € 4; (i=1,---,n). In (1), replacing ag, by with 2™ ay, 2™by, respec-

tively, we obtain that

1
HQ?)ika(xla e 72m(2ak + bk)a e 71'71) + Qgika(xlv e 72m(2a/€ - bk)'} o 7$n)
2 2
- szFk(ifla 2™ (ag = b))y Tn) — 23ka($1, 2™ (ag = by), - )
12 _
— s P, 2%k, )| <0 27 (lag]|P + |[bel|P),
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which tends to zero as m — oo. Thus we obtain

(5k($1,"' ,2Gk+bk,"' 7mn)+5k($17"' 72ak_bk7"' ,.’En)
9) =205 (1, ,ak +bg, -+, Tn)
+2(5k($1, , Gk _bk7"' ,$n)+12(5k($1, y Qs o ,.’L'n),

for all ay,bx € Ar and all x; € A;(i # k). Hence d is cubic with respect to
the k-th variable. It follows from (7) that

| Fie(z1,- - Th, - xn) — 0@, - s xp, -+, a)]| < 5 |lzx||",

0

(8 —27)
for all x; € A; (i = 1,2,--- ,n). Replacing in (2) the elements ay, by, ¢ with
2May, 2™Mby, 2™ ¢k, respectively, and dividing both sides of the inequality by
29m  we obtain for all ay, by, ¢ € A, that

||29ika($1w-' , 2 [agbrcr], -+ s an)
_29%[23mgk(ak)23mgk(bk)Fk(fE1, QMg )]
_%’im[zgmgk(ak)}?’“(xl’ 2 wn) 2 gi(cn)]
_29im[Fk(l’1, 2 ag, e 2) 2 gk (b)) 25 g ()]

<299 (||ag||P + (o ]|P + l|c|P)-
Passing the limit m — oo in the above inequality, we get
Op(xr, - s [awbrer], -+ s on) = [gr(ar)gr (be)Ok(z1, -+, cpy -+ 2p)]
+lgr(ak)or(x1, - bk, -, xn) gk (k)] + [0k (x1, -+, ak, -+, Tn) g (bk) gr (ck)],

for all ag, by, cr, € A and all x; € A; (Z 7é /{7)
Finally, to prove the uniqueness of i, let 5; : Ay x---x A, — B be another
k-th partial ternary cubic derivation satisfying (3). Then we have

10k (@1, s @n) = S (@r, -+, 2) |
1 /
:237m||5k(x1’--- 72m$k}7". ’z‘n) _6k(x1’--- ,mek’--- 7$TL)H
Si(H&k(l‘lv 72m$k‘,"' 7'1"77,) _Fk‘(xla"' ,Qm.’Ek,"' a:En)H
23m
+HFk(x17 e 72m$ka e ,l'n) - 5;(1'17 te a2m$k7 te 7$n)||)
o0 .
<0y 20| P,
i=m
which tends to zero as m — oo for all z; € A; (i =1,2,--- ,n). So we conclude

that 0 (21, -+ , @) = 0, (21, -+ ,x,). This proves the uniqueness of J. O
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THEOREM 2.2. Let p > 3 be and let 6 be nonnegative real numbers. Let
Fy : Ay x --- x A, — B be a mapping with Fy(x1, -+ ,0x,--- ,z,) = Op.
Suppose that there exist a cubic mapping gi : A — B such that satisfying (1)
and (2) for all ay, by, cx € Ag, x; € A; (i # k). Then there exists a unique k-th
partial ternary cubic derivation 6y : Ay X --- x A, — B such that

20
(10) R, mn) = delan )] < gl
holds for all x; € A; (i =1,2,--- ,n).
Proof. In (1), putting ap = % and by, = O, we have
(11) HFk(xla y Ly~ 7$n) - 8Fk’($17 7%,"' a:En)H < %Hl‘k‘Hpa
forall x; € A; (i =1,2,--- ,n). One can use induction on m to show that
x
||Fk({L‘1, y Lfgy = e ,ZL‘n)—23ka(£B1,"' 727:1a"' 71'71)”
9 m—1
i(3—p) p
(12) < 5 Y 2P,
=0
for all x; € A; (i =1,2,--- ,n) and all non-negative integers m. Hence
3j UL _ 93(m-+j) R
”2 JFk(:Ela 195 733n) 22\ Fk(l‘la " 9(m+j)’ awn)H
9 m-+4j—1
i(3—p) p
13) < 5% ZZ_J: 2 [l@]?,

for all non-negative integers m and j with m > j and all z; € A; (i =
1,2,---,n). Since p > 3, the sequence {23 Fy(x1,-- -, S, -++,y)} is Cauchy.
Due to the completeness of B, this sequence is convergent. So one can define
the mapping 0 : Ay X --- x A, — B given by

. Tk

(14) (5k(171, o ,l’n) = W}gnoo23ka(xl)' t 727771’ e aIn)7

for all z; € A; (i = 1,--- ,n). In (1), replacing ay, by, with gk, Zb—fn, respectively,
we obtain that

. 2a; + b . 2ay, — by,
1257 F (2, - - - S ) + 25 E (2, - - gm0 » Tn)
ar, + by ag — by
—2-25MFy (2, TR Tp) — 225"y (2, S )
ag

—12- 22" Fy (1, - -- Szl < 027 (lag]|P + [|bg]1P),

" om?
which tends to zero as m — oco. Thus we obtain
(51@'(5317"‘ ,2a, + by, - - - ,$n)+5k(l‘1,"' ,2a, — by, -+ - ,ﬂfn)
(15) = 20k(x1, - ,ak + by, xp)
+ 20p(z1,-- ,ap —bg, - ) + 120k (21, -+ L ak, -, Tp),
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for all ay, by, € Ag and all x; € A;(i # k). Hence d is cubic with respect to
the k-th variable. It follows from (12) that

0
||Fk‘($1a s Ly * v ° axn) —(Sk(.’El,“‘ s Ly * v 7xn)H S 2( ”kap,

2p — )
forall x; € A; (i =1,2,--- ,n).
Replacing in (2) the elements ay, by, ¢, with &, 21’—1“,1, 5, respectively, and mul-
tiplying both sides of the inequality by 29, we obtain, for all ay, by, ci € Ay,

arpbic a b ¢
TN T S T P
b
—29m[gk2:(3(::)F (xla"' 72%)"' 7xn)g’;§::)]
ay gr(br) gr(ck)
OB, 2 ) B 80,

< 2OV (|[ag] P + bk ]l” + llex]?)-

Passing the limit m — oo in the above inequality, we obtain

Ok(z1, - lawbrek], - -+ s zn) = [gr(ar) gr (k) Ok (T, -+ 5 Chy oo+, )]

+ [gk(ak)(sk(xla t 7bk7 te a'rn)gk(ck)] + [(5]6('%'17 ERREEE 7 P 7xn)gk(bk‘)gk(ck)}7

for all ay, by, cx, € Ay and all x; € A; (i # k).
Finally, to prove the uniqueness of dy, let (5;€ : A; X ---x A, — B be another
k-th partial ternary cubic derivation satisfying (10). Then we have

H(5k(9€1, e ag) = (T, )
T / Tk
:23mH6k($1)"' ’27m"” )xn)_ék(xla 727m7 axn)H
Tk T
S 23m (H(Sk‘(xlv 527m"' : ’xn) *Fk(ﬂfl,‘ ce ’27m’ ,fEn)
Tk ’ Tk
+ HFk(xla"'>27m7"'axn)_5k;($13 ’27m’ afn) )
a .
<O 2P P,
i=m
which tends to zero as m — oo forall z; € 4; (i =1,2,--- ,n). So we conclude
that 6g(z1, -+ ,zn) = 5;(351, «++,&y). This proves the uniqueness of d. O

By Theorems 2.1 and 2.2 we solve the following Hyers-Ulam stability prob-
lem.

COROLLARY 2.3. Let € be nonnegative real numbers and let Fy, : Ay X -+ X
A, — B be a mapping with Fy(x1,---,0x, -+ ,zn) = 0. Assume that there
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exist a cubic mapping gi : A — B such that
[ Fr(z1, - 2ak + bgy - wn) + F(21, -+, 20, — b,y -+ 2n)

(16) —2Fg (@1, sap +bg, o xn) — 2Fg(z1, - ag — b, -, Tp)
C12F (1, s ap - x| < 6
| Fr(z1,- - - [akbrer], - -+ 2n) — [9r(ar) gr (br) Fr(z1, - -+ ey -+ 5 an)]

(A7) —lgr(ar) Fr(z1,- -+ bk, 0)gr(ck)]
—[Fr(@, - san, @) gk (br)gr(cr)]|| < e

for all ay, by, cx, € Ak, z; € A; (i # k). Then there exists a unique k-th partial
ternary cubic derivation 0 : Ay X -+ X A, — B such that

€
(18) HFk(mh ,mn)—ék(f]}l, ;xn)H Sﬁ
holds for all x; € A; (i =1,2,--- ,n).

Proof. Put p:=0, 0 := ¢, and apply Theorem 2.1. O

THEOREM 2.4. Let Fy : Ay x --- X A,, = B be a mapping with
Fk(ﬂ:l,"‘ 50]{))"' 7xn) :OB

Assume that there exist a function ¢y : Ax X Ap X A — [0,00) and a cubic
mapping g : A — B such that

1
lim mgpk@mak,?mbkﬂmck) =0,

m—o0 2
— 1
Br(ar, b, ) == Y 3m PR(2" ag, 27y, 2% ey) < o0,
m=0

[Fr(z1, - 2ak + bgy -+ wn) + Fr(@1, -+, 208 — b,y -+, 2n)
—2F (21, g+ b, )
(19) —2Fk (21, yak — by, -+ o) — 12F(21, -+ yagk, -+, x,)||
<@k (ak, bk, O)

and
| Fx(z1, -, [anbrer], - -+ 2n) — [gr(ar) gr (k) Fr(21, - -+ s cp, - 5 )]
(20)  —[gk(ar)Fr(z1, -+ bk, 20)gr(ck)]
—[Fr(w1,- -, ap, - 2n) gk (br) gr (cr)] Il < or(ar, by, cx),

for all ag, by, cp € Ak, x; € A; (i # k). Then there exists a unique k-th partial
cubic derivation oy, : A1 X --- X A,, — B such that

) 0, 0
(21) Fk(@r, - an) = Sp(@r, - )] < <Pk(f”k16kk)

forallz; € A; (i=1,2,--- ,n).
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Proof. In (19), putting ax = z and by, = O, we have

(22)
”2Fk($17 T 72$k7” : 7xn) - 16Fk($1, y Ly **° ,CCn)H S Sok(xkaokaok)v

that is,

1 k(Zk, O, O
(93) WEs(ar, - a0 = Skl 2o, )| < O 08)
for all x; € A; (i =1,2,--- ,n). One can use induction on m to show that
1

| F (21, - - : 71‘“)_237ka($17"' 2 Tgy )|

1'& 19% $k70k,0k)
(24) 173 ;

1=0

for all z; € A; (@ = 1,2,---,n) and all non-negative integers m. For any

positive integer j, dividing the both sides by 2% and replacing xj by 27z, in
(24), we have
1

H 93 Fk(xla 72jxka T ,iL‘n) - ka(xla T 72(m+j)xka T ,xn)H
+j—-1
LS~ on(2an O, 00)
(25) S E Z 23z
i=j
which tends to zero as j — co. So the sequence {ﬁFk(ml, cee  2Mpp e ) }

is a Cauchy sequence in B. By the completeness of B, this sequence is conver-
gent and so we can define a mapping 0 : A1 X --- x A, — B given by

. 1
(26) (Sk(.’L'l, e ,fL'n) = TT%E)nOO 237ka<3:17 T 72mxk7 T 7:1;71)7
forall z; € A; (i =1,--- ,n). In (19), replacing ay, by, with 2™ay, 2™by, respec-
tively, we obtain that
1 1

”237ka($17 72m(2ak +bk>7 7'/En)237ka(x17"' 72m(2ak _bk)7 73371)

2
Fk<xla 72m(ak_bk)7"' 7xn)

23m
2 m 12 m
23ka($1a >2 (ak _bk)v"' 73311) - 237ka(1"17 a2 Qfy - ,l‘n)H
< Pr(2"ak, 2y, Op)

23m ’
which tends to zero as m — oco. Thus we obtain
Ok(x1, -+, 2ap + br, -+, xn) + 01, -+, 2a — by -+, )
(27) =20k (z1, -+ yak + bg, -+, 2p)
+20k (21, yak — by ) + 120k (21, yag, -+, Tp),
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for all ay, by, € Ag and all x; € A;(i # k). Hence d is cubic with respect to
the k-th variable. It follows from (24) that

5] 0k, 0
HFk<$17 7xk’... 7xn)_6k(m17 7wk’... 7tann)H SW)

forall z; € A; (i=1,2,--- ,n).

Replacing in (20) the elements ag, by, cx, with 2™ay, 2™by, 2™ ¢y, respectively,
and dividing both sides of the inequality by 2°, we obtain, for all ay, by, ci, €
Ak7

||297ka("£17 e 723m[akbkck]7 e 7«73n)
1
_297m[23m9k(ak)23mgk(bk)Fk(xla e, 2™, e )]
1
—W[Qsmgk(ak)Fk(xla 2™ 1) 28 g ()]
1

~5om [Fro(a1, - 2" ap, -+, 20)2%™ g (b) 2° " gie(cio)] |

< gpk(Qmak, 2mbk, 2m0k)
— 29m :

Passing the limit m — oo in the above inequality, we get

Op(1, - [awbrer), -+ o) = [gk(ak) gk (bk) Ok (1, -+ s Cly -+, )]
+lar(ar)or(z1, -+ bry -+ s on)gr(cr)] + [Ok(T1, -+ s ak, -+ 2n) g (br)gr(cr)],
for all ag, by, cp € A and all x; € A; (’L # k)

Finally, to prove the uniqueness of dy, let 5; : Ay x---x A,, — B be another
k-th partial ternary cubic derivation satisfying (21). Then we have

10k (1, -+ s wn) = O (@r, -+, x|
1 /

:2377””5]47('%17 ,2m$k7"‘ ’xn) _(5143(1:17”' ,2m$k7"‘ ?mn)H

§237m<H6k<m17 T 72mxk7 e 7:1;71) - Fk(wla T 72mxk7 T 7xn)H

+HFI€($17 tee 72mxka tee 7xn) - 5;9(‘,1:17 to 72mxk7 to 7‘TTL)”)

< PE(2" @, O, O)

- 8 . 23m ’
which tends to zero as m — oo for all z; € A; (i =1,2,--- ,n). So we conclude
that 0g(z1, - ,xy) = (5;(301, -++,&y). This proves the uniqueness of d. O

THEOREM 2.5. Let Fy, : Ay X --- x A,, = B be a mapping with

Fk(ﬂ:l,"‘ 50]{))"' 7xn)ZOB
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Assume that there exist a function ¢y : Ax X Ap X A — [0,00) and a cubic
mapping g : Ax — B such that satisfying (19), (20),

. 3m Ok bk cp
A 2P g ) =
and
ZOO (2 b
SO (akabk’ack 2m 2m 2m) < o0,

m=
for all ag, by, cr € A, x; € A; (i # k:) Then there exists a unique k-th partial
cubic dertvation oy, : A1 < --- x A,, — B such that

<xka Oka Ok)

(28) ||Fk’(1:17 7$TL) _5k($1,“' y & )” = 16 >

forallz; € A; (i=1,2,--- ,n).
Proof. In (19), putting aj, = % and by = 0y, we have

Th
(29) [|[Fr(z1,-- s ap, -y on) — 8Fk(21,- - g zn)|| < *@k( k0, 0p),
for all z; € A; (i =1,2,--- ,n). One can use induction on m to show that
T
HFk(ﬂglf" y Ly 7ﬂjn) _23ka($la"' ’27m"” 71;71)”
1 m
(30) @Z 21- " 0, Op),
for all x; € A; (i =1,2,--- ,n) and all non-negative integers m. Hence
3j L _ 93(m+j) . S
H2 Fk(xlv ) 2]7 7xn) 2 Fk(xla ) 2(m+])7 7‘%.71)”
1 mtj T
i=7+1
which tends to zero as j — 0o. So the sequence {23™ F}, (21, - - , Sy p)} s

a Cauchy sequence in B. By the completeness of B, this sequence is convergent
and so we can define a mapping 6 : A1 X --- x A, — B given by
Lk

(32) 5k(l‘17 e ’xn) = Tr}i—1>noo23ka(xl’. t 727771’ e axn)7
forallz; € A; (i =1,--- ,n). In (19), replacing ay, by, with 5k, Zb,’;, respectively,
we obtain that
2ai + by 2a; — by
H23ka(x1’... ’(2m)’... ,CCn)—|—23ka($1,"' ’(2711)"” ’xn)
ap — b ap — b
—2.2%Fy (- - ’(’mek),... L) — 2.2 Fy (21, - - 7(’f2mk)’... )
a ap b
—12. 23ka(w1, RN )| < 23mg0k(2—m, 2—m,0k),
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which tends to zero as m — oco. Thus we obtain
Ok(x1, -+ ,2ak + by -+ yxp) + 0(x1, -+, 2a8 — by -+, xy)
(33) =20k (21, - ,ak + b, -+ ,xp)
+20k (21, yap — by -+ yxy) + 120k (21, -+ yag, -, Tn),

for all ay,br, € Ag and all x; € A;(i # k). Hence d is cubic with respect to
the k-th variable. It follows from (30) that
T, O, Ok
”Fk(xla"'7xk7"'7xn)_5k(wl>"'a )||(16>’
for all z; € A; (i =1,2,--- ,n).
Replacing in (20) the elementb ay, by, ¢, with gk 5,’;, 54, respectively, and
multiplying both sides of the inequality by 27, we get, for all ay, by, c;, € Ay,

arbrc
HQQka(-Tla"' ,[I;?fnk]’... ,xn)
_oom gk(ak)gk(bk)F Ch
[2377” i (17...’277”7...7%)]
gr(ax) by, gr(ck)
29m[ 23m F (wh"' ’27777,’”' 7$n) 25m }
ay gr(bx) gr(cr)
_29m[Fk(x1’... ’27711’.“’ n) 53m 23m ]H
9 ar br ¢
<2 m@k(ﬁa om? 27,1)

Passing the limit m — oo in the above inequality, we obtain

Op(21, -+, lawbrer], -+, n) = [gr(an) g (br) Ok (@1, - s Chy oo+, T0)]
+lgr(ar)ok(z1, - bk -+ s xn)grler)] + [Ok(z1, - s ak, -+ 2n) gk (bk) gr (i),

for all ay, by, cx, € Ax and all x; € A; (i # k).
The uniqueness of § follows as in the proof of Theorem 2.4. O

Acknowledgements. Special thanks to the referee for pointing to impor-
tant references.

REFERENCES

[1] Aoki, T., On the stability of the linear transformation in Banach spaces, J. Math. Soc.
Japan, 2 (1950), 64-66.

[2] BADORA, R., On approxzimate derivations, Math. Inequal. Appl., 9 (2006), 167-173.

[3] BAVAND SAVADKOUHI, ESHAGHI GORDJI, M., Rassias, J. M. and GHOBADIPOUR, N.,
Approximate ternary Jordan derivations on Banach ternary algebras, J. Math. Phys.,
50 (2009).

[4] BazuNova, N., BorROwWIEC, A. and KERNER, R., Universal differential calculus on
ternary algebras, Lett. Math. Phys., 67 (2004), 195-206.

[5] CAYLEY, A., On the 34 concomitants of the ternary cubic, Amer. J. Math., 4 (1881),
1-15.



154

M. Eshaghi Gordji, M. Bavand, M. Bidkham and A. Ebadian 12

(6]

[7]

(8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]
[19]

[20]

21]

22]

23]

[24]
[25]

CHu, H., Koo, S. and PARK, J., Partial stabilities and partial derivations of n-variable
functions, Nonlinear Anal., 72 (2010), 1531-1541.

EBADIAN, A. GHOBADIPOUR, N. and GORDJI, M. E., A fized point method for pertur-
bation of bimultipliers and Jordan bimultipliers in C*-ternary algebras, J. Math. Phys.,
51, 103508 (2010).

EsHAGHI GORDJI, M., Stability of a functional equation deriving from quartic and ad-
ditive functions, Bull. Korean Math. Soc., 47 (2010), 491-502.

EsHAGHI GORrDJI, M. and BAVAND SAVADKOUHI, M., Stability of cubic and quartic
functional equations in non-Archimedean spaces, Acta Appl. Math., 110 (2010), 1321—
1329.

EsHAGHI GORDJI, M., EBADIAN, A. and ZOLFAGHARI, S., Stability of a functional
equation deriving from cubic and quartic functions, Abstr. Appl. Anal., 2008, Article
ID 801904, (2008).

EsHAcHI GORrDJI, M., GHAEMI, M. B., KABOLI GHARETAPEH, S., SHAMS, S. and
EBADIAN, A., On the stability of J*-derivations, J. Geom. Phys., 60 (3) (2010), 454—
459.

EsHAcGHI GORDJI, M., GHAEMI,M. B., MaJANI, H. and PARK, C., Generalized Ulam-
Hyers Stability of Jensen Functional Equation in erstnev PN Spaces, J. Inequal. Appl.,
2010, Article ID 868193, (2010).

EsHAGHI GORDJI, M. and GHOBADIPOUR, N., Stability of («, B,~)—derivations on Lie
C*-algebras, Int. J. Geom. Methods Mod. Phys., 7 (2010) 1-10.

EsuacHr GOrDJ1, M., KABOLI GHARETAPEH, S., KAriMI, T., RAsHIDI, E. and
AGHAEI, M., Ternary Jordan derivations on C*-ternary algebras, J. Comput. Anal.
Appl., 12 (2010), 463-470.

EsuagHt GorbpJi, M., Karivmi, T. and KABOLI GHARETAPEH, S., Approzimately n—
Jordan homomorphisms on Banach algebras, J. Inequal. Appl., 2009, Article ID 870843,
(2009).

EsHAGHI GOrRDJI, M. and KHODAEIL, H., On the generalized Hyers—Ulam—Rassias sta-
bility of quadratic functional equations, Abstr. Appl. Anal., 2009, Article ID 923476,
(2009).

EsHAGHI GORDJI, M., KHODAEI, M. and KHODABAKHSH, R., General quartic—cubic—
quadratic functional equation in non—Archimedean normed spaces, Politehn. Univ.
Bucharest Sci. Bull. Ser. A Appl. Math. Phys 72 (2010), 69-84.

EsHAGHI GORDJI, M. and MOSLEHIAN, M. S., A trick for investigation of approximate
derivations, Math. Commun., 15 (2010), 99-105.

EsuagHr GORDJI, M. and NaJaTi, A., Approximately J*-homomorphisms: A fixed
point approach, J. Geom. Phys., 60 (2010), 809-814.

EsHAGHI GORDJI, M., SAVADKOUHI, M. B. and BIDKHAM, M., Stability of a mized
type additive and quadratic functional equation in non-Archimedean spaces, J. Comput.
Anal. Appl., 12 (2010), 454-462.

EsHAGHI GORDJI, M., SAVADKOUHI, M. B. and PARK, C., Quadratic-quartic functional
equations in RN-spaces, J. Inequal. Appl., 2009, Article ID 868423, (2009) .

EsnAgH! GOrDJI, M., Rassias, J. M. and GHOBADIPOUR, N., Generalized Hyers—
Ulam stability of the generalized (n, k)—derivations, Abs. Appl. Anal., 2009, Article ID
437931, (2009).

FAROKHZAD, R. and HOSSEINIOUN, S. A. R., Perturbations of Jordan higher derivations
in Banach ternary algebras: An alternative fized point approach, Internat. J. Nonlinear
Anal. Appl. 1 (2010), 42-53.

GAJIDA, Z., On stability of additive mappings, Int. J. Math. Sci. 14 (1991), 431-434.
GAVRUTA, P., A generalization of the Hyers-Ulam-Rassias stability of approzimately
additive mappings, J. Math. Anal. Appl, 184 (1994), 431-436.



13 Nearly partial ternary cubic derivations 155

[26] GAVRUTA, P. and GAVRUTA, L., A new method for the generalized Hyers-Ulam-Rassias
stability, Int. J. Nonlinear Anal. Appl., 1 (2010), 11-18.

[27] HYERs, D. H., Isac, G. and Rassias, TH. M., Stability of functional equations in
several variables, Birkhauser, Basel, 1998.

[28] HYERS, D. H., On the stability of the linear functional equation, Proc. Natl. Acad. Sci.
USA, 27 (1941), 222-224.

[29] JuN, K. W. and Kim, H. M., The generalized Hyers—Ulam—Rassias stability of a cubic
functional equation, J. Math. Anal. Appl., 274 (2002) 867-878.

[30] KaPRANOV, M., GELFAND, I. M. and ZELEVINSKII, A., Discrimininants, Resultants
and Multidimensional Determinants, Birkhauser, Berlin, 1994.

[31] KHODAEL, H. and KAMYAR, M., Fuzzy approzimately additive mappings, Int. J. Non-
linear Anal. Appl., 1 (2010), 44-53.

[32] KHODAEI, H. and RAssias, TH. M., Approzimately generalized additive functions in
several variables, Int. J. Nonlinear Anal. Appl., 1 (2010), 22-41.

[33] PARK, C. and GOrDJI, M. E., Comment on Approzimate ternary Jordan derivations on
Banach ternary algebras [Bavand Savadkouhi et al. J. Math. Phys. 50, 042303 (2009)],
J. Math. Phys., 51, 044102 (2010) .

[34] PARK, C. and NAJATI, A., Generalized additive functional inequalities in Banach alge-
bras, Int. J. Nonlinear Anal. Appl., 1 (2010), 54-62.

[35] Rassias, TH. M., On the stability of the linear mapping in Banach spaces, Proc. Amer.
Math. Soc., 72 (1978), 297-300.

[36] ULaM, S. M., Problems in modern mathematics, Chapter VI, Science ed., Wiley, New
York, 1940.

[37] VAINERMAN, L. and KERNER, R., On special classes of n-algebras, J. Math. Phys. 37
(1996), 2553-2565.

Received October 23, 2010 Semnan University

Accepted May 23, 2011 Department of Mathematics

P. O. Box 85195-363, Semnan, Iran
E-mail: madjid.eshaghi@gmail.com

Semnan University, Iran
CENAA — Center of Excellence in
Nonlinear Analysis and Applications
E-mail: bavand.m@gmail.com

Islamic Azad University
Department of Mathematics
Someh Sara Branch, Guilan, Iran
E-mail: mdbidkham@gmail. com

Urmia University
Department of Mathematics
Urmia, Iran
E-mail: ebadian.ali@gmail.com



